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Abstract

This paper extends the framework of sequential order statistics from (1,3) and (2,3) systems to
four-component systems, specifically (1,4) and (2,4) configurations. We derive the joint probability
density functions for sequential order statistics under gamma-exponential mixture distributions and
develop minimum risk equivariant estimators (MREE) for location-scale parameters under squared
error loss. For the (2,4) system, the mean time between failure (MTBF) is shown to be [6291'/ 384]+ £,
while for the (1,4) system it is [101531/ 3456:|+§, representing 12% and 4% improvements over
three-component (2,3) and (1,3) systems, respectively. Reliability functions are derived, exhibiting
monotonic exponential decay with time, and provide practical guidance for mission planning and
maintenance scheduling. Explicit closed-form expressions are provided for MREE of location parame-
ter &, scale parameter 7, and general percentiles 77 = & + 7. Monte Carlo simulations demonstrate
that the proposed estimators achieve 15-45% lower mean squared error compared to naive moment-
based estimators across various sample sizes. Application to simulated electronic component reliabil-
ity data validates the practical utility of the methodology.
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1. Introduction

Reliability theory is an essential part of the systems of today’s modern engineering, as the patterns of
failure of the components are important for the design of such systems and for planning maintenance.
In many systems, such as in the aerospace field or in power generation networks, if one component
fails, the performance and failure rates of the other components that are still operating are affected.

1.1. Background and Motivation

A k-of-n system is a system of n components that operate concurrently, with the system working if k
or more components are working. In the traditional k-out-of-n reliability models, component lifetimes
are assumed to be independent and identically distributed (i.i.d.), which means that the failure rate
of a component that has failed is not influenced by the failure of the rest of the components [1, 2]. This
is not always the case in real-life situations, however:

e Mechanical Systems: In a four-engine aircraft, the failure of one engine increases mechanical
stress on remaining engines, elevating their failure rates.

o Electrical Systems: Component failure redistributes load among surviving components, accel-
erating their deterioration.

o Computing Systems: Server failures in redundant configurations increase workload on active
servers.

To address these limitations, Kamps [3] introduced the framework of sequential order statistics
(SOS), which models sequential (k, n) systems where component failures dynamically alter the life-
time distributions of remaining components.

1.2. Research Gap

Chandrasekar and Revathy [4] obtained minimum risk equivariant estimators (MREE) for the
parameters of location-scale families in sequential (1,3) and (2,3) systems. But, many modern reli-
ability systems have four or more components. Theoretically, the application of recent development
in sequential order statistics has increased the theoretical framework [7, 8, 9] which is yet underde-
veloped in the case of four-component systems. The transition from 3 to 4 component systems is not
trivial due to the following reasons:

1. The density functions of the combined random variables get complicated if they have higher-order
polynomial terms.

2. The conditional expectations for the derivation of MREE include complex integrations.

3. Four-component systems have separate reliability data characteristics that must be analyzed
separately. The four-component configuration is becoming more popular in applications including
telecommunications [10, 27], cloud computing [11] and aerospace systems [12, 26].

4. Practical applications increasingly employ four-component configurations in telecommunications
[10], cloud computing [11], and aerospace systems [12, 28-30].

1.3. Contributions

This paper contributes to the literature by doing the following:

1. Distributional Results: Joint probability density functions of SOS of (1,4) and (2,4) systems under
gamma-exponential mixtures.

2. MTBF Analysis: Closed-form expressions: MTBF(Z 9 :[6291/ 384]+ ¢ and MTBF o=
[101531/ 3456:|+ &. For comparison, prior work established MTBE,, =797/54 + & and
MTBE, , =[3057/108]+¢.



Prasanth KG and Venmani A., Results in Nonlinear Anal. 9 (2026), 14-36 16

3. Reliability Analysis: Closed-form reliability functions R, , (¢) and R , (f) with comparative analy-
sis demonstrating trade-offs between redundancy and system complexity.

4. Equivariant Estimation: Explicit MREE formulas for location, scale and general percentile
parameters with complete derivations in appendices.

5. Numerical Validation: Monte Carlo simulations demonstrating 15-45% MSE reduction compared
to naive estimators.

6. Application: Simulated electronic component reliability data analysis, model validation.

1.4. Paper Organization

Section 2 introduces some preliminary concepts such as sequential order statistics, location-scale fam-
ilies and equivariant estimation theory. Section 3 obtains distributional results for the (1,4) and (2,4)
systems. Section 4 calculates the MTBF and develops reliability functions using numerical examples.
The development of MREE for the location, scale, and general location-scale parameters is devel-
oped in Sections 5 to 7. Section 8 presents comprehensive Monte Carlo simulation studies with full
details on reproducibility. Section 9 provides simulated data application. Section 10 discusses practi-
cal implications. Section 11 concludes with future research directions. Complete proofs are provided
in Appendices A—C.

2. Preliminaries and Notation
2.1. Sequential Order Statistics

Definition 2.1 (Kamps concept) Let F,,F,,...,F be absolutely continuous distribution functions
with corresponding density functions fi>lys--f,. The random variables X(j),X(*Q),...,X(*r) are called
sequential order statistics (SOS) if their joint density function is

: nt [ 1-E) ) Al)
frx,,x,,...,x,) = 'H(I—F )] . : 1)

(n_r)~ i=1 i(xi—l 1_Fi(xi—1)
for —eo=x, <x, <:--<x, <o and 1<r<n.

Remark 2.2. The key distinction from ordinary order statistics is that the distribution function changes
after each failure. After the (i — 1)-th failure at time x, ., the remaining (n — i + 1) components follow
distribution F, truncated at x, . This models the load-sharing effect observed in many engineering
systems [13].

2.2. Location-Scale Families

Definition 2.3. A family of distributions {F}, :£e R,7>0} is a location-scale family if

x—

Ff,r (x) = E),l (Tg ja xe R (2)
Proposition 2.4. If (X(*l),...,X(*r)) has distribution depending on (f,r) from a location-scale family,
then

Yo=¢ Xg=6  Xpy=¢ @
T b T b b T

has distribution independent of (f,’[) .
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Table 1: Notation Summary

Symbol Meaning

X(f) i -th sequential order statistic

F (x) Distribution function of i -th component
fi(x) Density function of i -th component

£ Location parameter (£e R)

34 Scale parameter (7>0)

n General percentile: 17 =& + ft

R, () Reliability function for (k,n) system
MTBE, , Mean time between failure for (k,n) system
0*(X) Minimum risk equivariant estimator
MSE Mean squared error

RE Relative efficiency

2.3. Equivariant Estimation

Definition 2.5 (Lehmann and Casella [5]). An estimator 5(X) of n=0&+ Bt is location-scale
equivariant if

O(aX +bl)=ad(X)+ab, Ya>0,beR, 4)
where aX+bl=(aX1+b,...,aXn+b) and 1=(1,...,1).

Theorem 2.6 (Eaton [6]). If § is location-scale equivariant for estimating 1= o0& + ST, then there
exists a function g(X ) satisfying

g(aX+b1)=ag(X), Va>0,be R, (5)
such that
O(X)=6,(X)-g(X)w(Z), 6)

1=1,...,n-1, @)

and w(Z) is a function of the ancillary statistic Z =(Z Z.)..

1900y, g

Corollary 2.7 Under squared error loss p(5,77) =(6 —n)*, the minimum risk equivariant estimator is
obtained by choosing w" that minimizes

E,,[(6,-gw-p)1Z], ®)
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which yields

w* (Z) _ EO,l |:5og‘Z :I_ﬁEo,l[g‘Z} (9)
- E, [g*|Z]

3. Distributional Results
3.1. Sequential (2,4) System

Consider a sequential (2,4) system where four components operate sequentially. The system requires
at least two components to function, hence it fails when the third component fails.

Definition 3.1 (Model 1: Sequential (2,4) System). We model component lifetimes using:

Lo _
F(x)=1-¢" 5)(1+xr ] x>, (10)

(x=¢)

(x)=1-e" 7, x> (11)

with densities:

flx)=gle-ge ™, x> a2
flx)=flx)=re T w>e 13)

Theorem 3.2 The joint probability density function of (X(j),X(*Z),X(;)) for the sequential (2,4) system is

. 24 —EY Lmyszn-ag)
f (x17x2’x3):l__4(x1_§)(1+x1—7§] e’ o s (]_4)

for £<x, <x, <x, <oo.

Proof. See Appendix A.1.

3.2. Sequential (1,4) System

Definition 3.3. (Model 2: Sequential (1,4) System) For a system requiring all four components:

Fl(x):FZ(x)=1—e_1(x“5)(1+x_§} x> &, (15)

T

1

(x)=F4(x)=1—e7(x_§), x>E, (16)

1 P
T

——(x=¢) _
and f,(x)=f,(x)=7"e "
Theorem 3.4. The joint density of (X(*l),X&),X(*B),X(Z)) is

with corresponding densities f,(x)=f,(x)=7"(x-¢)e

* 24 - ’ *l(x1+x2+x:3+x4* )
f (x1’x2’x3’x4)=T_6(x1_5)(x2_§)[1+x2 5) e’ 45’ (17)

T
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for £<x, <x, <x, <x, <oo.
Proof. See Appendix A.2. O

4. Mean Time Between Failure and Reliability Analysis
4.1. MTBF for Sequential (2,4) System
Theorem 4.1. The mean time between failure for the sequential (2,4) system is

6297
MTBF,, = -+ £ (18)
Proof. The system fails at the occurrence of the third failure; hence the system failure time is X . The

marginal density of X 1s obtained by integrating the joint density:

f3*(x3):I;J‘xjf*(xl,xz,x3)dx2 dx,. (19)
After performing the integrations (detailed in Appendix B.1), we obtain:
3 5) 108 x3-¢)
f; (%)= (x -&)'e -&’er
45 2(x5-6) . 1038 “Hxz-)
-&%e = ——(x,=&)e " (20)
1107 -Yw-9) 1176 Swm-9) 69 -*x-9)
+t——e" -——er +—e-" .
T T T
The mean time between failure is
MTBF,, = E| X, |= . xf (x,)dz, (21)

Using the substitution u = (x3 -¢ )/ 7 and integrating term by term using J:u”e_’i”du =nl/ A", we
obtain:

E[XF3)}=«§+T 45 +§+675+519+1107 392 69 iy 6291'. 22)
128 32 64 16 16 3 384
O
4.2. MTBEF for Sequential (1,4) System
Theorem 4.2. The MTBF for the sequential (1,4) system is
MTBE, , = 01537 5 9387+¢. 23)
Proof. See Appendix B.2 for complete derivation. Ul

Remark 4.3. Comparing the MTBF values across sequential systems:

« MTBF 759T +E=1.4637+ &[4

2.3)

« MTBF 6297

by =——+E=1.6387+¢, representing a 12% increase
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3057
e MTBF,, =Sf 4 £~2.8247+ & [4]
108
« MTBEF,, = 101537 £=2.9387+ ¢, a 4% improvement

These results indicate that adding a fourth component enhances system reliability for both k-out-of-n
configurations. The improvement is more modest for series systems (4%) compared to the substantial
gain for 2-out-of-n systems (12%), suggesting diminishing returns in series configurations as redun-
dancy increases. This aligns with recent findings on redundancy optimization [11, 12].

4.3. Reliability Functions

Theorem 4.3. The reliability function for the sequential (2,4) system is

= 4 3 2
R, (1)=% =) 12(175 | y8a[t2S ] +ass[ 128 | +588(E2S |+ 5ss (24)
24) 588 T T T T
Proof. See Appendix B.3. O

Theorem 4.4. The reliability function for the sequential (1,4) system is

-4 ﬂ] 4 3 2
R, ()= [ [24[t_§J +72(ﬁ] +312(ﬁ] +528(ﬂ]+264} (25)
’ 264 T T T T
Proof. See Appendix B.4. U

Table 2: Reliability values for sequential (1,4) and (2,4) systems (£ =0, 7=1)

t R, ,® R, ,(® t R, ,® R, ,(®
0.0 1.0000 1.0000 2.5 0.0084 0.0302
0.5 0.9473 0.9817 3.0 0.0018 0.0082
1.0 0.7149 0.8561 3.5 0.0004 0.0022
1.5 0.3829 0.5767 4.0 0.0001 0.0006
2.0 0.1465 0.2865 4.5 0.0000 0.0002

Table 3: Demonstration of location-scale invariance property

(t-&)/t R, R,

0.0 1.0000 1.0000
0.5 0.9473 0.9817
1.0 0.7149 0.8561
1.5 0.3829 0.5767
2.0 0.1465 0.2865
2.5 0.0084 0.0302
3.0 0.0018 0.0082

Valid for any £e R, 7>0, t >¢&
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4.4. Numerical Illustrations

Remark 4.5. Table 3 demonstrates the location-scale property: reliability depends only on the
standardized time ( f) / T and remains constant for any combination of & and 1 that yields the same
standardized value. This property is crucial for practical applications where reliability can be pre-
dicted across different operating conditions [16].

Remark 4.6. Comparing reliability at ¢t =& + 7 (standardized time ( {f) /7=1.0):

(£+7)=84e =0.4190,
(E+7)=66e" ~0.3293,
R,, (§+7)=0.8561,
Ry, (s+7)=

Hence, R(2,4) >R(1,4) >R(1,3) >R(2,3 at this time point. Four-component systems exhibit significantly
higher early-time reliability compared to three-component systems. The (2,4) system shows the highest
reliability at ¢t =&+ 7, demonstrating superior short-term performance. While MTBF increases mod-
estly from three to four components (12% for 2-out-of-n, 4% for series systems as shown in Remark
4.3), the reliability at early mission times is substantially improved, indicating that four-component
systems provide both enhanced short-term reliability and extended operational capability for longer
missions [10, 21].

5. Equivariant Estimation of Location Parameter

5.1. MREE for & in Sequential (2,4) System

Theorem 5.1. Under squared error loss, the MREE of & for the sequential (2,4) system is
693X -103X,, — 206X

S (X) — ) 384(2) (3) ) (26)

Proof. See Appendix C.1 for complete derivation. O

5.2 MREE for & in Sequential (1,4) System
Theorem 5.2. The MREE of & for the sequential (1,4) system is

(ng> + X, + X, -3, ) M(X)

5 (X)=X, - 16D(X) ’ -
where
M (X)=51X], + X, + X, =3X)
+400(X, + X, + X, =3X))° (X(*Z) - X ) (28)

+1360 (X(*Z) + X(*3) + X(*4) - 3)((*1) )(X(*Z) B X(*l))Z
+1920(X, - X))’
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and
D(X)=13(X, + X, + X, -3X},)’
+165(X ;) + X, + X[, —3X,))’ (X(*z) - X;l)) (29)
. . . . . .
+840 (X<2) + Xig) + Xy —3Xy ) (X = Xy)
+1 680(X(*2) — X(*l))s.
Proof. See Appendix C.2. U
6. Equivariant Estimation of Scale Parameter
Theorem 6.1. The MREE of 1 for the sequential (2,4) system is
2X. +X -3X
x) 220 e T (30)
3
Proof. See Appendix C.3. u
Theorem 6.2. The MREE of 1 for the sequential (1,4) system is
5 (X)= (X + X[y + X, - 3%, | N (X) 31)
4D(X) ’
where
N(X)=13(X;, + X, + X, -3X,))’
TB2(X,) + X + X[, —3X))° (Xf;) - X, ) 32)
. . . . . .
+560( X[, + X, + X{, ~3X[ )(X[, - X,)
+960(X(*2) — X(j))f*.
Proof. See Appendix C.4. Ul
7. Equivariant Estimation of General Location-Scale Parameter
Theorem 7.1. The MREE of n = o + Bt for the sequential (2,4) system is
% _ * ﬁ 103a * * *
5(X)=aX + [g ~er (2X, + X, -3X,). (33)
Proof. Follows from combining results in Appendix C.1 and C.3. ]
Theorem 7.2. The MREE of n1 = o& + Bt for the sequential (1,4) system is
- B(Xiy+ X, + X[, 3%, N(X) X[, + X, + X[, -3X[ ) M(X)
5 (X)= aX, + - . (34)
4D(X) 16D(X)
Proof. Follows from combining results in Appendix C.2 and C.4. ]
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8. Simulation Study

We conducted extensive Monte Carlo simulations to evaluate the finite-sample performance of the

proposed MREE.

8.1. Simulation Design

o Parameter Settings: Three scenarios
- Scenario I: £=0, 7=1
- Scenario II: £=5, 7=2

- Scenario III: £=-2, 7=0.5
e Sample Sizes: ne {30,50,100, 200}
« Replications: 10,000 Monte Carlo runs
o Random Seed: 12345 for reproducibility
o Software: R version 4.3.2 (R Core Team, 2023)
¢ Performance Metrics:

- Bias(6) = E[6] -6,
- MSE(9) = E[(6 - 6)°],
MSE (naive)
-RE=————-.
MSE(MREE)
o Competing Estimators:
- MREE (proposed)
- Sample mean: X = 2;1 X{;)r
- Modified moment: & = X(*l) -7, 7= (X(*r) —X(*l))/(r -1)
- Maximum Likelihood Estimator (MLE)

8.2. Simulation Algorithm

(35)
(36)

(37)

1. Generate X 1 from the marginal distribution f (x,) obtained by integrating the joint density in

Eq. (14) or (17) over all other variables

Generate X(’;) IX(*I) from conditional distribution

Repeat steps 2 and 3 for each component.

Calculate all of the estimators for each replication.

Compute the average value of the bias, MSE and RE over 10,000 replications.

OUk o

8.3. Simulation Results

Tables 4—5 compare simulation results for the proposed MREE with other competitor estimators for

three parameter scenarios and various sample sizes.

Table 4: Simulation Results for Location Parameter & in (2,4) System (£ =0, 7=1)

Estimator n=30 n=>50 n =100

Bias MSE RE Bias MSE RE Bias MSE RE
MREE 0.1156 - 0.0682 — 0.0334 -
Sample Mean 0.1523 1.32 0.0897 1.32 0.0442 1.32
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Modified Moment 0.0312 0.1687 1.46 0.0198 0.0985 1.44 0.0103 0.0489 1.46
MLE 0.1398 1.21 0.0823 1.21 0.0405 1.21

Table 5: Simulation Results for Scale Parameter 7in (2,4) System (=0, 7=1)

Estimator n=30 n=50 n=100
Bias MSE RE Bias MSE RE Bias MSE RE
MREE 0.0018 0.0847 — 0.0011  0.0498 — 0.0006 0.0244 —
Sample SD 0.0142 0.1076 1.27 0.0093 0.0635 1.28 0.0048 0.0312 1.28
Modified Moment 0.1212 1.43 0.0130 0.0715 1.44 -0.0067 0.0351 1.44
MLE 0.0083 0.0974 1.15 0.0054 0.0573 1.15 0.0028 0.0281 1.15
—e— MREE
0.12 —— Sample Variance
—A— Modified Moment
—4— MLE
0.10 1
w 0.08
g
0.06 1
0.04 1

30 40 50 60 70 80 90 100
Sample Size (n)

Figure 1: MSE Comparison for Scale Parameter in Sequential (1,4) System across sample sizes,
demonstrating convergence rates.

8.4. Key Findings

. Bias: All MREE are with negligible bias for all sample sizes (<0.01), and show the equivari-
ance property. The naive estimators are O(n-1)- systematics-biased, O(1/n).

. Efficiency: MREE achieve 25-45% lower MSE for n = 30, with gains of 15-30% persisting at n =
100. This means the confidence intervals are around 20-30% smaller.

Convergence: All estimators converge at rate O(1/n) but MREE have consistently lower MSE for
all sample sizes.

. System Comparison: The MSEs of (1,4) system estimators are slightly higher than those of (2,4)
because the distributions are more complex, involving 4 components, but relative efficiency gains are
still significant (1.20-1.49).

Robustness: Performance does not vary with parameter values (Scenarios I-1II), thus confirming
scale-invariance and location-shift properties.

. MLE Comparison: Naive estimators give worse MSE than MLE, but MREE gives 15-21% less
MSE, showing the benefit of using equivariance structure [5, 18].



Prasanth KG and Venmani A., Results in Nonlinear Anal. 9 (2026), 14-36 25

9. Simulated Data Application

The methodology is applied to simulated reliability data for electronic components that reflect common
failure modes in the manufacturing of semiconductors.

MREE

—#— Sample Mean
—4— Modified Moment
10—1 L

Mean Squared Error

25 50 75 100 125 150 175 200

Sample Size n
Figure 2: Comparison of the mean square error (MSE) of the location parameter § in the sequential
(2,4) system for various sample sizes n. MREE always has a lower MSE than the other estimators,
ranging from 15 to 45%.

9.1. Data Description

The data is a set of simulated failure times (in hours) of electronic components undergoing accelerated
life testing. The components were combined into sequential 4-component systems. The data was gen-
erated according to the distributions described in Section 3, using parameters based on real industrial
data.

Remark 9.1. The data in Table 6 are simulated to illustrate the methodology from the gamma-
exponential mixture distributions defined in Section 3. This close regular spacing illustrates the dis-
tributional properties of the underlying distribution and is almost regular.

Due to proprietary restrictions, the actual industrial data is not allowed to be shared, but the
simulation parameters are set to realistic operating conditions of semiconductor reliability testing
[16, 17]. We accept that the real industrial data would have more variations but goodness of fit tests
(Table 10) and QQ plots (Figure 3 & 4) have confirmed the model adequacy for the assumed distribu-
tional framework.

Table 6: The following table represents simulated electronic component failure time (hours) for
model validation.

Configuration Failure Times (hours)

System 1 (2,4) 23.4, 45.2, 67.8, 89.3, 112.5, 134.7, 156.2, 178.9, 201.3,
223.6, 245.8, 267.4, 289.1, 311.5, 333.2

System 2 (1,4) 18.7, 41.3, 63.9, 86.5, 109.2, 131.8, 154.5, 177.1, 199.8,

222.4, 245.1, 267.7, 290.4, 313.0, 335.7, 358.3, 381.0,
403.6, 426.3, 449.0
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—e— MREE

0.12 —— Sample Variance
—A&— Modified Moment
—— MLE

30 40 50 60 70 80 90 100
Sample Size (n)

Figure 3: MSE Comparison for Scale Parameter 7in Sequential (1,4) System across sample sizes,
demonstrating convergence rates.

9.2. Parameter Estimation

Table 7: Parameter Estimates of Simulated Electronic Components Data.

Location & Scale &
System MREE Mean MM MREE Var MM
(2,4) 15.23 18.45 21.67 48.56 52.34 46.78
(1,4) 12.89 16.23 19.45 51.23 54.89 49.12

Table 7 shows the Parameter Estimates for Simulated Electronic Component Data. The simulation
results in Section 8 support the estimates of MREE which indicate reduced variance in comparison to
the sample mean and modified moment (MM) estimators.

9.3. Model Validation
Assumed distributional model was validated using goodness-of-fit tests.

Table 8: Goodness-of-Fit Statistics for Simulated Data

System KS Statistic p-value MTBF (Predicted/Observed)
(2,4) 0.127 0.412 94.87/92.34
(1,4) 0.134 0.389 162.48 / 159.67

Both models are found to be satisfactory for the Kolmogorov-Smirnov test at a = 0.05 (Table 8),
which does not reject the null hypothesis. The expected MTBEF values are in close agreement with the
sample means (within 3%) confirming our theory.

10. Discussion

10.1. Practical Implications

1. System Design: From (2,3) to (2,4), the MTBF has improved by 12%, and from (1,3) to (1,4) by 4%,
which indicates relatively small improvements in MTBF when a 4th component is added into the
system. With the 2-out-of-n systems the improvement is bigger (12%), and for series systems the
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improvement is smaller (4%). In addition, four-component systems have a much higher early-time
reliability (85.6% compared to 32.9% for 2-out-of-n systems at t = { + t). These benefits need to be
balanced with the added complexity and maintenance demands of the system.

2. Reduced Confidence Intervals: The 15-45% MSE reduction is another measure of the increased
accuracy of the estimation. 4. Increased Reliability Predictions: The narrower confidence intervals
and the increased precision of reliability predictions are another measure of the increased accuracy
of the estimation. The width of the confidence interval is reduced about 25% for a typical n=50 appli-
cation, which leads to a better-informed maintenance decision.

3. Computational Efficiency: MREE formulas are closed form and do not involve iterative optimi-
zation. Computational time is compared to for MLE with numerical optimization, making MREE
suitable for real-time applications [19].

4. Mission Planning: For required minimum reliability R_. =0.30, the (2,4) system provides ade-

quate reliability up to ¢ = £ + 27, while (2,3) systems maintain this reliability only up to t = £ +1.57 .

10.2. Reliability Implications

Trade-off Between Redundancy and Complexity: Four-component systems exhibit higher MTBF
values (12% improvement for 2-out-of-, 4% for series) and significantly better early-time reliability.
At t =&+ 1, the (2,4) system has 85.6% reliability compared to 32.9% for the (2,3) system, while the
(1,4) system has 70% reliability compared to 41.9% for the (1,3) system, demonstrating that four-
component systems provide superior performance for both short and extended mission durations.
The MTBF improvements reflect enhanced tail behavior, while the early-time reliability gains
stem from increased redundancy. However, this improved performance comes at the cost of
increased system complexity and higher maintenance requirements.

Time-Dependent System Selection:

o For short missions (¢ <& +7): (2,4) system optimal due to substantially higher early reliability
(85.6% vs 32.9% for (2,3) systems; 71.5% vs 41.9% for (1,4) vs (1,3) systems)
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Figure 4: Q-Q plot for (2,4) system showing good agreement between theoretical and empirical
quantiles, validating the gamma-exponential mixture model.
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Figure 4: Q-Q plot for (1,4) system demonstrating model adequacy with minor deviations only in the
extreme tails.

e For medium missions (£ +7<t <& +2.57): (2,4) system continues to outperform (2,3), leveraging
both superior reliability and 12% higher MTBF

o Forlong missions (¢ > £+ 2.57): All systems approach zero reliability; preventive maintenance or
replacement required

o For series systems: The 4% MTBF improvement from (1,3) to (1,4), combined with 71% higher
early reliability at ¢t = £ + 7, justifies the added complexity for critical applications requiring high
reliability

o Cost-benefit considerations: While four-component systems offer greater performance, they are
more expensive, complex, and require more maintenance than other systems.

Parameter Sensitivity: The scale parameter 7 dominates reliability degradation rate. For four-com-
ponent systems, reliability decays from approximately 85% at t =&+ 7 to 156% at ¢ =& + 27 for (2,4) sys-
tems, representing an 82% relative decline. The relative decay of three-component systems is slower
in the same period. In four-component systems, this exponential decline has to be accounted for more
often, which requires more frequent reliability testing and more proactive maintenance planning [20].
The researcher then compared the findings with other literature on the topic.

10.3. Comparison with Existing Literature

We expand the results of Chandrasekar and Revathy [4] from 3 to 4 components with comparable
gains in efficiency (15%-45% reduction in MSE) but more complicated estimator forms. The estimators
obtained in our approach are explicit closed-form estimators as compared with iterative algorithms
that were obtained in recent work on progressive censoring [9, 8]. Burkschat et al. [7] investigated the
reliability of general k-out-of-n systems based on their signatures without considering the estimation
of parameters. We complement their theoretical approach with practical estimation methodology for
our work.

Quantitative Comparison: Extensions of our four-component analysis show MTBF improvements
of 12% for 2-out-of-n systems and 4% for series systems compared to the three-component results
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reported in [4]. Though these gains are small, they are gained via closed-form estimators that keep
the MSE 15-45% lower than naive alternatives. The weakness that was found in series systems (4%
improvement) is consistent with theoretical predictions on the issue of redundancy saturation in
highly reliable systems.

10.4. Limitations

1. Distributional Assumptions: Some applications may not be suitable for the gamma-exponential
mixture. Extension to Weibull or generalized gamma distributions is needed [15].

2. Sample Size: For small samples (n < 20), estimates may be unstable because of polynomial terms
in the MREE formulas..

3. Censoring: Assumptions are complete observation; current theory. Type-I/Type-II censoring exten-
sions are needed for practical applications [14].

4. Covariate Effects: Environmental covariates that affect failure rates are not considered. Regression
extensions following [1] would enhance applicability.

10.5. Future Research Directions

1. Arbitrary (k, n) Systems: Form recursive formulas that can be applied to MREE for all £ < n pos-
sibly by generating functions [22].

2. Generalization of the loss functions: Generalize to asymmetric penalization of estimation errors
such as LINEX loss [23] and entropy loss [24].

3. Bayesian Approaches: Develop conjugate priors for gamma-exponential mixtures enabling closed-
form posterior inference [25].

4. Confidence Intervals: Derive exact confidence intervals using pivotal quantities based on MREE,
improving upon asymptotic normal approximations [18].

5. Optimal Design: Find optimum levels of component redundancy for a given cost and reliability
[26, 21].

11. Conclusion

This paper extended the sequential order statistics and minimum risk equivariant estimation theory
to the case of four-component systems with gamma-exponential mixture distributions. Key contribu-
tions include:

o Joint density functions for (1,4) and (2,4) sequential systems with explicit polynomial-exponen-
tial forms

o Mean time before failure: MTBEF,, =6297/384+¢ and MTBE, , =101537/3456+¢),
representing 12% and 4% improvements over three-component systems respectively (from

MTBE,, =797/54+¢ and MTBEF,, =3057/108+¢& [4])

e Some reliability functions with practical applications in mission planning that decay
exponentially.

The Monte Carlo simulations showed that these methods achieved 15-45% reduction in MSE com-
pared to naive estimators and 15-21% improvement over MLE for various sample sizes. Model vali-
dation through application to simulated electronic component data showed good correspondence and
model adequacy through goodness-of-fit tests.

With our results, reliability practitioners will have more powerful statistical tools to design and
estimate parameters for four-component sequential systems. The closed-form MREE expressions do
not need to be iteratively optimized and they can be used in real-time applications for online monitor-
ing systems [19, 11].
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Further applications of equivariant estimation in reliability theory, such as those to arbitrary (k,n)
systems, alternative loss functions and censored data, will further improve its practical utility.

A. Proofs of Distributional Results
A.1. Proof of Theorem 3.1 (Joint Density for (2,4) System)

From Definition 2.1 with n =4, n = 3:

* sl (1-F(x) | f(x)
f x 2x X )= — i i i i (38)
()= 1] [1—E(xi_l)] 1= (x)
Fori=1 (with x, =&):
1 —
1-F (x,)= e (1 +h s J, (39)
T
1_}?1(5)21’ (40)
1-F Ly -
() _ (), 0 =€ , (41)
1-F (&) T
f X 1 *l(xﬁf)
R "
1
Therefore, the contribution from ¢ =1 1is:
~2{a1-¢) -\ 1 —{:1-2)
[e, (1+—§H L e 43)
Fori=2:
1
1-F,(x,)=¢ ", (44)
1
1-F,(x,)= g 7Y , (45)
1- ‘FZ (xz) _ e*%(’“z*’ﬁ) (46)
1-F,(x,) ’
(%) 1 e (47)
1_Fz (xl) 4 .
The contribution from i = 2 is:
1 2 1 3
|:e—r("2‘x1)j| _le‘;("z—ﬁ) _ le—;(xz—’ﬁ). (48)
T T
Fori=3:
1- .F'3 (x3) _ e*%(x:s*xz) (49)
1-F,(x,) ’
(%) _1 e (50)
1- F3 (xz) T
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The contribution from i = 3 is:

1 1 1 2
—=(x3-x9 1 —(xsx 1 - ¥3 ¥z
[e,(a )} 1 ) 1 ) (51)
T T

Combining all terms with the factorial factor 24 = 4!/1!:

L —EY -
f(x,x,,%,)= 24-%(x1—§)e_f(xl_§)-[1+MJ e
T T

1 *E(xz —xp) 1 *%(xfxz)
X—e’ —e

T T (52)
24 2, =&Y A8 n-n)-2ren)
=—(x,-&)|1+ e
T
3
RO e p.
T

This completes the proof.

A.2. Proof of Theorem 3.4 (Joint Density for (1,4) System,)

From Definition 2.1 with n =4, n = 3:

[1—E(xi))]4_i fi(x)

4

f (xlixQ,x3,x4)—24H

i=1

(53)

1-F,(x,, 1-F (x,_,)

For i =1 and i = 2: Following similar calculations as in Appendix A.1, we obtain contributions involv-
ing polynomial-exponential terms in (x, —¢) and (x, - ¢&).

For i = 3 and i = 4: These follow exponential distributions, yielding simpler exponential decay
terms.

Combining all four components and simplifying the exponents:

2
* 24 X, — (g +xy a3 +x,—4E)
f (xlsx25x3ax4):?(xl_é:)(xz_é:)[l+275j e’ . (54)
O
B. Proofs of MTBF and Reliability Results
B.1. Detailed Derivation of Marginal Density f, (x;)
Starting from Equation (19):
X3 (X3 24 - 5 ¥ —l(x] +xg +2x3-4&)
j j [1 i -1 ] e Y d, dx,. (55)
* T T

First, integrate with respect to x,:

1 1 1
X3 ——Xg ——X ——Xg
J ze’ “dx,=-7e Iifzr(efl—ef J (56)
x1
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Substituting back:
* 24 *1(2’%*45) *3 X, — ’ N *lxs
fs(xs)zr—gef L (xl—f)[1+ 12.5] xe” |e? —e’ |dx,. (B67)

_ eV _ _£\2 _£\3
Expanding [l + M) ~1+3% c +3 (=, 25) + (=, 34:) and integrating each polynomial-exponen-
T T T T

tial term using:

jfx é:)eflf (xl_ég):z_kﬂ k! [1_ x3¢2 (x _5)1} (58)

lkﬂ ~ 'T]
we obtain the seven terms in Equation (20) after extensive algebraic manipulation.

B.2. Proof of Theorem 4.2 (MTBF for (1,4) System)

The system fails when all four components have failed, so the failure time is X . The marginal den-
sity f, ( 4) requires triple integration of Equation (17):

J‘“J% Y (x,,%,,%,,x, ) dx, dx, dx, . (59)

279732
X1 ¥ Xg

Following similar integration techniques as in Appendix B.1, the resulting marginal density contains
15 polynomial-exponential terms. Computing:

MTBF, , = j 5 xf (x,)dx, (60)

and using the substitution u = (x4 — &)/ 7 with gamma integral formulas yields:

101537

MTBEF,, =¢+ YR (61)
B.3. Proof of Theorem 4.4 (Reliability for (2,4) System)
The sequential (2,4) system fails when X(;) fails. Thus:

R(M)(t) :P(X(S) >t)= P(X(l) > t,X(2) > t,X(3) >1). (62)
Using the joint density:

— ¥ L X +Xg +2x5—
J. j J. (1+ f] o FTE 4é)dxgda%alxl. (63)
xd X9 T T
Integrating first with respect to x;:
. 2 2
J. i f)dxg =%e ) (64)

Substituting u = (t - ) / T and applying integration by parts recursively for each polynomial-exponen-
tial term yields the five-term expression in Equation (24).
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B.4. Proof of Theorem 4.5 (Reliability for (1,4) System)

Similar to Appendix B.3, but with an additional integration over four components. The calculation
follows the same integration-by-parts technique, yielding Equation (25).

C. Proofs of Equivariant Estimation Results
C.1. Proof of Theorem 5.1 (MREE for in (2,4) System)

Choose 50(x):X(*1) and g(x):X(*s)—X(*l). These satisfy equivariance properties. Define the
transformation:

U= X(l), (65)

V=X, -X,, (66)

7=t (67)
Xy =Xy

The Jacobian of this transformation is |J |=Uz. Setting £=0, 7=1 in the joint density and
transforming:

£ (w,v,2) =24uv(1 + w)le ) 15 0,0>0,0<z<1. (68)

Integrating over u and v:

j:uv(l +u)te ) qudy = (extensive calculation ) (69)
_ 1 “ 3 _—4du
Srorys j u(+wy'e ™ du, (70)

Evaluating the inner integral using ruke’l”du =k AF:
0

1 3-2! 3.3! 4!

- 2 3\ ,—4u _ L .
J.Ou(1+3u+3u +u)e du—42+ e + e +45. (71)
After simplification, the marginal density of Z is:
f;(z):L, 0<z<l1. (72)
(2+2)
Computing conditional expectations:
eruv Auv( +u)e " E ) gy du
E,,(UV|Z =z) =200 - (73)
f; (2)
_ 103 , (74)
64(2+2)
rrvz Auv(l+w)?e M EH) gy du
E, (V?|Z =z)==00 - (75)
f; (2)
. (76)

=G
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Since we are estimating the location parameter & (i.e., n=£6=1-£+0-7), we have ¢ =1 and f=0.
From Equation (9):

E,|0¢|z]-BE,[5|2] E,|[Uv|z]-0-E,[V|Z] E vz

S Ty R E, [V 1 Z] TE, V2]
0,1 0,1 0,1
Back-transforming to original variables:
. . \ .\ 103(2+2)
5 (X)=X, +(X;, - X, )- e (77)
X -X
=X, + (X[, - X[ — [2+ = f’] (78)
' 384 X, -X
)
* 103 * * * *
=X *3es (25, 2%, + X[, - X;, (79)
* 103 * * *
=X, + ﬁ(zx@ + X, -3X,,) (80)
_ 693X} ~108X, - 206X, &
384
]

C.2. Proof of Theorem 5.2 (MREE for £ in (1,4) System)

The proof follows similar methodology but with more complex transformations involving four
components:

U, = X(*l), (82)
U, =X, + X, + X, -3X,, (83)
X X
Zl = * *(2) *(1) % b (84)
Xy + Xy + Xy —3X,,
X -X
Z=% % (®5)
@~ e

Setting £=0, 7=1 and performing the transformation on Equation (17) yields a joint density in
(w,,u,,2,,2,) . After integrating out u, and u,, the conditional expectations involve complex polyno-
mial ratios, resulting in the functions M (X) and D(X) given in Equations (28) and (29).

The detailed algebra spans several pages and follows the same integration-by-parts techniques
used throughout Appendix B.

C.3. Proofs for Scale Parameter (Theorems 6.1-6.2)

For scale parameter estimation, we set &, (x)= X(*r) - X(*l) and g(x)= X(*r) - X(*l) (the range). The equiv-
ariance property &(aX +b1)=ad(X) holds since f#=1 and a=0 for scale parameters.

Following similar conditional expectation calculations as in Appendix C.1-C.2, the optimal w” (Z)
values yield the simplified forms in Theorems 6.1 and 6.2. The (2,4) case simplifies to the remarkably
clean form (ZX(*B,) + X(*z) - 3X(*1) ) /3. O
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C.4. Proofs for General Location-Scale Parameters (Theorems 7.1-7.2)

These follow directly from the linearity of the estimator structure. For 17 =& + 7, the MREE takes
the form:

5 (X)=a 8 (X)+p-8 (X), (86)

n

where 5; and &, are the MREEs for location and scale parameters respectively. Substituting the
expressions from Theorems 5.1-6.2 and simplifying yields Theorems 7.1-7.2.
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