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Abstract

The purpose of this work is to study ordered (7,, 1,)-regular semirings according to the properties
of their ordered various ideals. We focus on ordered semigroups, where an index 7, and 7, charac-
terize the tri quasi-ideals and (7,, n,)-tri quasi-ideals. We also talk about some important ways in
which these principles interact. The (5, ,)-intersection property of each (1., n,)-tri quasi-ideal and the
(1., n,)-quasi-ideals of (1, ,)-regular ordered semigroups define these semigroups. The (3,, 7,)-tri
quasi-ideal is the intersection of a 7 -left tri quasi-ideal and a 7,-right tri-ideal.
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1. Introduction

Both theoretical computer science and graph theory solutions made use of a fundamental algebraic
struc-ture known as a semigroup. After Dedekind introduced the concept of IDs for the study of
algebraic numbers, Noether extended it to associative rings. Combining a semiring with a partially
ordered relation results in an ordered semiring. It was first presented as an algebraic structure
that is a generalization of a semiring by Gan et al. [1]. The concepts of regular and k-regular
ordered semirings were first presented by Mandal [2]. An algebraic structure known as a semi-
group naturally appears in a number of applications regarding formal languages, automata the-
ory, and other fields of practical mathematics. It is a well-known group generalization [3, 4]. An
ordered semigroup, which combines a semigroup with a partially ordered connection, is a common
kind of semigroup. Naturally, a semigroup S may always be understood as an ordered semigroup
with the equality relation (x, x) € S X S. Numerous significant and conventional investigations of
ordered semigroups.

An ordered semigroup (S, -, <) is a poset (S, <) and semigroup (S, ) such that for any a, b € S,
a<bimpliesa ¢c<b -candc "a<c -bforallc e S.If AALC A, then a nonempty subset A of Sis a
subsemigroup of S. Recall that under the order relation on S, every subsemigroup of S is an ordered
semigroup. Munir [5,16] proposed the ideas of m-LIDs and m-RIDs for semirings, and Munir et al.
[6,14] introduced them for semigroups.

We have examined m-regularity and m-IDs in an ordered semigroup. Furthermore, some reg-
ularities on ordered semigroups were defined by Kehayopulu and Tsingelis in [7, 8,15]. Kasner
was the first to apply classical algebraic structures to n-ary structures. A generalization of that
specific group is the concept of n-ary groups. A extension of binary semigroups is the regular n-ary
semigroup.

The idea of a one-sided ID of any algebraic structure is a generalization of an ID. The idea
of the BID in semigroups is one specific example of a (7, 7,)-1ID. Whereas QIDs are generaliza-
tions of LID and RID, BIDs are generalizations of QIDs. Steinfeld originally proposed QIDs for
semigroups and then for rings. Rao established bi-interior and bi-quasi-interior IDs in semi-
groups. IDs are important in the theory of semigroups, just as they are in ring and semiring
theory. Compared to ring theory, semigroup theory has more ID classes. The IDs of an ordered
semigroups can be used to generate characterizations. The ID theory of an ordered semigroup
1s crucial in this context. There is a generalization for one-sided IDs of an ordered semigroups.
Lee et al. [9] introduced and clarified the notion of LID (RID) in ordered semigroups in terms of
prime LID (RID). Pure IDs and pure prime IDs in a semigroup without order were introduced by
Ahsan [10,17] et al. In a ternary semigroup, pure IDs, weakly pure IDs, and purely prime IDs
were recently defined by Bashir et al. [11,18]. The authors demonstrated that the set of all purely
prime IDs of a ternary semigroup is topologized and provided additional characterizations of pure
IDs. We present the notions of pure IDs, weakly pure IDs, and purely prime IDs. Palanikumar
et al. discussed the ordered semiring [12, 13] via different ideals. The idea of TQIDs is essential
for the study of an ordered semigroup structure. We know that QIDs in ordered semigroups and
(n,» n,)-QIDs are generalized to (7, n,)-TQIDs. In this paper, several aspects of (7,, ,)-TQIDs of
an ordered semigroups are investigated.

2. Basic concepts

This section provides a recap of the fundamental ideas used in this study. The notion of an ordered
semigroups and their auxiliary findings are presented in the subsection. In this case, 7,, 1, are
positive integers, and S is an ordered semigroup.

Definition 2.1. Let K, and K, subsets in S. Then
(a) K, C (K]
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(b)) (K 11=K]

(o IfK,CEK, then (K ]EC (K]
d K, |l K ]mE,)]

© (K, UK,]=(K]u K,

®  KIK,] KL

(8) (KU = (KK,

Definition 2.2. Let M, K, and K, is the subsets in S. Then

(@) K, +K = +n,ln ek,n,eky
(b) £ K =, n,ln ek,n,eky
(0 (KJ={aeS|a<bforsomebe L},
(d K,=1{a, b) e SXS | c<ab).

Definition 2.3. A SSG W in S is stated to be

(@) n,-LIin Sif (Sp* W]EWand W] CW

() n,-Rlin Sif WSn* ] EWand W] CW

(© (1, n,)-QIDin Sif (Sn* Wl m OWSn*] C W and V] E W.
Definition 2.4. A SSG Win S is stated to be

(a) QIDin Sif (SW]m WSICWand W|C W

(b) BQID in Sif (SN m WS] ma WSW] E W and W] C W

(¢c) TBQIDin S if WSWW] @ OWWSW] ma WSW] C W and V] C W.
Definition 2.5. A SSG Win S is stated to be

(a) TQIDin S if WSWVW] m WWSW] C W and W] C W

() n,-LTIin Sif WS WV E W and (W] C W

(¢) n,RTIin Sif WWSp? WIE Wand W C W
3. Different TriQIDs -INTP

Definition 3.1. A SSG Win Sis stated to be (r,, ,)-TQID in S if \WSp' W] @ O)AWWSn* W] E W and

oM cw.
Example 3.1. Consider (S, -, <) the ordered semigroups.
0 @ & @
0 0
Let S = @ QeZ*
0 0 0 &
00 0 O
0 & 0 g
Leek=" 0 0 &l g
0 0 0O
0 0 0O
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Hence K is a (3, 3)-TQID in S

Theorem 3.1. The intersection of (7,, 7,)-TriQID and SSG is empty or (,, 1,)-TriQID of SSG.

Proof. Let WWbe the (3, n,)-TriQID in S and K, is a SSG in S. Suppose that £ m WV is not empty. But
Wand K, are SSGs in S, we have K @ Wis a SSGin 8. But £, ma WE K, we have K, m Wis a SSG of
K,. Hence

(K, @WK, (K, a W)E, a W)l a (K, a W)(K, @ W)Kn, (K, @ W)]
C K, m WK, WW] @ WWKn, W

C K, @ VSt W @ (WWVSy? W

CKaWw

and (K, aWaK CL aE]IaOWEL aOWM=K aW
Therefore, IC, @ Wis the (1,,7,)-BQID of K.

Corollary 3.1. (a) The intersection of (n,, 1,)-QID and (,, 1,)-BQID is empty or (5,, 7,)-QID
Of (’71’ Ug)_BQID‘

(b) The intersection of (1,, ,)-QID and (7,, n,)-TriQID is empty or (r,, n,)-QID of (,, n,)-TriQID.
The intersection of (1, n,)-BQID and (7,, n,)-TriQID is empty or (n,, n,)-BQID of (n,, n,)-TriQID.

Proof. The proof follows from Theorem 3.1.
Theorem 3.2. The following assertions are trues.
(@) WSn' WWl m WSn' ] is a ,-LTriQID in S

(©) S Wl @ WWSn* W] is a 1,-RTriQID in S

Proof. Now,

WS WW a WSnt ] - WSt WW m WSn | C VSt WW a WSnt] - OWSnt WW)
C WS WWWSn' WW a WSn' WS WW]
C WSSV @ WS2m+]
C WS™WW m WS*]
C WSy WW @ WSp']

and

WS WW m WSt Snt (WS WW a WSnl(WSnt WW a WSn'] @ VSt WW m WSt Snt
C WSn' WWISnt WSnTOVSn' W m (WSn']Snp'

C WS WWSn' WSn* WSn* WW] m OVSn* Sp'l

C WS VW m WS

C WSWW m WS

C WSy WW a WSp']

and (WSn WW a WSn']] = OWSn WW a WSn1].
Therefore VS WW m WSn'] is a '-LTriQID in S.
Also, (52 W a WWSn? W] is a n?>-RTriQID in S.

Theorem 3.3. The following assertions are true.

(a) For all » -LTriQID is the (1,, n,)-TriQID, for all ,
(b) For all ,-RTriQID is the (n,, 5,)-TriQID, for all 5,
(c) For all » -TriBQID is the (n,, 1,)-TriBQID, for all 7,
(d) For all ,-TriBQID is the (n,, n,)-TriBQID, for all 7,.


WWWSη1�
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Proof. Let IC, be the n -LTriQID in S. Then K| is a SSG in S. Hence, \WSn' WW] m OVWSh* W] C
WSn' WW] E WSn' WWE W. Therefore, K, is the (,, n,)-TriQID in S, for all 7,.

Theorem 3.4. The intersection of 7,-LTriQID and 7,-RTriQID is either empty or (r,, n,)-TriQID.

Proof. Let K, be the n -LTriQID and K, be the 5,-RTriQID in S. Suppose that £ a K, is not
empty.

Then I, @ K, is a SSG in S. Hence,

(K, m K )Sn (K, m K ), m K )] m (K, m ), @ KC)Sn? (KK, m K] (K, Sn* K] m (K,K,Sn? K]
C (K] m (K]
=K, mK,

Hence, (K, m IC,] C (K,] m (K] = K, m K,.
Theorem 3.5. Let W be the (', n*)-TriQID. Then

(&) W has the (5, n,)-INTP.

(b) W d WSt WW)] @ OV v WS W)] = W.
©) (WS W) ma (W uw OVWSn? W)] C W.

(d) Wu WSt W) m (WWSn2 W) E W.

Proof. (@) = (b): Suppose that W has the (1,, n,)-INTP. But WE W w (WSp' WW)] = W] v (WSnh'
W] = Wy OWVSp WW)] anu WE WY (WSR2 W)] = (W] uw (WWSn2 W) = W u WWSn? W)]. We
have WE W WSn* WW)] m (Ww OVWSy?* W)]. But Whas the (77, ,)-INTP, there exist an - LTriQID
K, and an ,-RTriQID /C, in S such that W= K, @ K. Hence WL K, and WE K, so (\WSp' WA)] E (Sp*
KJI1E K] =K, and (WWSp* W)] E (K,Sn*] C (K,] = K,. Hence OV uw OVSn' WW)] = W] w (WS WW)]
=Wu (WS WW)] E K, and OV OWVWSp* W) = W] w (WWSn? W)] = W (WWSn* W)] E K. Hence,
WY WS W) a Wu WS W E K, a K, =W.

Therefore, )V v VSt W) a W w OVWSn2 W) = W.

(b) = (a): Suppose that OV wOWVSp WW)] a(W u(WWSn? W)] = W. To verify that W wOVSp! WW] is
the n,-LTriQID and W w OWWSn? W] is the n,-RTriQID in S. By the Theorem 3.2, VS WW] is the
1n,-LTriQID and 0OAVWSn* W] is the 1,-RTriQID in S and so 0OVSp' WW] and 0)AWWSn? W] are SSGs in
S. Now,

OV © WSp' WOV © WSp* WW)

= Wu WSy WVIW u OVSpt WW

= WW u WOVSH W) u (WSt WWWW w (WSn WW)ONVSH WW)
= WW u QVSP+IAN) w (WS™WW) w (WSn WW)(OVSHE W)

= WWu (WSt W] w (WSnt W] w (WSnt WWI(WSy' W

C W W VS WW] w OVSp W

CWu (WSp' W

Hence, W w OWVSp! WW)] is a SSGs in S. Now,

Wy WSnt WW)ISnt W u WSt WIVOW u WSn' WW)]

C (WSn' w (WSn WWSp' )W w QNS W)W w WSy WW))
C (WSp' W VS WWSH! W)l w (WSn WWSp' W)

WONVSH WS WWSH! WHIOV © (WSp WIV)]

C (WSp* WW] u WSyt WW]

C WSy WW

C W (WSp' WW)
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and (W uw WS WW]] = (W u WSpt WW].

Hence, )W w WSn' W) is the n -LTriQIDs in S.
Also, W u WWSn* W] is the 5,-RTriQIDs in S.
Therefore Wis the (n,, n,)-INTP.

(b) = (c): Suppose that OV y VS W] m OV OWVNVSH? W)] = W. But WSt WW)] E V] w OVSp!
WW)] = W u WS WW)]. We have (WS WW)] a Wy OWWVSH2 W) E OV Y VS WV m OV v
OWWSn? W) = W. Hence, (WS W] @ OV v OVWAVS? W) E W.

(¢) = (b): Suppose that WSp! WW)] m OV v WWSn? W)] C W. But WE Wuw (WS WW)] = (W v
WSt WW)] anu W E W uw (WWSn?2 W] = Wy OWWSn? W)]. We have WE W v WSy WV m
Wy WWSn? W)]. Now,

Wy WS W) m W u OWAWVSn? W)]

=Wu WSt WWw)) m W w WWSn? W)

=Wa Wu OS2 W) w VS W) m (W w OVWSh? W)))

CWaWuwWaW)

CWu W

cCw

Therefore, )Wy VSt W) a W w OVWSn2 W) = W.
Similar to (b) = (d) and (d) = (b).
Corollary 3.2. Let W be the (1, ,)-TriBQID. Then

(a) Whas the (n,, n,)-INTP.

(b) Wuw WSt WV a (W uw OVWSh? W)l a OV u WSntn* W) = W.
() WSt WW] m W uw OWWSn2 W)l @ OV v WSntn? W)] = W.

(d) Wy WS WV @ OWWVSH2 W] a OV w OVShY p2 W] = W.

(e) Wu WSt WW)] m OV v WS W)] m WSnttn? W] = W.

Proof. The proofs follows from Theorem 3.5. To verify that (a) = (b), (b) = (a), (b) = (¢),
(©) = (0), () = (d), (d) = (c), (d) = (e), (&) = (d), () = (e) and (e) = (D).
Theorem 3.6. Every 7,-LTriQID and 7,-RTriQID have the (3,, n,)-INTP.

Proof. Let IC, be the 5 -LTriQID and K, an 7,-RTriQID in S. By Theorem 3.3, we have that £, is the
(1,5 n,)-TriQID in S. Now,

(K. Sn' KK (K, v (K K,Sp* K)]

= (K.Sp' KK ] m (K, v (K,K,Snp* K)I)

= ((K.Snt £.K) m KD w ((K,Spt K L) m (KK, Sp? K)D)

CK UKk,

C K,

By Theorem 3.5, we have that K, has the (n,, 5,)-INTP. Also, K, has the (n,, n,)-INTP.
Corollary 3.3. Every 5,-TriBQID have the (3, 1,)-INTP.

Proof. The proof follows from Theorem 3.6 and Corollary 3.2.

Theorem 3.7. Let Wis the (1, ,)-TriQID in S. If WSn' WW E WWSn* W or WWSn* W E WSn' WW,
then W has the (,, n,)-INTP.
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Proof. Suppose that WSn' WW E WWSp* W. Then OVSp* WW] E OVWSh* W]. But Wis the (3, n,)-
TriQID in S, we have WSn! WW E (WSnt WW] = (WSn WW)]) a (WWSn? W)]) C W. Hence W is the
n,-LTriQID in S. By Theorem 3.6, we have that )V has the (1,, n,)-INTP.

Corollary 3.4. Let W is the (n,, n,)-TriBQID in S. If WSp' WW E WWSn? W or WWVSh* W E WSn*
WW or WSn**n* W E WSn' W or WSn"n? W E WSn* W, then W has the (3, ,)-INTP.

Proof. The proof follows from Theorem 3.7.

4. Regular ordered semigroups via TriQIDs

The regular ordered semigroup in this section is denoted by S. The concept of an ordered (7,, 1,)-

regular semigroups is introduced here, along with various characterizations and a discussion of their
ordered different IDs.

Definition 4.1. Let S is stated to be (7, ,)-regular if for any Q € S there exists e € S such that
Q<=Qn'eQn”.

Theorem 4.1. The following assertions are true.

K E (KSp' KK] for all n,.
K E (KKSn? K] for all n,.

Proof. (a) Let @ € K. But Sis (,, n,)-regular, there exists ¢ € S such that @ < QeQ. But Q¢ € S, we
have @ < @eQ” = QReQQ € KKSKK C LSSKK E KSKK. Hence, K C (KSn' KK, for all n,.

Now,

KSKK — C (KSp' KIKKSKSy' KICKSy' KK]
C (KSn' KK(SKSy! KKKSy)KK]
C (KSn' KK(SSSp* SSSSpY)KK]
C (KSn! KK(S*5)KK]
C (KSn' KK(S™KK]
C (KSp' KKSp' KK]
C (KSp' KKSKK]

Hence, K C (KSp' KK], for all n,.
Also, K C (KKSn* K], for all n,,.

Corollary 4.1. Every (5, n,)-TriQID have the (5, n,)-INTP.

Proof. Let W be the (,, n,)-TriQID in S. By Theorem 4.1, we have W C 0WWSp* W] and so Wy
OWWSn2 W] = W u OWWSn? W] = OWWSn? W)]. Hence, OVSn WW] a OV w WSR2 W) = OVSn W]
n OWWSn* W] E W. By Theorem 3.5, we have that VW have the (1,, n,)-INTP.

Corollary 4.2. Every (1,, n,)-TriQID K iff K = (KSp' K] @ (KKXSn* K].
Proof. Suppose that K is the (1, 1,)-TriQID in 8. Then (KSp' K] a (KKSp* K] C K.

By Theorem 4.1, we have K C (KSp! £K] and K C (KKXSp? K] and so K C (KSp! KK] a (KKXSp? K].
Therefore, K = (KSp* KK] m (KKSH? K].

Conversely, assume that K = (KSp, KK] m (KKXSp* K]. By Theorem 3.2, we have (KSp' KK] is the
n,-LTriQID and (KKXSn* K] is the ,-RTriQID in S. By Corollary 3.4, we have that K is the (n,, ,)-
TriQID in S.
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5. Conclusion

Our research offered novel concepts of tri quasi-ideals of semirings based on intersection property.
This section provides an overview of this growing problem to future scholars. Our analysis can be
extended to cover ternary tri quasi-ideals and minimum tri quasi-ideals of ternary semirings. We
plan to apply for bi-semirings and b-semirings in the future.
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