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Abstract

Investigating and categorizing many different kinds of tri-ideals in ordered semirings such as ordered
tri quasi ideals, quasi ideals, and (2, 2)-ideals in semirings is the aim of this study. In order to char-
acterize the strongly (b ,h,) regular ordered semirings and fully idempotent ordered semirings. We
introduce the notions of left tri purity, right tri purity, tri quasi purity, (2, 2) bi purity, left weak
tri purity and right weak tri purity of ordered tri ideals of an ordered semirings. Also, we discussed
the O0-minimal tri-ideals, (2, 1)-bi-ideals, (2, 3)-bi-ideals, and (4, 4)-bi-ideals in ordered semigroups.
The subsemigroup T in Z is a (2, 2)-bi-ideals in Z if and only if there is a (2, 1)-bi-ideals ¥ and a
(1, 2)-bi-ideals k in Z such that ¥*°k*> cTc ¥%* m k> If and only if T is a tri-ideal of certain left tri-
ideal in Z, then T 1is a (4, 4)-bi-ideals in Z. We draw some inferences, even though the examples do
not support the opposite
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1. Introduction

An orderable semigroup Z is a subsemigroup if the set of allidempotentsis non-empty. Free semigroups,
free commutative semigroups, and free n-step nilpotent semigroups are examples of orderable semi-
groups. There are several ways to order free semigroups of finite rank n = 2. In addition to semigroups
from a number of well-known classes (such as semigroups of idempotents and inverse semigroups),
certain necessary and sufficient conditions for the order ability of arbitrary semigroups have been
identified. Ordered semigroups are common in many fields of mathematics as well as the entire field
of our research, including computer science, social science, and economics. However, their simplic-
ity in definition makes them challenging to characterize. The transition from the semigroup to the
ordered semigroup case is not simple, against common opinion. For example, it should be noted that
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there is currently no formulation for the ordered factor semigroup. Semirings, ordered semirings, and
hemirings appear naturally in several applications to the theory of automata and formal languages.
Concepts that extend an associative ring (R, +, o), (where + is a usual addition and o is a usual mul-
tiplication) are called universal algebras. except that it is assumed that (S, +) is a semigroup instead
of a commutative group. Ideals of semirings are helpful for a variety of reasons and are essential to
structure theory. However, if S is a ring, they typically do not overlap with the standard ring ideals.
A semiring can be found in rings but not in semigroups because it is a generalization of a ring. The
introduction of ideals for algebraic numbers and their subsequent application to associative rings
were initially proposed by Dedekind. Shabir et al. [1] described semirings using a variety of ideals and
their characteristics. Adhikari et al. [2] have examined a topological space of several types of ideals of
a semiring. The concept of BID for semigroups was first presented by Good et al. [3]. The generalized
BID for rings was introduced by Szasz [4]. Dutta et al. [5] investigated semiprime ideals and irreduc-
ible ideals of semirings.

As a generalization of rings, Vandiver introduced semirings [6]. Semirings are found naturally
in many mathematical domains. The concept of a QID in semigroups and rings was introduced by
Steinfeld [7]. The semirings were described by Shabir et al. [8] using QID characteristics. The con-
cept of an ordered semiring in connection to a semiring with a compatible partial order relation by
Gan et al. [9]. Palakawong et al. [10] constructed and characterized the BIDs of ordered semirings.
Lajos [11] proposed the concept of BIDs in semigroups. The QID, BID and TIDs is a generalization of
IDs of a semiring [12]. Grosek et al. [13] developed the notion of ideals in semigroups. Palanikumar
et al. created several methods to generate ideals of ordered semirings [14]. The ideas of ordered
k-regular semirings via ordered k-ideals were covered by Patchakhieo et al. [15]. The classification
of semirings was covered by Sen et al. [16]. Lee et al. introduced complete regularity on ordered
semigeoups [17]. If T isan ID in Z, Bis an idempotent of T of Z, then Bis an ID in Z [18]. Several
authors including Alimov [19], Chehata [20] and Vinogradov [21] started studying ordered semi-
groups. Steinfeld [22] first proposed the concept of QIDs in semigroups. BIDs in ordered semigroups
and ordered groups were investigated by Kehayopulu et al. [23]. Kehayopulu et al. [24] demonstrated
that any maximal ID in commutative ordered semigroups with identity is a prime ID; the opposite is
generally not true. We now understand that ordered QIDs in ordered semigroups are a generalization
of the concept of ordered (m , m,) QIDs.

A nonempty subset T in Z is the LID (RID) in Z if Z T<T (resp. TZcT). AnID in Z is a
non-empty subset in Z that is both LID and RID. The intersection of all LIDs (RIDs) in Z includ-
ing T coincides with L(T) (resp., R(T)), and the intersection of all IDs in Z containing T coin-
cides with I(T). In a semigroup Z, the smallest LID, RID, and ID in Z containing any set T are
L(M=TUuZT,R(T)=TUT Z,and I(T)=TWU Z TUT ZW Z T Z. These are known as the principal LID,
principal RID, and principal ID in Z generated by T . The principal LID, principal RID, or principal
ID in Z, respectively, generated by “6” (6 € Z), are denoted by L(6), R(6), and I(d) instead of L(5),
R(5), and I(6). Now, L(8) ={ye Z|y=0 or y=wd for certain ye Z}, R(0)={ye Z|y=06 or y=0x for
certain xe Z}, I(0)={ye Z|y=9 or y=yo for certain we Z or y =0k for certain x€ Z or y=xoy
for certain x,y € Z}. The article is presented as follows. Preliminaries come after this section. There
are five distinct sections in this study. An introduction can be found in 1. Section 2 provides a brief
description of semirings and semigroups and their fundamental characteristics. Characterization of
ordered TIDs as in the section 3. Section 4 describes the tri quasi purity of semirings via ordered
(b,b,) regularities. Section 5 presents our conclusions of the paper. The structural organization of the
paper’s content is shown in Figure 1.

2. Preliminaries
Throughout this paper, Z represents the ordered semiring.

Definition 2.1. [15] Suppose that 1 is a subset of (Z, +, <). Then 1 is called an RID (LID) in Z, if
(1,+)isa SSGof (Z, +)
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Figure 1: Organization of the paper

(1) 3 isa RID(LID) in Z.
(2) If 3<i for some i€ 1, then 3¢ 1 (i.e. 3=(1). 3 is called an ID if 1 is an RID and LID in Z.

Definition 2.2. Suppose that 1 is a subset of (Z, +,>). Then ] is called an QID in Z,if (3, +)is a SSG
of (Z,+)

(1) (Z1Z|n(z23|c ]
(2) If < q for some g€ 1, then then 3¢ 1 (i.e. 1= (1))

Definition 2.3. [15] Suppose that 1 is a subset of (Z, +, <). Then 1 is called an BID in Z, if (31,+) is
a SSGof (Z, +)

(2) If 3< b for some be 1, then 3€ 1 (i.e. 1=(J)).

Lemma 2.4. For any nonempty subsets J,A in Z.. Then

(1) IcZland 2(Z)=2]

(2) JcAand ZIc A

(3) I(2ZA) c (2NN c 2IA, (DA (ZIN(2A) cX2IA
4) 2| c (27|

(5) Ic @l and (A]|=1]

(6) If 1< A, then (3| (Al

() (Al c AAl < 34], Qlac A c (4]

3. Regular approaches applied to tri quasi purity of an ordered semirings
Definition 3.1. An ID 1 in Z is called a LT-purity (RT-purity) if > (3 °1° > °3|(3e (3°5°3°3|, V 3¢ 1.

Definition 3.2. An ID 1 in Z is called a weakly LT-purity (weakly RT-purity) if 101, =
(£1,°1°3,°1,| (3, " I=(£1,°1,°2°1,|), V1, in 2.



Alshanqiti O, Results in Nonlinear Anal. 9 (2026), 1-13 4

Definition 3.3. An ID J in Z is called a TQ-purity if 3 (3°3°1°3|n(3°1°5°3|,V 3¢ 1.
Definition 3.4. An ID 1 in Z is called a (2,2) bi-purity if 3 (3°5°1°3°3|,V se 1.

Remark 3.5. Every LT-purity (RT-purity) is a weakly LT-purity (weakly RT-purity).
Now, we give an example of a weakly LT-purity of which is not LT-purity.
Example 3.6. Let Z =1{3,,3,,3,,3,,3,,3,} be the semiring.

+ 03,3, 303,32 303, 1303, ]33
3,03, 13,323,133 3,13, 13,13, |3 ]33
3,13, (33,333, 3,13, 13,233,133
3,133, 3333, 3,03, [ 3|3 |3 ]3]3,
3,13, 3|3 |2 ]3,]3 35,13, 13,123 ]3|2,
313,13, 3,3, ]3 |3 3,13, [ 353, |3 |33,
3% | 3% [ 252,23 |2 35 13, 121252, 13 |3

Define a binary relation = in Z by < :={(3,,3,),(3,,3,),(3;,3,),(3,,3,),(35,3,),(3;4,3,),(3,,3,),(3,,3,)}. Then
(Z, +, X) is a semiring. Clearly {3,}, {3,,3,} and Z.

Since,
PN =0,=2(G,°3 °3, °3),
N33, =0, =20, °3,,3,}°3, °3),
PUN{Z={,}=2(,°2°5, °3))

and

31,103 =1,1=2(13,,3,1° 3, °{3,,3,1°(3,,3,}),

31,333, =13,,3, 1 = 2({3,,3,}°{3,,3, }°13,,3, }°13,,3, 1),

3,3, N{Z}=1{3,,3,} = 2({3,,3,}°2°{3,,3,}°{3,,3,})

and

{Zyn {3, ={3,}=2(2°3, °2°2),
{Zyn{3,,3,} =1{3,,3,} = 2(2°{3,,3,}°Z°2),
{Z}N{Z}={Z}=3(2°Z°Z°2)

Since, {3,,3,}isaweakly LT-purity. However, {3,,3, } isnota LT-purity, because3,¢ {3,,3,} = (3, °Z° 3, OE.

Theorem 3.7. Let 1 be an TID in Z. Then

(i) 1 is a LT-purity if and only if In¥ =(3°¥]|, for every LTID in Z.
(it) 1 is a RT-purity if and only if k nI=(k " 1|, for every RTID in Z.

Proof. (i) Assume that J isa LT-purity. Let ¥ bea LTID in Z. If 3 1N ¥, then e (3 °1° 5 °3| < (3°I°¥°]].
So, In¥ < (I°I°e]|. Clearly, (3°1°%°J|cInY¥. Thus, INn¥ =(I°I°P°].

Conversely, let e J and Lemma 2.4, we get

3¢ INn¥(3) =(1°1°¥(3)°]|
=(1°A(Z >+>3°2°3°3°]]
c ((ZI°I° > +I°J°3°2° 5 %3]
c(3°3°>°]|+(3°3° > °]|
- (Jojo 3 oy
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Thus, J is a LT-purity in Z. (ii) It can be proved similarly

Theorem 3.8. An ID 1 of Z is a TQ-purity if and only if 1N @ =[1°®@°1°]|n[I°I°@°]|, for every QID
din Z.

Proof. Let @ be an QID of Z. Now, e (3°3°3°|N(3°3°5°| c(I°3°3°]|n(3°T° 3 °]| < (F°@°I°]|
(3°3°@°]|.So, 1IN @ c [I°@°I°]| N [I°T°@°]|. Clearly,[1°@°I°]| N [1°T°@°]| c I @.Thus, TN @ =[1°@°I°]|
N[I°J°oe]|.
Conversely,
e IN D)= (@)°P()°I°P)| N (P(3)°T°D(3)°D(3)|
=((ZT24(3°3°Z%|N(3°Z°5°3)(X >+(3°3°Z°)|
N(°2°3°3)°I(Z3+(3°3°2%|N(3°2°5 )|
N(Z3+(3°3°2°3|N(3°2°3°3))°I(Z 3+(3°3°2°)3|
N(B°Z°3°3)(X3+(3°3°2°3|N(3°2°3°3))
C(XZ3°3°71°3+X5°5°1°3|N(X>3°1°3°5+X3°1°>°)|
c(3°3°1°3+3°3°1°3|N(3°1°3°3+35°]°3°3|
c(3°3°1°3N(3°3°5°3|
Thus, J is a TQ-purity in Z.
Theorem 3.9. An 1 in Z is (2,2) bi-purity if and only if In 1, =(J, 031030310J) for every BID 1], in Z.

Proof. Suppose that ] is (2,2) bi-purity. Let J, be a BID of Z. If 3e 1N ], then 3e (3°5°1°3°|c
(3,°3,°3°7, °J. So, In1 < (3,°], °3°31°M. Clearly, (31031030310M cIn1,. Thus, 3InJ, =(J,°3,°3°], OM.

Conversely, let 3¢ J and Lemma 2.4, we get
3 1n1,3) =(3,(3)°1,(3)°3°3,(3)°1, )|
=((Z3+X 3 +3°Z%P(X >+2 3 +3°2Z°]°1°
(Z3+23° +3°2%(F>+X 5" +5°2°3)
c(XZ3°3°3°5°)|
= (5°3°1°5°)]
Thus, ] is a bi-purity in Z.

Theorem 3.10. (i) if 3 (X 5* +3°2°3* +X2°3°2°?| for any € Z, then Z is a strongly left regular.
(i) if 3e (X 3* +3° °Z°3+X 3° °Z°>3°Z| for any € Z, then Z is a strongly right regular.

Proof. (i) Let 3 Z. Suppose that 3e (Z 3> +3°2°3* +X2°3°2°°|C(2°3+3°2°3+X2°3°2°|.
We obtain that 3%e (2 3* +3°2°3+X2°3°2°*°(X 3* +3°2°3+X2°> °Z°ﬂ c(Z2°3°2°%|.
and 3°2°3%€ (2°3+3°2°3+X2°3°2°* P 29X 2°5°2°5 | c (F2°>5°2°%%,
Thus,
3e (F3° +3°2°3" +52°3°2°5|

c(Z(xz°3°2° ﬂ +(Z2°3°2°9%|+(2(Z2°3°2° ﬂ

C((ZZ2°3°Z2°3 |+ (ZZ2°3°2°5 |+ (X2 2°3°2° ﬂ

C(ZZ2°3°2°5° +32°3°2°3 +X2°3°2°5]

=32°3°2°%|
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Hence, Z is a strongly left regular.

Theorem 3.11. Let Z be an semiring and m, n are positive integers. Then

(i) Z is strongly (5,,0) regular if and only if k = (k" °k* °Z°kﬂ, v(,0) TID k in Z.
(ii) Z is strongly (0,b,) regular if and only if ¥ = (¥*°Z°¥™ OTH, V(0,b,) TID ¥ in Z.

Proof. Assume strongly (h,0) regular. Let k be an (5,0) TID. Let >€ k, then 3e (3" °>* °Z° aﬂ
c (k"°k*°2°k" | implies k c (k" °k*°2°k" |. Clearly, (k»°k*°Z°k"|c k. Thus (k*°k°2Z°k” | =k.
>€ [3],,
= (13 0 B, 0) 2231, )2

y
=((Za+232 Fo + I3 4oy °Z°9”) °

(Z54Z5 4t T3 437 05 °zo )’
°Zo(Z 34X 4+ Z5V 3 0 0203 )
g((Z 3 4y oyroze 3“)0(2 3 4y oy oze a”)"ZO
(25 +X 3" °3 °Z°37)|
(;(23” 031 070 +2‘3b1 oah oZoah +23h oah oZoah
+Z MO OZOP 45 0 0ZORN + 331 031 0205 |
Q(ZBW o 31 0zo 3

= (9bl °31 °Z° 3

Hence Z is a strongly (5,0) regular. Similarly, Z is a strongly (0,b,) regular

Theorem 3.12. Let m, n are positive integers. Then Z is a strongly (b,b,) regular if and only if
kN = (k%= V(,0) TID k and (0,b,) TID yin Z.

Proof. If (o #0,b, =0) and (h =0, b, #0) is directly from Theorem 3.11. We assume that b #0 and
b, # 0. Assume strongly (b ,b,) regular. Let k and ybe an (,0) TID, (0,5,) TID in Z, respectively. Let
se kN, then 3e (3™ °2°5 2 |=(3" °2°3 1 (3% °2°5 * | c (k" °¥* |, implies kN ¥ < (k*°¥ 2 |. Clearly,
(K*°¥"*| ckN¥. Thus, k "N ¥ = (k* °¥ %],

Conversely, € Z,
€ [ﬂm» a [ﬂ(o,m
= (([ﬂ@,m )bl O<[ﬂ<0,bz> )ﬂ
=((Z 24X 3 +..+ X 437 0Zo e
(Z3+Z 5" +..+ 2™ +57 °2°5™)"|
C((Z3+XZ 3 +...+ X5 43 °Zoy)ro
(Za+2 5" +..+Z5™ +3% °2°5™ )2
g((z 321 4 3% 0 zo ah)o(z 3% 4 3% 0Zo 3%)
T3P 3% ogo gt o ozoy M|

(
(s 0205

N
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Hence Z is a strongly (b,,h,) regular.
Theorem 3.13. Z is strongly (b,b,) regular if and only if every TID of Z is a LT-purity (RT-purity).

Proof. Assume that Z is a strongly (b ,b,) regular,b =2 and b, 24. Let I’ be an ID in Z and let se 1.
By assumption, 3¢ (X 3°3°2°3°3°3°3|c (X 3°Y°Z°reres>°s c(X>°re°s»°3=0(:°re°>s°)|. Thus, r
1s a LT-purity.

Conversely, 3 Z, by assumption, we obtain that J(3) is a LT-purity. Using Lemma 2.4, we have

3¢ J3) N L(3)
=1(3)°1(3)°L(3)°1(3)
=(Z3+4X3°2°3°3+X3°3°2°3[°(Z3+X3°2°5°5+X5°5°2°3)|
(Z24+X3°Z°3%|%(X3+X3°2°3°3+X3°3°Z°)|
=((Z23+23°2°3°%°3+23°3°2°3)°(X 3+X3°2°3°3+235°5°2°)3)
(Z3+423°2°3°3)°(Z3+23°2°3°3+X3°3°2°))
(23 °Z°5%]
c (3 °2°y"]
Hence Z is a strongly (b ,b,) regular.
Corollary 3.14. Let Z be the ordered semiring. Then

@ [, =EI+ZF +...+ 21 +23%°2°11 ||V non-negative integers b,. To prove that (3l,.,, to the
smallest (b,0) TID in Z containing 1.
(i) [, =(EI+ 2T +..+ 37 + 3T °2°1”2 |V non-negative integers b,. To prove that [, ., to the
smallest (0,b,) TID in Z containing 1.

Theorem 3.15. Every TID is a tri bi-purity of a strongly iy b, regular.
Proof. Assume that Z is a strongly (b ,h,) regular. Let Y'be an TID in Z and ¢, € I'. We have

AU

c oz
c (§22h 030(4‘2% oZoé';hz )272
S (M 0Z0(g M) o2 o(g, ™ )™
cC (é’zzh ozoé’ZZ(bﬁbz) ozo(é’zZ(nH’zj
c(CPezorM ozoé’ﬁl
c (é‘zoé’zoé’2oé‘zozoé’Zozoé’Zoé‘zoé’zog
c (;2ogzo§2ozorozoé’20;zog
c({,°¢,°r°z°re°z°re{,°¢,|, Since BID is a TID
A RTILIA

Thus, Y'is a tri bi-purity.

4. Characterization of ordered TIDs

Definition 4.1. Let m,, m, be non-negative integers. The set Tlemtmm)yT™ © Zo T js g (m,, m,)-BID in
ZifTc Z.
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Definition 4.2. If T#{0} and {0} are the only (2, 2)-BID in Z that is correctly included in T, then a
(2, 2)-BID T in Z with a zero element 0 will be considered 0-minimal.

Theorem 4.3. Let Tc Z, T is a (2,4)-BID iff T is a LTID of certain LTID in Z.

Proof. Suppose that T is a (2, 4)-BID in Z. Now, (T (TUT°Z°TeT]PT°T]c(T'weT?°Z°T*]|
(T]1=T and ((T]] =(T]. Therefore, T is a LTID of the LTID (TUT °Z°T°T]in Z.

Conversely, Suppose that T is a LTID of a LTID k in Z. Now,
(T2°Z° T c(TeTeZ2°ToT T T]
S (TARZRQ)°T°T]
g (T OQO T (o) T]
c (Tl

Let k€T, we Z such that ¥ < k. Since, k€ k, thus yek.
The assumption applies ¥€ T. Therefore, T is a (2,4)-BID in Z.

Theorem 4.4. Let Tc Z, T is a (4,2)-BID iff T is a RTID of certain RTID in Z.

Proof. Suppose that, T is a (4,2)-BID in Z. Now, (T°T(TUT°T°Z° TP T]c(T'weT*°Z°T?] ¢
(T1=T and ((T]]=(T]. Therefore, T is a RTID of the RTID (TWT°T°Z°T] in Z.

Conversely, Suppose that T is a RTID of a RTID yin Z. Now,

(THeZeT* ] c(TeTeTOToZ°TOT]
c(T°TARRZQ)T]
c(T°T°Q°T]

c (Tl

Let k€T, we Z such that ¥ < k. Since, k€ ¥, thus we k implies e T. Therefore, T is a (4,2)-BID
in Z.

Theorem 4.5. Let Tc Z. Then the statements are equivalent.

(a) Tisa (4,4)-BID in Z

(b) T is a LTID of certain BID in Z

(c) T is a BID of certain LTID in Z

(d) T is a (2,3)-BID of certain RTID in Z
(e) T is a RTID of certain (2,3)-BID of Z.

Proof. (a) = (b). If T is a (4,4)-BID in Z, then
(To(THUT* 2 TP T T c(TTUT? °2° T7]
c(T'UT*°Z° T
c(T]
cT
Let keT,we (T'UT* °Z°T?] such that w < k then we T,
Therefore, T is a LTID of the BID (T*uT*°Z°T*] in Z.

(b) = (c). If T LTID of certain BID in Z. Since, TUT °Z°T °T is a LTID in Z. Now,
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(T(TWT°Z°ToTP T] c(TWT °2°T ]
c(TUT A(Q°Z°Q)° T °T]
c(TUT°Q°T°T]

c(T]
cT

Let xeT,wye (TUT °Z°T°T] such that < k. Since k€T ke .Thus ye Q, so weT. Therefore,
T is a BID of the LTID (TWT°Z°T°T] in Z.

(¢c) = (d). If T is a BID of certain LTID in Z. Since, TUT °T°Z°T is a RTID in Z. Now,
(T2 (TUT e T2 TP T%] < (TouT* °2° T
c (TUT °k*°Z°k*® T]
c (TUT °(k°Z°k°k)° T]
c (TWT °k° T]
< (T]
cT

Let ke T,we (TUT °T°Z°T] such that ¥ < k, then ke k. Thus we k, so we T.
Therefore, T is a (2,3)-BID of the RTID (TUT °T°Z°T]in Z.

(d) = (e). If T is a (2,3)-BID of certain RTID in Z. Since, TUT °T °Z° T is a RTID in Z. Now,
(TeTATUT* °Z° T°P T] c(T'UT* °2° T*]
c(TUT°To(T?°2° T%)° T]
c (TUT? o(FewezZow) T°]
c (TU(T?°P°T%]
< (T]
cT

Let ke T,we (TUT? °Z°T°] such that y < k, then ke ¥. Thus we ¥,sopeT.
Therefore, T is a RTID of the (2,3)-BID in Z.

(e) = (a). If T 1s a RTID of certain (2,3)-BID in Z. Now,
(T4 ozo T4] c (T °oT O(TZOZOWS)O T]
c(ToToweT]
< (T]
cT

Assume that ke T, we Z such that ¢ < k. Since, ke ¥, so we ¥, thus ye T.
Therefore, T i1s a (4,4)-BID in Z.

Lemma 4.6. Let T be a SSG in Z such that T=(T]. Then T is a (2,2)-BID in Z iff there exist a (2,1)-BID
vin Z and (1,2)-BID in Z such that ¥*°k* c T ¥* mk®.

Proof. Suppose that, T is a (2,2)-BID in Z. Now, T?UT?°Z°T and T?WT °Z°T? are RTID and
LTID in Z, respectively. Now ¥ =T*WUT?°Z°T and k=T>UT °Z° T?. Now,
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T20k2 c (T2@T2 ozo T)ZO(T2 wT °Z° —]—2)2]
c (TPUT? °Z2° T?]
< (7]
cT

Conversely, let ybe a RTID and k be a LTID in Z such that ¥*°k* c Tc ¥* mk”. Then,

T2eZe TP (P mk*)*°Z°(¥? mk®)®
=*nk*)(¥* mk*)°Z(¥* mk*)° (¥ mk?)
c ;{/2 OZOZOT2 okZ
el A AFAVAI A DS
C (PO °ZoP )P Ol
c ¥k’
cT
Therefore, T is (2,2)-BID in Z.

Theorem 4.7. Suppose that k be a O-minimal LTID in Z and T is a SSG of k such that (T]|=T. Then
T isa (2,2)-BID in Z contained in k iff (T?]={0} or T=k.

Proof. Suppose that T is a (2,2)-BID in Z contained in k. Then, (T* °Z° T?] c k. Since (T” °Z° T?]
is a LTID in Z. Now, (T °Z° T*PPZo(T? °2° T* °(T* °Z° T*] ¢ (T? °Z° T? °Z° T* °2° T* © T2 °2° T*|
(T?°Z°T*]. Now, (T*°Z°T*]={0} or (T*°2° T*]=k.

If (T?°2° T?]=k, then k=(T?°Z° T?] < (T]. Therefore, T=k. Let (T2 °Z° T?] ={0}. Since

(T PZS(TF(T*] < (T* 222 T T*]
c(T*°2°T7]
= {0}
c (T°].
It follows that (T*] is a LTID in Z contained in k.
By the minimality of k, (T*]={0} or (T*]=k.
If (T?] =k, then T=k. Conversely, other part is a direct proof.

Theorem 4.8. Let k be a 0-minimal (2,2)-BID Z. Then (k*]={0} or k is @ minimal LTID in Z.

Proof. Now,
(KT Z°(k’) = (& ]°(k*]°Z°(k* ]°(k]
(6 Pk 2K P ()
c (k']°Z°k*]°(k’]
C (P2 ()
< (k]°(’]
c (k*]
Then, (k*] is a (2,2)-BID in Z contained in k.

Therefore, (k*]=1{0} or (k*] = k.
Suppose that (k*] = k.
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Since,
k°Z°k°k = (k*]°Z°(k*]°(k”]
c (k*°Z°k*°k?]
c (k2°2°k*]
c (k*°Z°k”]
c (k]
ck
Therefore, k 1s a LTID in Z.
Let @ be a LTID in Z contained in .
It follows that @°°Z°Q° c Q°Z°Q°Q c @ c k.

This shows that @ is a (2,2)-BID in Z contained in k.
Thus, @ = {0} or @ = k.

Theorem 4.9. T is a minimal (2,2)-BID in Z iff T is a minimal TID.

Proof. Now, T is a minimal (2,2)-BID in Z. Then (T?°Z°T?] is a (2,2)-BID in Z contained in T.
And hence, (T? °Z° T?]=T. Now,
T2oZe T=(T? 020 THX(T? °Z° T*PZ(T? °2° T?]
g(—I—Z o zo —|—2 o—|—2 o zo —|—2 ozo TZ o zo TZ]
c(T?°Z2°T7]
< (T]
cT
and
TOZo T =(T? °Z° T*IPZ°(T? °Z° T*]%(T* °2° T7]
g(—|—2 o zo TZ o zo —[—2 ozo —[—2 0T2 o zo TZ]
c(T?°Z°T7]
< (T]
cT
It follows that T is a TID in Z. Suppose that there exist a TID W in Z contained in T. Then
W2 ZOW? <« W °Z°W)°W < W? < W c T. Thus W is a (2,2)-BID in Z contained in T.
Conversely, assume that T is a minimal RTID in Z. Then T is a (2,2)-BID in Z. Let Y be a (2,2)-BID
in Z contained in T. Since, (J2°Z°Y*|P(Y2°ZoY*°Zo(Y?°Z°Y?] C (Y?°Z°Y2oY20 ZoY?o ZoY20 20| =
(Y*°z°Y?]. Now, (Y*°Z°)?] is a RTID in Z. Similarly, we find that (x*° ° *] is a LTID in Z. This

implies that (J*°Z°)?] =T. Since, T=(Y?°2°)?*] c (Y] =Y . Therefore, T= ). Therefore, T is a minimal
(2,2)-BID in Z.

Theorem 4.10. Let T is a (4,4)-BID in Z iff T is a TID of certain LTID in Z.
Proof. Assume that T is a (4,4)-BID in Z. Then
(TYUT! °Z° THPZ(TUT! °Z2° TH(THUT! °2° T (T* °Z2° T*] T w (T  °2° T*].
Therefore, T*W(T* °Z°T*]is a LTID in Z.
Since,
ToTATWT! °Z° TP T <(TTUT® °2° T°]
c(T'uT*°Z°TY]
< (T]
cT
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and

TO(T'UT 2o T P ToT c(T'WT? °2°T°]
c(THuT! °2Z° T7]
c(T]
cT

Therefore, T is a TID of (T*WT* °Z° T*].
Conversely, T is a TID of LTID k in Z, then

and

TiezZeT cTeTeTeTeZeTOoTOeTOT
c TeoTeZeZeZeTeTeT T
c T°k°Z°k°k° T °T
cT°k°T°T
cT

TieZeT g TeTeTOeT eZeTeTOeTOT
CTOeTCOTCOTCZEZZTC T
C T OTeyewezowe T
cTeTeYeT
cT

Therefore, T 1s a (4,4)-BID in Z.

5. Conclusions and upcoming studies

Our study introduced novel ideas about the tri purity of semirings based on TIDs. This section pro-
vides an overview of this emerging topic for the benefit of future researchers. Our research can be
expanded to include the generalization of BIDs in terms of ternary BIDs and minimal BIDs of ternary
semirings. We will also try to analyze b-semirings and bi-semirings in the future.
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