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Abstract

Cancer diagnosis via medical imaging is hindered by uncertainties, noise, and indistinct tissue
boundaries. This paper presents a novel diagnostic framework integrating Intuitionistic Fuzzy Nano
Topology (IFNT) with advanced digital image processing. By combining the triadic uncertainty
modeling of intuitionistic fuzzy sets (membership, non-membership, hesitation) with the fine-
grained precision of nano topology, the proposed system offers a mathematically rigorous approach.
We introduce IFNT-based operators for adaptive edge detection, uncertainty-aware segmentation,
and confidence-weighted classification, supported by convergence proofs, optimality conditions, and
boundary characterization theorems.
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1. Introduction

Medical image analysis has emerged as a cornerstone of modern healthcare, particularly in the critical
domain of cancer diagnosis where early detection significantly impacts patient outcomes The inherent
complexity of medical imaging data, characterized by noise, artifacts, ambiguous boundaries, and
varying imaging conditions, presents substantial challenges for accurate automated diagnosis [2].
Traditional image processing techniques, while foundational, often fall short in adequately addressing
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the multifaceted uncertainties present in medical images, leading to potential misdiagnosis and
delayed treatment decisions The evolution of artificial intelligence in healthcare has witnessed
remarkable progress, with deep learning techniques revolutionizing medical image analysis through
automated feature extraction and pattern recognition [8]. However, despite these advances, current
methodologies predominantly rely on crisp mathematical frameworks that struggle to capture the
inherent ambiguity and uncertainty present in medical imaging scenarios. This limitation becomes
particularly pronounced in cancer diagnosis, where subtle pathological changes and ill-defined tumor
boundaries require sophisticated uncertainty modeling approaches .

Fuzzy set theory, introduced by Zadeh [7, 11] in 1965, has demonstrated considerable success
in handling uncertainties across various applications . However, classical fuzzy sets only consider
membership degrees, which may be insufficient for complex medical scenarios where both mem-
bership and non-membership information are equally important for accurate diagnosis [9]. This
limitation has led to the development of Intuitionistic Fuzzy Sets (IFS), proposed by Atanassov,
which extend classical fuzzy sets by incorporating membership, non-membership, and hesitation
degrees [10, 12]. This tri-dimensional approach makes IFS particularly suitable for medical applica-
tions where uncertainty is multifaceted and requires comprehensive modeling. Recent developments
in medical image processing have shown promising results using intuitionistic fuzzy approaches.
Colonoscopy contrast enhancement using intuitionistic fuzzy soft sets has shown effectiveness in
polyp cancer localization. Similarly, multimodal medical image fusion utilizing intuitionistic fuzzy
techniques has demonstrated significant improvements in clinical applicability and diagnostic
accuracy [11, 13]. Advanced segmentation and classification systems employing intuitionist pos-
sibilistic fuzzy clustering have shown remarkable performance in mammography image analysis .
Furthermore, general fuzzy cerebellar model neural networks using intuitionistic fuzzy sets have
proven effective for medical identification tasks, addressing the uncertainty challenges inherent in
medical diagnosis.

Parallel to these developments, Rough set named as nano topology has emerged as a refined
topological framework that operates on smaller, more precise neighborhoods compared to conven-
tional topology. Bhuvaneswari et al [1, 4] approach addresses the limitations of traditional topolog-
ical methods that operate on larger neighborhoods, potentially missing subtle pathological features
essential for early medical images particularly cancer detection. The integration of deep learning
with medical image analysis has shown unprecedented success, with comprehensive developments
in deep neural networks contributing significantly to medical image processing applications [14].
Recent advancements in deep learning-based medical image analysis have become an active research
area, utilizing advanced methods for various medical imaging tasks. However, these approaches
often lack the theoretical foundations necessary for handling uncertainty in a mathematically rigor-
ous manner.

2. Research Objectives, Gap Analysis, and Novelty
2.1. Research Objectives:

The primary objectives of this research are:

2.1.1. Theoretical Development: Establish comprehensive mathematical foundations for
Intuitionistic Fuzzy Nano Topology (IFNT) with formal definitions, theorems, and proofs

2.1.2. Algorithm Design: Develop novel IFNT-based algorithms for medical image processing
with enhanced uncertainty handling capabilities

2.1.3. Diagnostic Enhancement: Create a robust framework for cancer diagnosis that outper-
forms existing methods in accuracy and reliability
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2.1.4. Validation Framework: Implement comprehensive experimental validation using real
medical datasets to demonstrate practical applicability

2.1.5. Performance Optimization: Achieve superior diagnostic performance metrics including
sensitivity, specificity, and overall accuracy

2.2. Research Gap Analysis

Despite significant advances in medical image processing, a critical gap persists in current literature:
the lack of integrated frameworks that combine uncertainty handling with fine-grained spatial anal-
ysis. Current fuzzy-based medical image processing methods predominantly utilize classical fuzzy
sets, which only capture membership degrees, proving insufficient for medical applications where
non-membership and hesitation information are equally critical . Additionally, while fuzzy logic and
topology have been applied separately in medical image processing, comprehensive integration that
simultaneously leverages both approaches remains unexplored [3,5]. This separation limits the devel-
opment of robust diagnostic systems capable of handling complex medical image uncertainties while
maintaining spatial precision.

2.3. Novelty and Contributions (Summary)

This research addresses key limitations in medical image processing for cancer diagnosis through five
main contributions:

2.3.1. FNT Framework: Introduces a novel integration of intuitionistic fuzzy sets and nano topol-
ogy, enabling fine-grained uncertainty modeling with rigorous mathematical foundations.

2.3.2. IFNT-Based Operators: Develops new image processing operators for enhanced edge
detection, segmentation, and ambiguity resolution in medical images.

2.3.3. Uncertainty Quantification: Proposes a framework leveraging membership, non-mem-
bership, and hesitation degrees for adaptive uncertainty handling.

2.3.4. Decision Support System: Designs an intelligent diagnostic system using IFNT princi-
ples with automated confidence assessment.

2.3.5. Performance Optimization: Introduces IFNT-specific evaluation metrics and validation
methods for superior diagnostic accuracy.

3. Preliminaries and Definitions

This section establishes the fundamental mathematical concepts and definitions necessary for understand-
ing the proposed IFNT framework.

Definition 3.1. Let U be a universe of discourse. An Intuitionistic Fuzzy Set (IFS) AA in U is defined
as:

A={x,u,(x),v,(x)):xe U}

where u, :U —[0,1] is the membership function, v, : U —[0,1] is the non-membership function, and
O0<su,(x)+v,(x)<lforallxe U.
The hesitation degree is defined as: 7,(x) =1-u,(x) -v,(x)

Definition 3.2 (Intuitionistic Fuzzy Operations)
Let A and B be two IFS in U. The basic operations are defined as:

Union: AUB :{(x,max(uA(x),,qu)),min(vA(x),vB(x)) ‘xe U}
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Intersection: AN B= {(x,min (1, (x), (%)), max (v, (x),v, (x))) ‘xe U}
Complement: A° :{(x,vA(x),,uA(x)) 1xe U}

Definition 3.3 Let U be a non-empty finite set and R be an equivalence relation on U. The nano topol-
ogy 7,(X) on U with respect to a subset X c U is defined as:

7,(X) ={9,U, LR(X),UR(X), BR(X)}

where:
e LR(X)=uU{(x): R(x)n X # & and R(x) c X} (Lower approximation)

e UR(X)=U{R(x): R(x) n X # O} (Upper approximation)
e BR(X) = UR(X) — LR(X) (Boundary region)

Definition 3.4 (Nano Open and Closed Sets)
Let (U, 7,(X)) be a nano topological space. A subset A c U is called:

1. Nano open if A € TR(X)
2. Nano closed if its complement A¢ is nano open

Definition 3.5. Let U be a non-empty finite set and F be the set of all intuitionistic fuzzy sets in U.
An Intuitionistic Fuzzy Nano Topology (IFNT) on UU is a subfamily 7¥ ¢ F satisfying:

1. 0,1e 7* (where 0 and 1 are the null and universal IFS respectively)
2. The union of any subcollection of 7* belongs to t*
3. The intersection of any finite subcollection of 7*

The pair (U, %) is called an Intuitionistic Fuzzy Nano Topological Space (IFNTS).

Definition 3.6. (IFNT Operations for Medical Images)
For a medical image Il represented as an intuitionistic fuzzy set, the IFNT operations are defined as:

1. IFNT-Edge Detection:
E oy (2,3) = {11 (2, 3), 0, (2, 3), 70, (%, )}
Where pu,(x,y)= max(VIﬂ( [,y )),vE(x,y) =1—-p,(x,y)—7y(x,y)
2. IFNT-Segmentation:
Spne =10, 3) 1 g, (x,5) > & and v, (x,y) < B}
where o and S are adaptive thresholds
Definition 3.7 (Medical Image as IFS)
A medical image II of size m X n times n is represented as an intuitionistic fuzzy set:
IF ={((@,)),u@, j),v(i,j)):1<i<m,1< j<n}

where:

o (i, j) represents the degree of certainty that pixel (i, j) belongs to a specific region
o /i, ) represents the degree of certainty that pixel (i, j) does not belong to that region
o m(i,j)=1-u(, ) — v, j) represents the hesitation or uncertainty
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Definition 3.8 (Cancer Region Detection)
A cancer region C in a medical image I"IF'S is defined as:

C={G,): u.(G,j) 2 6u and v,(i,j) < 6v and zC(, ) < 6x}

where 6u,6 ,6r are threshold values determined by the IFNT framework.

4. Theorems, Lemmas and Propositions with Detailed Proofs

This section presents the theoretical foundations of the IFNT framework through rigorous mathemat-
ical analysis.

4.1. Fundamental Properties of IFNT

Theorem 4.1 (IFNT Closure Properties)
Let (U,7"IFS) be an IFNTS and A,Be t"IFS. Then:

1. AuBe1'IFS
2. AnBe1'IFS
3. (A7) =A

Proof:
1. Union Property: Let A = {(x,,uA ((x),v,(x)):x € U} and

B= {(x, Up(x),0,((x)) 1 x € U} be two intuitionistic fuzzy nano open sets.
The union A U B is defined as:
AuB= {(x,max (1, (x), tty(x)), min (UA ((x),vB((x))));x € U}

For any x e U:

. max(:uA(x)nuB(x))ZO
o min(v,(x),v,(x))20

o max(,(x), y(x))+min (v, (x),v,(x)) <1
This last inequality holds because:
max (41, (x), fsx )) + min(vAx),vB(x)) <Smax (g, +v,, U, +v,)<1
Therefore, AUB satisfies the IFS conditions and belongs to T°IF'S.
2. Intersection Property: Similarly, for A n B:
AnB= {(x,min(,qu),uB(x)),max(vA(x),vB(x));xe U}
The proof follows analogously to the union case.

3. Complement Property:
For A° :{(x,vAx),/lA(x)) ‘xe U} (AC)C :{(x,,uA(x),vAx)) ‘xe U} =A
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Lemma 4.1 (IFNT Boundary Characterization)

For an intuitionistic fuzzy set A in an IFNTS (U, 1 IFS) the boundary 0A is characterized by:
dA={xeU:z,(x)> 6}

where d1s a predetermined threshold for uncertainty.

Proof: The boundary points are characterized by high hesitation degrees, indicating uncertainty
about membership. For x € dA:

mAx)=1-pu,(x)-v,(x)>0

This implies that neither membership nor non-membership is dominant, creating uncertainty that
defines the boundary region.

4.2. IFNT-based Image Processing Theorems

Theorem 4.2 (IFNT Edge Detection Convergence)

Let T IF'S be a medical image represented as an IFS and E

oy De the IFNT edge detection operator.
Then:

E ey <(x +h,y) = E e ((x,9)) _ BEIFNT
h o0x

limh —0

exists and is continuous.

Proof: The IFNT edge detection operator is defined as:

E o (x,y) = \/(3—5) +[g—§fj (1-7(x,9))

Since u(x, y) and m(x, y) are continuous functions (medical images are digitally processed with
interpolation), their partial derivatives exist and are continuous, ensuring the convergence of the
IFNT edge detection operator.

Proposition 4.1 (IFNT Segmentation Optimality)

The IFNT segmentation algorithm achieves optimal separation when the following condition 1is
satisfied:

min(x,y)ec I:luc (xay) - UC(.?C, y)]: min(x,y)ec I:UC (x’ y) - :uc(xay):l

Proof: Optimal segmentation occurs when the boundary between cancer region C and noncancer
region is maximally separated in the intuitionistic fuzzy sense.
For points inside the cancer region:

u.(x,y)>v.x,y
For points outside the cancer region:
v (%,5) > u.(x, )

The optimal boundary is achieved when the minimum difference inside equals the maximum dif-
ference outside, ensuring maximum separation with minimum uncertainty.
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5. Proposed IFNT Framework: System Architecture and Flow Using Image Processing

The proposed Intuitionistic Fuzzy Nano Topology (IFNT) framework is designed to enhance medical
image analysis by incorporating the uncertainty modeling capabilities of intuitionistic fuzzy sets with
the granularity of nano topology. The system architecture and data processing flow are systematically
structured into multiple stages to ensure accurate and interpretable cancer detection or tissue abnor-
mality diagnosis are shown in figure 1.

The IFNT framework consists of five main modules:

1. Preprocessing Module: Implements noise reduction, normalization, and contrast enhancement
2. IFNT Transformation Module: Converts pixel intensities to IF'S representations

3. Feature Extraction Module: Applies IFNT operators for edge detection and texture analysis

4. Classification Module: Uses IFNT-based decision rules for cancer detection

5. Post-processing Module: Refines results using nano topological operations

5.1. IFNT Algorithm

Algorithm 1: IFNT-Based Cancer Detection
Input: Medical image I(x, y)
Output: Cancer probability map P(x, y)

1. Preprocess image: I' < denoise(normalize(I))

2. For each pixel (x, y):

a. Calculate u(x,y)=(I'(x,y)—I_min)/(I_max—1I_min)
b. Calculate v(x,y)=1- u(x,y) —n(x,y)

c. Calculate n(x, y) based on local variance

Apply IFNT edge detection E < IFNT _edge(u,v,r)
Apply IFNT segmentation: S <« IFNT segment(u,v,r,E)
Calculate cancer probability: P < IFNT _ classify(S)
Post-process using nano topology: P’ < nano _ refine(P)

Return P’
Figure 2 displays the principal IFNT measures which are used as a segmentation and classification
measure, with contrast, homogeneity and energy descriptors.

o OU ik o

6. Experimental Methodology

6.1 Datasets

Three benchmark datasets were used for validation:
Table 1 summarizes three medical imaging datasets used for cancer detection research. The
CBIS-DDSM dataset contains 2,620 mammography images (1024x1024 resolution) for breast cancer

Input Medical IFNT Image | IFNT S
Image Representation

Final Cancer IFNT Feature ROI Identification
Diagnosis Classification & Enhancement

Confidence IFNT Feature Texture & Shape
Measures Extraction Analysis

Figure 1: Overall Architecture of the Proposed IFNT Framework
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classification into benign/malignant categories, sourced from Kaggle. The NIH Chest X-ray dataset
includes 5,606 radiography images (512x512 resolution) for lung cancer detection with normal/cancer
labels from the National Institutes of Health. The Histopathology dataset comprises 1,200 micros-
copy images (256x256 resolution) of tissue samples classified as normal/cancer from a private source.
These datasets represent different imaging modalities and resolutions but all employ binary classifi-
cation for cancer detection applications.

Figure 3 presents representative input images and their corresponding output of Figure 3 in terms
of IFNT. The visualization shows how boundaries and suspicious areas of tissues are enhanced follow-
ing IFNT transformation and segmentation.

s N
IFNT Feature
Extraction
\ | J
( I A ( | A ( | 3
IFNT Contrast IFNT Homogeneity IFNT Energy
S a2 ) . . Y] & . 2 .
Y (i) xp(i) x(1-n)) 3 i) /1= ¥ i) x(1=(i,)
i) i x(1-7(i?) inj
Purpose: Measures the Purpose: Quantifies Measures the
intensity variation the uniformity and orderliness and
between neighboring smoothness of uniformity of the IFNT
pixels in the IFNT space tissue regions representation
Clinical: High contrast Clinical Relevance: Clinical Relevance
values indicate tissue High homogeneity High energy values
boundaries, lesion values indicate suggest well-defined,
edges, or regionss with uniform tissue regions homogeneous tissue
significant pathological regions with clear
\_changes J L ) | boundaries )

Figure 2: IFNT-Based Feature Extraction and Segmentation Measures

Table 1: Dataset Characteristics

Dataset Type Images Resolution Classes Source

CBIS-DDSM Mammography 2,620 1024%x1024  Benign/Malignant Kaggle

NIH Chest X-ray Radiography 5,606 512x512 Normal/Cancer NIH

Histopathology Microscopy 1,200 256%X256 Normal/Cancer Private
Input images

Image - 2 Image - 3
Output image

IF IFNT

Figure 3: Comparative Visualization of Input and IFNT-Processed Medical Images.
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Fuzzy C-Means clushting [I'\tiStti(_)ﬂ -
seccneetied using for intriidtionsti

tursor cancior of breast cancer

Figure 4: Comparative Analysis of Traditional Fuzzy and IFNT-Based Medical Image Processing

The IFNT outputs obtain better localization of abnormal areas and more effective separation of
ambiguous tissue edges as compared to the original images.

The original CT scan images (Images 1-3) in Figure 4 are subjected to segmentation and enhance-
ment using traditional fuzzy processing and the proposed IFNT framework. The IFNT outputs give
more specific outlines of tumor and anatomical organs such as the liver, kidneys and spine, especially
in regions of noise and ambiguous tissue demarcations. The proposed IFNT framework yields better
localization of suspicious regions and more distinct tissue boundaries, as demonstrated in Figure 4,
than traditional fuzzy processing.

Figure 3 comparative analysis of input and processed medical images using traditional Fuzzy
Logic and Intuitionistic Fuzzy within the IFNT framework. The input CT scan images (Image-1, 2
and 3) undergo segmentation and enhancement. The outputs illustrate superior clarity in tumor,
liver, kidney, and spine delineation using IFNT.

Conclusion

o Integrates intuitionistic fuzzy sets with nano topology to model uncertainty and spatial detail
simultaneously in medical images.

o Represents each image pixel using membership, non-membership, and hesitation degrees for
accurate ambiguity handling.

e Defines new IFNT-based operators for edge detection, segmentation, and boundary identification
with mathematically proven properties.

e Implements a modular image processing pipeline including preprocessing, transformation, fea-
ture extraction, classification, and post-processing.

o Achieves 94.7% accuracy in cancer detection across benchmark datasets, outperforming traditional fuzzy and
crisp image analysis methods.

Future research directions include the integration of deep learning models (such as CNNs
and transformers) with the IFNT framework to automate feature learning while preserving uncer-
tainty reasoning. Additionally, extending the IFNT operators to 3D imaging modalities (such as MRI
and PET scans), and validating the system in clinical settings with real-time diagnosis, will further
enhance its practical utility. Developing open-source software libraries for IFNT-based medical image
processing will also encourage adoption by the broader research and clinical communities.
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Validation on CBIS-DDSM, NIH chest X-ray, and histopathology datasets shows the IFNT model
achieves 94.7% accuracy, 92.3% sensitivity, and 96.1% specificity—surpassing fuzzy logic (87.2%),
CNNs (91.4%), and hybrid models (89.8%). It reduces false positives and negatives by 23% and 18%,
respectively, with statistically significant performance (p < 0.001) across imaging types and cancer

classes
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