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Abstract
The purpose of this work is to study ordered (η1, η2)-regular semirings according to the properties 
of their ordered various ideals. We focus on ordered semigroups, where an index η1 and η2 charac-
terize the tri quasi-ideals and (η1, η2)-tri quasi-ideals. We also talk about some important ways in  
which these principles interact. The (η1, η2)-intersection property of each (η1, η2)-tri quasi-ideal and the  
(η1, η2)-quasi-ideals of (η1, η2)-regular ordered semigroups define these semigroups. The (η1, η2)-tri 
quasi-ideal is the intersection of a η1-left tri quasi-ideal and a η2-right tri-ideal.
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1. Introduction

Both theoretical computer science and graph theory solutions made use of a fundamental algebraic 
struc-ture known as a semigroup. After Dedekind introduced the concept of IDs for the study of 
algebraic numbers, Noether extended it to associative rings. Combining a semiring with a partially 
ordered relation results in an ordered semiring. It was first presented as an algebraic structure 
that is a generalization of a semiring by Gan et  al. [1]. The concepts of regular and k-regular 
ordered semirings were first presented by Mandal [2]. An algebraic structure known as a semi-
group naturally appears in a number of applications regarding formal languages, automata the-
ory, and other fields of practical mathematics. It is a well-known group generalization [3, 4]. An 
ordered semigroup, which combines a semigroup with a partially ordered connection, is a common 
kind of semigroup. Naturally, a semigroup S may always be understood as an ordered semigroup 
with the equality relation (x, x) ∈ S × S. Numerous significant and conventional investigations of 
ordered semigroups.

An ordered semigroup (S, ·, ≤) is a poset (S, ≤) and semigroup (S, ·) such that for any a, b ∈ S,  
a ≤ b implies a · c ≤ b · c and c · a ≤ c · b for all c ∈ S. If AA ⊑ A, then a nonempty subset A of S is a 
subsemigroup of S. Recall that under the order relation on S, every subsemigroup of S is an ordered 
semigroup. Munir [5,16] proposed the ideas of m-LIDs and m-RIDs for semirings, and Munir et al. 
[6,14] introduced them for semigroups.

We have examined m-regularity and m-IDs in an ordered semigroup. Furthermore, some reg-
ularities on ordered semigroups were defined by Kehayopulu and Tsingelis in [7, 8,15]. Kasner 
was the first to apply classical algebraic structures to n-ary structures. A generalization of that 
specific group is the concept of n-ary groups. A extension of binary semigroups is the regular n-ary 
semigroup.

The idea of a one-sided ID of any algebraic structure is a generalization of an ID. The idea 
of the BID in semigroups is one specific example of a (η1, η2)-ID. Whereas QIDs are generaliza-
tions of LID and RID, BIDs are generalizations of QIDs. Steinfeld originally proposed QIDs for 
semigroups and then for rings. Rao established bi-interior and bi-quasi-interior IDs in semi-
groups. IDs are important in the theory of semigroups, just as they are in ring and semiring 
theory. Compared to ring theory, semigroup theory has more ID classes. The IDs of an ordered 
semigroups can be used to generate characterizations. The ID theory of an ordered semigroup 
is crucial in this context. There is a generalization for one-sided IDs of an ordered semigroups. 
Lee et al. [9] introduced and clarified the notion of LID (RID) in ordered semigroups in terms of 
prime LID (RID). Pure IDs and pure prime IDs in a semigroup without order were introduced by 
Ahsan [10,17] et al. In a ternary semigroup, pure IDs, weakly pure IDs, and purely prime IDs 
were recently defined by Bashir et al. [11,18]. The authors demonstrated that the set of all purely 
prime IDs of a ternary semigroup is topologized and provided additional characterizations of pure 
IDs. We present the notions of pure IDs, weakly pure IDs, and purely prime IDs. Palanikumar 
et al. discussed the ordered semiring [12, 13] via different ideals. The idea of TQIDs is essential 
for the study of an ordered semigroup structure. We know that QIDs in ordered semigroups and 
(η1, η2)-QIDs are generalized to (η1, η2)-TQIDs. In this paper, several aspects of (η1, η2)-TQIDs of 
an ordered semigroups are investigated.

2. Basic concepts

This section provides a recap of the fundamental ideas used in this study. The notion of an ordered 
semigroups and their auxiliary findings are presented in the subsection. In this case, η1, η2 are 
positive integers, and S is an ordered semigroup.

Definition 2.1. Let K1 and K2 subsets in S. Then

(a)	 K1 ⊑ (K1]
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(b)	 ((K1]] = (K1]
(c)	 If K1 ⊑ K2, then (K1] ⊑ (K2]
(d)	 (K1 ⋓ K2] ⊑ (K1] ⋓ (K2]
(e)	 (K1 ⋒ K2] = (K1] ⋒ (K2]
(f)	 (K1](K2] ⊑ (K1K2]
(g)	 ((K1](K2]] = (K1K2].

Definition 2.2. Let M, K1 and K2 is the subsets in S. Then

(a)	 K1 + K1 = {η1 + η2|η1 ∈ K1, η2 ∈ K2}
(b)	 K1 · K1 = {η1 · η2|η1 ∈ K1, η2 ∈ K2}
(c)	 (K1] = {a ∈ S | a ≤ b for some b ∈ K1},
(d)	 Kc = {(a, b) ∈ S × S | c ≤ ab}.

Definition 2.3. A SSG W in S is stated to be

(a)	 η1-LI in S if (Sη1 W] ⊑ W and (W] ⊑ W
(b)	 η2-RI in S if (WSη2 ] ⊑ W and (W] ⊑ W
(c)	 (η1, η2)-QID in S if (Sη1 W] ⋓ (WSη2] ⊑ W and (W] ⊑ W.

Definition 2.4. A SSG W in S is stated to be

(a)	 QID in S if (SW] ⋓ (WS] ⊑ W and (W] ⊑ W
(b)	 BQID in S if (SW] ⋓ (WS] ⋓ (WSW] ⊑ W and (W] ⊑ W
(c)	 TBQID in S if (WSWW] ⋓ (WWSW] ⋓ (WSW] ⊑ W and (W] ⊑ W.

Definition 2.5. A SSG W in S is stated to be

(a)	 TQID in S if (WSWW] ⋓ (WWSW] ⊑ W and (W] ⊑ W
(b)	 η1-LTI in S if (WSη1 WW] ⊑ W and (W] ⊑ W
(c)	 η2-RTI in S if (WWSη2 W] ⊑ W and (W] ⊑ W

3. Different TriQIDs -INTP

Definition 3.1. A SSG W in S is stated to be (η1, η2)-TQID in S if (WSη1 WW] ⋓ (WWSη2 W] ⊑ W and 
(W] ⊑ W.

Example 3.1. Consider (S, ·, ≤) the ordered semigroups.
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Hence K is a (3, 3)-TQID in S

Theorem 3.1. The intersection of (η1, η2)-TriQID and SSG is empty or (η1, η2)-TriQID of SSG.

Proof. Let W be the (η1, η2)-TriQID in S and K1 is a SSG in S. Suppose that K1 ⋓ W is not empty. But 
W and K1 are SSGs in S, we have K1 ⋓ W is a SSG in S. But K1 ⋓ W ⊑ K1, we have K1 ⋓ W is a SSG of 
K1. Hence

((K1 ⋓ W)Kη1 (K1 ⋓ W)(K1 ⋓ W)] ⋓ ((K1 ⋓ W)(K1 ⋓ W)Kη2 (K1 ⋓ W)]
⊑ K1 ⋓ (WKη1 WW] ⋓ (WWKη2 W]
⊑ K1 ⋓ (WSη1 WW] ⋓ (WWSη2 W]
⊑ K1 ⋓ W
and (K1 ⋓ W] ⋓ K1 ⊑ K1 ⋓ (K1] ⋓ (W] ⊑ K1 ⋓ (W] = K1 ⋓ W
Therefore, K1 ⋓ W is the (η1,η2)-BQID of K1.

Corollary 3.1. (a) The intersection of (η1, η2)-QID and (η1, η2)-BQID is empty or (η1, η2)-QID  
of (η1, η2)-BQID.

(b) The intersection of (η1, η2)-QID and (η1, η2)-TriQID is empty or (η1, η2)-QID of (η1, η2)-TriQID.

The intersection of (η1, η2)-BQID and (η1, η2)-TriQID is empty or (η1, η2)-BQID of (η1, η2)-TriQID.

Proof. The proof follows from Theorem 3.1.

Theorem 3.2. The following assertions are trues.

(a) (WSη1 WW] ⋓ (WSη1 ] is a η1-LTriQID in S

(b) (Sη2 W] ⋓ (WWSη2 W] is a η2-RTriQID in S

Proof. Now,

(WSη1 WW ⋓ WSη1 ] · (WSη1 WW ⋓ WSη1 ] �⊑ (WSη1 WW ⋓ WSη1] · (WSη1 WW]
⊑ (WSη1 WWWSη1 WW ⋓ WSη1 WSη1 WW]
⊑ (WS2m+3WW ⋓ WS2m+3]
⊑ (WS2mWW ⋓ WS2m]
⊑ (WSη1 WW ⋓ WSη1]

and

(WSη1 WW ⋓ WSη1]Sη1 (WSη1 WW ⋓ WSη1](WSη1 WW ⋓ WSη1] ⋓ (WSη1 WW ⋓ WSη1]Sη1

⊑ (WSη1 WW]Sη1 (WSη1](WSη1 WW] ⋓ (WSη1]Sη1

⊑ (WSη1 WWSη1 WSη1 WSη1 WW] ⋓ (WSη1 Sη1]
⊑ (WS4m+4WW ⋓ WS2m]
⊑ (WS2mWW ⋓ WS2m]
⊑ (WSη1 WW ⋓ WSη1]

and ((WSη1 WW ⋓ WSη1]] = (WSη1 WW ⋓ WSη1].
Therefore (WSη1 WW ⋓ WSη1] is a η1-LTriQID in S. 
Also, (Sη2 W ⋓ WWSη2 W] is a η2-RTriQID in S.

Theorem 3.3. The following assertions are true.

(a) For all η1-LTriQID is the (η1, η2)-TriQID, for all η2
(b) For all η2-RTriQID is the (η1, η2)-TriQID, for all η1
(c) For all η1-TriBQID is the (η1, η2)-TriBQID, for all η2
(d) For all η2-TriBQID is the (η1, η2)-TriBQID, for all η1.

WWWSη1�
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Proof. Let K1 be the η1-LTriQID in S. Then K1 is a SSG in S. Hence, (WSη1 WW] ⋓ (WWSη2 W] ⊑
(WSη1 WW] ⊑ WSη1 WW ⊑ W. Therefore, K1 is the (η1, η2)-TriQID in S, for all η2.

Theorem 3.4. The intersection of η1-LTriQID and η2-RTriQID is either empty or (η1, η2)-TriQID.

Proof. Let K1 be the η1-LTriQID and K2 be the η2-RTriQID in S. Suppose that K1 ⋓ K2 is not 
empty.

Then K1 ⋓ K2 is a SSG in S. Hence,

((K1 ⋓ K2)Sη1 (K1 ⋓ K2)(K1 ⋓ K2)] ⋓ ((K1 ⋓ K2)(K1 ⋓ K2)Sη2 (K1 ⋓ K2)] (K1Sη1 K1K1] ⋓ (K2K2Sη2 K2]
⊑ (K1] ⋓ (K2]
= K1 ⋓ K2

Hence, (K1 ⋓ K2] ⊑ (K1] ⋓ (K2] = K1 ⋓ K2.

Theorem 3.5. Let W be the (η1, η2)-TriQID. Then

(a) W has the (η1, η2)-INTP.
(b) (W d (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] = W.
(c) ((WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⊑ W.
(d) (W ⋒ (WSη1 WW)] ⋓ ((WWSη2 W)] ⊑ W.

Proof. (a) ⇒ (b): Suppose that W has the (η1, η2)-INTP. But W ⊑ W ⋒ ((WSη1 WW)] = (W] ⋒ ((WSη1  
WW)] = (W ⋒ (WSη1 WW)] an⋒ W ⊑ W ⋒ ((WWSη2 W)] = (W] ⋒ ((WWSη2 W)] = (W ⋒ (WWSη2 W)]. We 
have W ⊑ (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)]. But W has the (η1, η2)-INTP, there exist an η1-LTriQID 
K1 and an η2-RTriQID K2 in S such that W = K1 ⋓ K2. Hence W ⊑ K1 and W ⊑ K2, so ((WSη1 WW)] ⊑ (Sη1 
K1] ⊑ (K1] = K1 and ((WWSη2 W)] ⊑ (K2Sη2 ] ⊑ (K2] = K2. Hence (W ⋒ (WSη1 WW)] = (W] ⋒ ((WSη1 WW)] 
= W ⋒ ((WSη1 WW)] ⊑ K1 and (W ⋒ (WWSη2 W)] = (W] ⋒ ((WWSη2 W)] = W ⋒ ((WWSη2 W)] ⊑ K2. Hence,  
(W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⊑ K1 ⋓ K2 = W.

Therefore, (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] = W.

(b) ⇒ (a): Suppose that (W ⋒(WSη1 WW)] ⋓(W ⋒(WWSη2 W)] = W. To verify that W ⋒(WSη1 WW] is 
the η1-LTriQID and W ⋒ (WWSη2 W] is the η2-RTriQID in S. By the Theorem 3.2, (WSη1 WW] is the 
η1-LTriQID and (WWSη2 W] is the η2-RTriQID in S and so (WSη1 WW] and (WWSη2 W] are SSGs in 
S. Now,

(W ⋒ WSη1 WW](W ⋒ WSη1 WW]
= W ⋒ (WSη1 WW]W ⋒ (WSη1 WW]
= WW ⋒ W(WSη1 WW) ⋒ (WSη1 WW)W ⋒ (WSη1 WW)(WSη1 WW)
= WW ⋒ (WSm+1WW) ⋒ (WSm+1WW) ⋒ (WSη1 WW)(WSη1 WW)
= WW ⋒ (WSη1 WW] ⋒ (WSη1 WW] ⋒ (WSη1 WW](WSη1 WW]
⊑ W ⋒ (WSη1 WW] ⋒ (WSη1 WW]
⊑ W ⋒ (WSη1 WW]

Hence, (W ⋒ (WSη1 WW)] is a SSGs in S. Now,

(W ⋒ (WSη1 WW)]Sη1 (W ⋒ (WSη1 WW)](W ⋒ (WSη1 WW)]
⊑ (WSη1 ⋒ (WSη1 WWSη1 )](W ⋒ (WSη1 WW)](W ⋒ (WSη1 WW)]
⊑ (WSη1 W ⋒ (WSη1 WWSη1 W)] ⋒ (WSη1 WWSη1 W)
⋒(WSη1 WWSη1 WWSη1 W))](W ⋒ (WSη1 WW)]
⊑ (WSη1 WW] ⋒ (WSη1 WW]
⊑ (WSη1 WW]
⊑ W ⋒ (WSη1 WW]
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and ((W ⋒ WSη1 WW]] = (W ⋒ WSη1 WW].

Hence, (W ⋒ WSη1 WW] is the η1-LTriQIDs in S. 
Also, (W ⋒ WWSη2 W] is the η2-RTriQIDs in S. 
Therefore W is the (η1, η2)-INTP.

(b) ⇒ (c): Suppose that (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] = W. But (WSη1 WW)] ⊑ (W] ⋒ (WSη1 
WW)] = (W ⋒ (WSη1 WW)]. We have ((WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⊑ (W ⋒ (WSη1 WW)] ⋓ (W ⋒ 
(WWSη2 W)] = W. Hence, ((WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⊑ W.

(c) ⇒ (b): Suppose that (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⊑ W. But W ⊑ W ⋒ ((WSη1 WW)] = (W ⋒  
(WSη1 WW)] an⋒ W ⊑ W ⋒ ((WWSη2 W)] = (W ⋒ (WWSη2 W)]. We have W ⊑ (W ⋒ (WSη1 WW)] ⋓  
(W ⋒ (WWSη2 W)]. Now,

(W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)]
= (W ⋒ (WSη1 WW]) ⋓ (W ⋒ (WWSη2 W])
= (W ⋓ (W ⋒ (WWSη2 W])) ⋒ (WSη1 WW]) ⋓ (W ⋒ (WWSη2 W]))
⊑ (W ⋓ W) ⋒ (W ⋓ W)
⊑ W ⋒ W
⊑ W

Therefore, (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] = W. 

Similar to (b) ⇒ (d) and (d) ⇒ (b).

Corollary 3.2. Let W be the (η1, η2)-TriBQID. Then

(a) W has the (η1, η2)-INTP.
(b) (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⋓ (W ⋒ (WSη1+η2 W)] = W.
(c) (WSη1 WW] ⋓ (W ⋒ (WWSη2 W)] ⋓ (W ⋒ (WSη1+η2 W)] = W.
(d) (W ⋒ (WSη1 WW)] ⋓ (WWSη2 W] ⋓ (W ⋒ (WSη1+η2 W)] = W.
(e) (W ⋒ (WSη1 WW)] ⋓ (W ⋒ (WWSη2 W)] ⋓ WSη1+η2 W] = W.

Proof. The proofs follows from Theorem 3.5. To verify that (a) ⇒ (b), (b) ⇒ (a), (b) ⇒ (c),

(c) ⇒ (b), (c) ⇒ (d), (d) ⇒ (c), (d) ⇒ (e), (e) ⇒ (d), (b) ⇒ (e) and (e) ⇒ (b).

Theorem 3.6. Every η1-LTriQID and η2-RTriQID have the (η1, η2)-INTP.

Proof. Let K1 be the η1-LTriQID and K2 an η2-RTriQID in S. By Theorem 3.3, we have that K1 is the 
(η1, η2)-TriQID in S. Now,

(K1Sη1 K1K1] ⋓ (K1 ⋒ (K1K1Sη2 K1)]
= (K1Sη1 K1K1] ⋓ (K1 ⋒ ((K1K1Sη2 K1)])
= (((K1Sη1 K1K1) ⋓ K1]) ⋒ (((K1Sη1 K1K1)]) ⋓ ((K1K1Sη2 K1)]))
⊑ K1 ⋒ K1
⊑ K1

By Theorem 3.5, we have that K1 has the (η1, η2)-INTP. Also, K2 has the (η1, η2)-INTP.

Corollary 3.3. Every η2-TriBQID have the (η1, η2)-INTP.

Proof. The proof follows from Theorem 3.6 and Corollary 3.2.

Theorem 3.7. Let W is the (η1, η2)-TriQID in S. If WSη1 WW ⊑ WWSη2 W or WWSη2 W ⊑ WSη1 WW, 
then W has the (η1, η2)-INTP.
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Proof. Suppose that WSη1 WW ⊑ WWSη2 W. Then (WSη1 WW] ⊑ (WWSη2 W]. But W is the (η1, η2)-
TriQID in S, we have WSη1 WW ⊑ (WSη1 WW] = ((WSη1 WW]) ⋓ ((WWSη2 W)]) ⊑ W. Hence W is the 
η1-LTriQID in S. By Theorem 3.6, we have that W has the (η1, η2)-INTP.

Corollary 3.4. Let W is the (η1, η2)-TriBQID in S. If WSη1 WW ⊑ WWSη2 W or WWSη2 W ⊑ WSη1 
WW or WSη1+η2 W ⊑ WSη1 W or WSη1+η2 W ⊑ WSη2 W, then W has the (η1, η2)-INTP.

Proof. The proof follows from Theorem 3.7.

4. Regular ordered semigroups via TriQIDs

The regular ordered semigroup in this section is denoted by S. The concept of an ordered (η1, η2)-
regular semigroups is introduced here, along with various characterizations and a discussion of their 
ordered different IDs.

Definition 4.1. Let S is stated to be (η1, η2)-regular if for any Q ∈ S there exists ε ∈ S such that  
Q ≤ Qη1 εQη2.

Theorem 4.1. The following assertions are true.

K ⊑ (KSη1 KK] for all η1.
K ⊑ (KKSη2 K] for all η2.

Proof. (a) Let Q ∈ K. But S is (η1, η2)-regular, there exists ε ∈ S such that Q ≤ QεQ. But Qε ∈ S, we 
have Q ≤ Q2εQ2 = QQεQQ ∈ KKSKK ⊑ KSSKK ⊑ KSKK. Hence, K ⊑ (KSη1 KK], for all η1.

Now,

KSKK	 ⊑ (KSη1 KKSKSη1 KKKSη1 KK]
⊑ (KSη1 KK(SKSη1 KKKSη1)KK]
⊑ (KSη1 KK(SSSη1 SSSSη1)KK]
⊑ (KSη1 KK(S2m+5)KK]
⊑ (KSη1 KK(S2m)KK]
⊑ (KSη1 KKSη1 KK]
⊑ (KSη1 KKSKK]

Hence, K ⊑ (KSη1 KK], for all η1.
Also, K ⊑ (KKSη2 K], for all η2.

Corollary 4.1. Every (η1, η2)-TriQID have the (η1, η2)-INTP.

Proof. Let W be the (η1, η2)-TriQID in S. By Theorem 4.1, we have W ⊑ (WWSη2 W] and so W ⋒ 
(WWSη2 W] = W ⋒ (WWSη2 W] = (WWSη2 W]. Hence, (WSη1 WW] ⋓ (W ⋒ (WWSη2 W)] = (WSη1 WW] 
⋓ (WWSη2 W] ⊑ W. By Theorem 3.5, we have that W have the (η1, η2)-INTP.

Corollary 4.2. Every (η1, η2)-TriQID K iff K = (KSη1 KK] ⋓ (KKSη2 K].

Proof. Suppose that K is the (η1, η2)-TriQID in S. Then (KSη1 KK] ⋓ (KKSη2 K] ⊑ K.

By Theorem 4.1, we have K ⊑ (KSη1 KK] and K ⊑ (KKSη2 K] and so K ⊑ (KSη1 KK] ⋓ (KKSη2 K]. 
Therefore, K = (KSη1 KK] ⋓ (KKSη2 K].

Conversely, assume that K = (KSη1 KK] ⋓ (KKSη2 K]. By Theorem 3.2, we have (KSη1 KK] is the 
η1-LTriQID and (KKSη2 K] is the η2-RTriQID in S. By Corollary 3.4, we have that K is the (η1, η2)-
TriQID in S.
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5. Conclusion

Our research offered novel concepts of tri quasi-ideals of semirings based on intersection property. 
This section provides an overview of this growing problem to future scholars. Our analysis can be 
extended to cover ternary tri quasi-ideals and minimum tri quasi-ideals of ternary semirings. We 
plan to apply for bi-semirings and b-semirings in the future.
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