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Abstract
In this paper, we introduce a new four-step iterative process in convex metric spaces for approximating 
fixed points of nonlinear mappings. The proposed iterative scheme is studied for two important classes 
of mappings, namely fundamentally nonexpansive mappings and conditional quasi-contractive 
mappings. We establish the existence of fixed points and prove strong convergence theorems for the 
proposed algorithm under appropriate assumptions. Moreover, we show that the generated iterative 
sequence is Fejér monotone in convex partial metric spaces, which plays a key role in the convergence 
analysis. To demonstrate the efficiency of the proposed method, several numerical examples and 
comparison patterns are presented. The convergence rate of the new iterative process is compared 
with existing iterative algorithms by using the standard definition of faster convergence, showing 
that the proposed method converges more rapidly than the considered iterative schemes. in this paper 
introduced a new iterative in convexity in metric spaces using Fundamentally nonexpansive and 
conditional quasi contractive and Ferer monotone sequence in convex partial metric space, also prove 
the existence and convergence theorems for the fixed point and use different patterns for comparison 
using the definition of the faster.
Mathematics Subject Classification (2020): 47H10, 47H09, 54H25
Key words and phrases: Convex metric space, quasi nonexpansive, K-contraction, Fejér monotone, 
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1. Introduction

Takahashi [1] investigated the fixed point theory for nonexpansive maps and proposed the idea of 
convex metric spaces. The reader can refer to and study the references in this setting for additional 
research [15, 16].. The phrase “hyperbolic space” was coined by Kirk and Goebel [4]. They looked 
at the quasi-nonexpansive maps iteration procedures and some established outcomes [2]. There are 
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numerous generalizations of the concept of metric spaces in the literature. The convex metric spaces 
are generalized spaces corresponding to each normed space, and the cone Banach space is also classi-
fied as a convex metric spaces. Beg and Abbas [2], Ding [3], and Qussaeif Taki-Eddine and Abdelkrim 
Aliouche [5]. Since then, numerous additional researchers have studied fixed point theorems in convex 
metric spaces (see [13, 14]).

Michael Edelstein [6] developed the notion of an asymptotic center to illustrate some results about 
the existence of fixed points under particular self-maps of a closed and bounded convex subset of a 
uniformly convex Banach space, the researcher studied the concept of convexity of Banach spaces 
using the fixed point.

Examined are Navascués, María Antonia [7], who adequately justify the existence and uniqueness 
of their approximation fixed points. A few basic fixed-point theorems on interpolative metric space, 
a logical extension of standard metric space, are presented by Erdal Karapınar and Ravi [8], if the 
sequence of iterates {gn} to a fixed point of Γ, such that Γ is a self-mapping on PMS, then Fix(Γ) denotes 
the set of all fixed points of Γ, Fix(Γ) = {Γg = g; g ∈ G}, is intriguing to evaluate the method’s rate of 
convergence (or, alternatively, the error estimate), that is, in determining a stopping criterion for the 
sequence of subsequent approximations fixed point. For a weaker contractive condition.

Alternative iteration techniques must be investigated, as the Picard iterates [9] do not need to con-
verge to the fixed point of Γ. This iteration of Picard is defined by for g0 ∈ C,

1 , {0}.n ng g nG+ = Î È�

Alternative iteration algorithms have been proposed and investigated by a number of writers in 
order to approximate fixed points for different classes of tractive conditions (see, for example, [14], 
etc., and their references).

This work will discuss various iteration schemes for creating fixed points of Fejér monotone 
sequences in convex partial metric space, as well as fundamentally nonexpansive and conditional 
quasi contractive sequences.

Let C be a nonempty convex subset of a CPMS, Γ1, Γ2, Γ3, Γ4 : C → C be four self-maps.
For g0 ∈ C, the iteration given by
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where { },{ },{ },{ },{ },{ }n n n n n na ca b g d  are real sequences in [0,1].
For g0 ∈ C, the iteration given by
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where { },{ },{ },{ }n n n na b g d  are real sequences in (0,1).
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2. Preliminaries

In the following, some basic notion are recalling in metric space.
Takahashi [1] treat with the following kind:

Definition 2.1. Let (G, r) be a metric space. A map : G G k G´ ´ ®  is called a convex structure on 
G, if

( ), ( , , ) ( , ) (1 ) ( , )u g s u g u sr l lr l r£ + -

for all ( , , )g s G G kl Î ´ ´  and u GÎ , such that k = [0,1].
A metric space (G, r) combined with a convex structure  is called a convex metric space (shortly, 

CMS), denoted by ( , , )G r  .

Definition 2.2. [1] Let ( , , )G r   be a CMS. A nonempty subset C of G is called convex if ( , , )g s Cl Î  
whenever ( , , )g s G G kl Î ´ ´ .

The following definitions, which we provide in metric space are necessary for the proof [11]:

Definition 2.3. A map G : C → C such that C be a nonempty convex subset of (G, r) is called a-non
expansive if

2 2 2 2( ( ), ( )) ( ( ), ) ( ( ), ) (1 2 ) ( , )g s g s s g g sr G G r G r G r£ + + -  

for some 1< . Observed, if 0=  then ( ( ), ( )) ( , )g s g sr G G r£  is called nonexpansive map.

Definition 2.4. Let (G, r) be a metric space. A map G : C → C is called -contraction if
( ( ), ( )) ( , ), [0,1)g g g sr G G r£ Î 

for all g, s ∈ G.

Definition 2.5. Let G : C → C be a map such that C be a nonempty convex subset of (G, r), the sequence 
0 ) { }  ( ,n ng in G r¥

=  is called Fejér monotone with respect to a subset C of G if

1( , ) ( , )n ng d g dr r+ £

for all Fix( )d GÎ .

3. Convergence Results

In this section, we start with the following Definition:

Definition 3.1. Let ( , , )G r   be a convex metric space, such that C be a nonempty convex subset of 
( , , )G r  . A map G : C → C.

For g0 ∈ C, the iteration given by
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where { },{ },{ },{ },{ },{ }n n n n n na ca b g d  are real sequences in [0,1].
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The next finding in a metric space that is uniformly convex used -contraction mapping:

Theorem 3.2. Let ( , , )G r   be a convex metric space with C be a nonempty convex subset of ( , , )G r  . 
The maps Γ1, Γ2, Γ3, Γ4 : self mapping on C be a -contraction. Assume that { },{ },{ },{ },{ },{ },{ },{ }n n n n n n n n n na c c aa b g d b d+ + 

{ },{ },{ },{ },{ },{ },{ },{ }n n n n n n n n n na c c aa b g d b d+ +  in [0, 1] are real sequences with 
0
( )n n

k

a d
¥

=

+ = ¥å  and 0n ncb + ³ . Then the sequence 

0{ }n ng ¥
=

 in (1) is convergent to unique fixed point of map.

Proof. Let Fix( )d GÎ . Then 4( , , )n n n nh h gG a= , then consider

4( , ) ( ( , , ), )n n n nh d h g dr r G a= 

by Definition 3.1 and 2.4, then
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Now, used A Fejér monotone sequence in the following:

Lemma 3.3. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2, Γ3, Γ4 : C → C are nonexpansive with 0{ }n nh ¥

=  be a sequence generated in (1). Then the 
sequence 0{ }n ng ¥

=  is

(i) A Fejér monotone sequence with respect to Fix( )G .

(ii) Converge to unique fixed point of maps, and lim ( , )nn
g dr

®¥
 exists for all Fix( )d GÎ .

Proof. Let Fix( )d GÎ .
4( , , )n n n nh h gG a= , then consider

4( , ) ( ( , , ), )n n n nh d h g dr r G a= 
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by Definition 3.1, then
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Corollary 3.4. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  . 
A map Γ : C → C is nonexpansive with {gn} be a sequence generated in (1). Then the sequence 0{ }n ng ¥

=  is

(i) A Fejér monotone sequence with respect to Fix( )G .
(ii) Converge to unique fixed point of map, and lim ( , )nn
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 exists for all Fix( )d GÎ .

Corollary 3.5. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2 : C → C are nonexpansive with {gn} be a sequence generated in (1). Then the sequence 

0{ }n ng ¥
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(ii) Converge to unique fixed point of maps, and lim ( , )nn
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 exists for all Fix( )d GÎ .

Definition 3.6. Let ( , , )G r   be a convex metric space, such that C be a nonempty convex subset of a 
CPMS. The maps Γ1, Γ2, Γ3, Γ4 : C → C.

For g0 ∈ C, the iteration given by
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where { },{ },{ },{ }n n n na b g d  are real sequences in (0,1). 
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Theorem 3.7. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2, Γ3, Γ4 : self-mapping on C be a -contraction. Assume that { },{ },{ },{ }n n n na b g d  are real 
sequences in (0,1). Then the sequence 0{ }n ng ¥

=  in (2) is convergent to unique fixed point of map.

Proof. Let Fix( )d GÎ . Then 4( , , )n n n nh h gG a= , then consider

4( , ) ( ( , , ), ),n n n nh d h g dr r G a= 

then

	 4( , ) ( , ) (1 ) ( , )
( , ) (1 ) ( , ).

n n n n n

n n n n

h d h d g d
h d g d

r a r G a r
a r a r

£ + -
£ + -

� (20)

Getting

	 ( , ) ( , ) (1 ) ( , )n n n n nh d h d g dr a r a r- £ - � (21)

	
(1 ) ( , ) (1 ) ( , ),

(1 )( , ) ( , ).
(1 )

n n n n

n
n n

n

h d g d

h d g d

a r a r
ar r
a

- £ -
-

£
-




� (22)

Now, 3 4( , , ),n n n nz z hG G b=

3 4( , ) ( ( , , ), ),n n n nz d z h dr r G G b= 

then

3 4( , ) ( , ) (1 ) ( , )
( , ) (1 ) ( , ).

n n n n n

n n n n

z d z d h d
z d h d

r b r G b r G
b r b r

£ + -
£ + - 

Then

	
(1 )( , ) ( , ).

(1 )
n

n n
n

z d h dbr r
b

-
£

-



� (23)

Now, 1 3( , , ),n n n ns s zG G g=

1 3( , ) ( ( , , ), ).n n n ns d s z dr r G G g= 

Getting
(1 )( , ) ( , ).

(1 )
n

n n
n

s d z dgr r
g

-
£

-



Thus

	 (1 ) (1 )( , ) ( , ).
(1 ) (1 )

n n
n n

n n

s d h dg br r
g b

- -
£ × ×

- -
 

 
� (24)

Now, 1 1 1 1( , , ),n n n ng g sG G d+ +=

1 1 1 1( , ) ( ( , , ), ),n n n ng d g s dr r G G d+ += 

getting

1
(1 )( , ) ( , ).

(1 )
n

n n
n

g d s ddr r
d+

-
£

-



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Thus

	 1
(1 ) (1 ) (1 ) (1 )( , ) ( , ).

(1 ) (1 ) (1 ) (1 )
n n n n

n n
n n n n

g d g dd g b ar r
d g b a+

- - - -
£ × × ×

- - - -
  

    � (25)

Getting

	 3
1( , ) ( , )n n n n n ng d W X Y Z g dr r+ £  � (26)

for all n Î� , where

1 1 1 (1 ), , , .
(1 ) (1 ) (1 ) (1 )

n n n n
n n n n

n n n n

W X Y Zd g b a
d g b a

- - - -
= = = =

- - - -   

Since [0,1)Î , and { },{ },{ },{ }n n n na b g d  are positive real sequences, thus , , , 1 for n n n nW X Y Z n< Î�.
Obtaining

3
1( , ) ( , )n ng d g dr r+ £ 

for all n Î� ,
3( 1)

1 0( , ) ( , )n
ng d g dr r+

+ £ 

for all n Î� .
Since [0,1)Î , taking limits for d → ∞ in equation above, getting 1( , ) 0ng dr + ® . Therefore the 

sequence 0{ }n ng ¥
=  in (23) is convergent to unique fixed point of map.� 

Lemma 3.8. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2, Γ3, Γ4 : C → C are nonexpansive with 0{ }n nh ¥

=  be a sequence generated in (2). Then the 
sequence 0{ }n nh ¥

=  is

(i) A Fejér monotone sequence with respect to Fix( )G .
(ii) Converge to unique fixed point of maps, and lim ( , )nn

g dr
®¥

 exists for all Fix( )d GÎ .

Proof. Let Fix( )d GÎ .
4( , , )n n n nh h gG a= , then consider

4( , ) ( ( , , ), ),n n n nh d h g dr r G a= 

by Definition 3.6, then

	 4( , ) ( , ) (1 ) ( , )
( , ) (1 ) ( , ).

n n n n n

n n n n

h d h d g d
h d g d

r a r G a r
a r a r

£ + -
£ + -

� (27)

Getting
(1 ) ( , ) (1 ) ( , ),

( , ) ( , ).
n n n n

n n

h d g d
h d g d

a r a r
r r

- £ -
£

Now, 3 4( , , )n n n nz z hG G b= ,

3 4( , ) ( ( , , ), ),n n n nz d z h dr r G G b= 

then

	 ( , ) ( , ).n nz d h dr r£ � (28)
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Now, 1 3( , , )n n n ns s zG G g= ,

1 3( , ) ( ( , , ), ).n n n ns d s z dr r G G g= 

Getting

( , ) ( , ) ( , ).n n ns d z d h dr r r£ £

Thus

	 ( , ) ( , ).n ns d g dr r£ � (29)

Now, 1 1 1 1( , , )n n n ng g sG G d+ += ,

1 1 1 1( , ) ( ( , , ), ),n n n ng d g s dr r G G d+ += 

getting

1( , ) ( , ) ( , ).n n ng d s d g dr r r+ £ £

Thus

	 1( , ) ( , )n ng d g dr r+ £ � (30)

for all Fix( )d GÎ , and {0}n Î È� .
Obtaining {gn} is a Fejér monotone sequence with respect to Fix( )G . That is proof (i).
To show the sequence 0{ }n ng ¥

=  is converge to unique fixed point of maps. To get 1lim ( , ) 0nn
g dr +®¥

= . 
Used by 1( , ) ( , )n ng d g dr r+ £ , therefore,

1 1( , ) ( , ) ( , ).n n ng d g d g dr r r+ -£ £

Getting 1 1( , ) ( , ) for {0}n ng d g d nr r+ -£ Î È� , then

	 1 0( , ) ( , ) ( , ).n ng d g d g dr r r+ £ £ � (31)

Taking the Limits for n → ∞ in Equation (27) both sides, obtaining

1lim ( , ) 0.nn
g dr +®¥

=

And 0{ ( , )}n ng dr ¥
=  is a decreasing sequence therefore lim ( , )nn

g dr
®¥

 exists. That is proof (ii).� 

Corollary 3.9. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  . 
A map Γ : C → C is nonexpansive with {gn} be a sequence generated in (17). Then the sequence 0{ }n ng ¥

=  is

(i) A Fejér monotone sequence with respect to Fix( )G . 
(ii) Converge to unique fixed point of map, and lim ( , )nn

g dr
®¥

 exists for all Fix( )d GÎ .

Corollary 3.10. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2 : C → C are nonexpansive with {gn} be a sequence generated in (2). Then the sequence 

0{ }n ng ¥
=  is

(i) A Fejér monotone sequence with respect to Fix( )G . 
(ii) Converge to unique fixed point of map, and lim ( , )nn

g dr
®¥

 exists for all Fix( )d GÎ .



Bareq Baqi Salman, Results in Nonlinear Anal. 9 (2026), 165–178� 176

4. Faster Convergence Results

This section aims to demonstrate that the iterative scheme in equation (2) is quicker than the itera-
tive schemes in (1) in -contraction map. It will do this by using the following theorem to demonstrate 
that the iterative method in (2) is faster than the iterative scheme in (1).

Definition 4.1. [12] Let 0 0{ } , { }n n n nv w¥ ¥
= =  be two sequences of real numbers that converge to v and w, with 

that order
( , )lim
( , )

n
n

n

v v
w w

rD
r®¥

=

such that if ∆ = 0 then recall 0{ }n nv ¥
=  converge Faster than 0{ }n nw ¥

=  w.r.t d. 

Now, to illustrate and prove that the (2) is Faster than of (1) process as follows:

Theorem 4.2. Let ( , , )G r   be a convex metric space, and C be a nonempty convex subset of ( , , )G r  , 
the maps Γ1, Γ2, Γ3, Γ4 : C → C are -contraction. Let 0{ }n ng ¥

=  the sequence defined in (2) that is for g0 ∈ 
C, the iteration given by For g0 ∈ C, the iteration given by

	

( )
( )
( )
( )

1 1 1 1

1 3

3 4

4

, , ,
, , ,
, , ,
, , .

n n n n

n n n n

n n n n

n n n n

g g s
s s z
z z h
h h g

G G d

G G g

G G b

G a

+ +=

=

=

=









� (32)

Let 0{ }n ng ¥
=  the sequence defined in (1) that is for g0 ∈ C, the iteration given by

	
( )

( )

1 1 1 1

1 3

3 4

4

, , , , ,
1

, , ,

, , , , ,
1

, , .

n
n n n n n

n

n n n n

n
n n n n n

n

n n n n

ag g s s

s s z

cz z h h

h h g

G G d
d

G G g

G G b
b

G a

+ +

æ öæ ö
= ç ÷ç ÷ç ÷-è øè ø
=

æ öæ ö
= ç ÷ç ÷ç ÷-è øè ø
=

 



 



� (33)

Let 0{ }n nv ¥
=  the sequence defined in (1) that is

( )

( )

1 1 1 1

1 3

3 4

4

, , , , ,
1

, , ,

, , , , ,
1

, , .

n
n n n n n

n

n n n n

n
n n n n n

n

n n n n

av v w w

w w x

cx x y y

y y v

G G d
d

G G g

G G b
b

G a

+ +

æ öæ ö
= ç ÷ç ÷ç ÷-è øè ø
=

æ öæ ö
= ç ÷ç ÷ç ÷-è øè ø
=

 



 



Assume that

(i) { },{ },{ },{ },{ },{ },{ },{ }n n n n n n n n n na c c aa b g d b d+ +  are real sequences in [0, 1]. 
(ii) 0 1 1  0 1 1.n na a a and c c c< £ < - < < £ < - <

Then iteration (2) Faster than (1).
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Proof. By Equation (23) then 1( , )n ng d Vr + £  for all n Î� , where

3
0

0

(1 ) (1 ) (1 ) (1 ) ( , ) .
(1 ) (1 ) (1 ) (1 )

n
n n n n

n
i n n n n

V g dd g b a r
d g b a=

æ ö- - - -
= × × × ×ç ÷- - - -è ø
Õ 

   

And from Equation (11) so 1( , )n ng d Ur + £  for all n Î� , where

2
0

0

(1 (1 )) (1 ) 1 (1 ) (1 ) ( , ) .
(1 ) (1 ) (1 ) (1 )

n
n n n n n n

n
i n n n n

a cU v dd g b a r
d g b a=

æ ö- - - - - - - -
= × × × ×ç ÷- - - -è ø
Õ  


   

Assume that n
n

n

V
U

m = , therefore

3
0

2
0

0

(1 ) (1 ) (1 ) (1 ) ( , )
(1 ) (1 ) (1 ) (1 ) .(1 (1 )) (1 ) 1 (1 ) (1 ) ( , )

(1 ) (1 ) (1 ) (1 )
(1 ) (1 ) (1 )( , )

(1 ) (1 ) (1

n n n n

n n n n
n

n n n n n n

n n n n

n n n

n n n
n

g d

a c v d

g d

d g b a r
d g b am d g b a r

d g b a
d g br
d g bm

- - - -× × × ×
- - - -

=
- - - - - - - -× × × ×

- - - -
- - -× × ×

- - -
=


   
 


   

  


0

(1 )
) (1 ) .(1 (1 )) (1 ) 1 (1 ) (1 )( , )

(1 ) (1 ) (1 ) (1 )

n

n

n n n n n n

n n n n

a cv d

a
a

d g b ar
d g b a

-×
-

- - - - - - - -× × × ×
- - - -


 

   

Since na a£ , obtaining

(1 ) (1 ) (1 ) (1 )
(1 ) (1 ) (1 ) (1 ) 1.(1 (1 )) (1 ) 1 (1 ) (1 )

(1 ) (1 ) (1 ) (1 )

n n n n

n n n n

n n n n n n

n n n n

a c

d g b a
d g b a

d g b a
d g b a

- - - -× × ×
- - - -

<
- - - - - - - -× × ×

- - - -

   
 

   

Taking the Limits for n → ∞ in both sides, obtaining lim 0nn
m

®¥
=  and the sequence 0{ }n ng ¥

=  converge 
Faster than 0{ }n nv ¥

=  w.r.t d.� 
The following example satisfied the Theorem.

Example 4.3. Let G += �  and : G Gr +´ ® � . The maps Γ1, Γ2, Γ3, Γ4 : [0,6] → [0,6],

3 1 4 22, 1.
2n n n n
hz g h h sG G G G= = + = = +

Let 0.25n n na g d= = =  and 00.1, 0.5n hb = = . Using MATLAB, see Fig (1) and Fig (2).

Figure 1 Figure 2
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Table 1: Comparison of iterations

gn + 1 in (2) gn + 1 in (1) n
1.498 1.498 0
1.779 1.779 1
1.900 1.901 2
1.954 1.955 3
1.979 1.980 4
1.990 1.989 5
1.999 1.997 6 
2.0000 1.999 7
2.0000 2.0000 8

Conclusion

The current paper uses thorough method that incorporates iterative procedures in the setting of convex 
metric spaces. We introduced new iterations which converge faster to the fixed point of mappings. The 
first two iterations introduced by us through multiple convex combinations were compared to iteration 
(1) and (19) using definition (2,4) as in the article by Aoyama and Kohsaka [11]. In order to demon-
strate some findings on the presence of fixed points under specific self-maps of a closed and bounded 
convex subset of a uniformly convex Banach space, Michael Edelstein created the concept of an asymp-
totic centre [6]. The first iteration was presented in Theorem 3.2, which studied convergent fixed 
points using -contraction, also a Fejér monotone in Lemma 3.3, We presented the convergence to the 
fixed in the corollary 3.9 and corollary 3.10. we also provided an example at the end of the research 
that demonstrates the Faster convergence results of the first iteration compared to the second.
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