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Abstract
Correct restrictions of the shifted Laplace-Beltrami operator on a stratified set consisting of two 
punctured two-dimensional spheres connected by one segment are studied. Boundary functionals 
are constructed by combining regularized point traces at the punctures of the spherical strata with 
endpoint values and oriented derivatives on the connecting interval. A Green formula on the stratified 
set is obtained. Using this formula, restrictions of the maximal operator generated by linear boundary 
conditions

0 1 0A u B uG G+ =

are described. A criterion of correct solvability is reduced to the invertibility of the finite-dimensional 
matrix A + BM (l). Self-adjoint restrictions are characterized by the condition

AB* = BA*

under the rank condition

rank[A  B] = 4.

A natural continuity-type coupling of the two spherical strata through the segment is presented as 
an example.
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1. Introduction

Boundary value problems for elliptic operators on Riemannian manifolds form an important part of 
geometric analysis, spectral theory, and mathematical physics. The Laplace-Beltrami operator is the 
natural elliptic operator associated with a Riemannian metric and appears in models of diffusion, 
wave propagation, and quantum motion on curved spaces. A detailed analysis of its realizations on 
manifolds with nonsmooth geometric structure can be found in [1]. Boundary conditions may also 
describe an interaction concentrated on a lower-dimensional set; permeable potential boundary con-
ditions for the Laplace-Beltrami operator were considered in [2].

The general notion of a well-posed boundary value problem requires existence, uniqueness, and 
continuous dependence of the solution on the prescribed data. A classical operator-theoretic founda-
tion for general elliptic boundary value problems was developed by Vishik in [3]. The extension theory 
of symmetric operators and explicitly solvable models provides an effective framework for construct-
ing and comparing different operator realizations [4]. Generalized resolvents and abstract boundary 
mappings were systematically studied in [5], while a modern treatment of boundary value problems, 
boundary triples, and Weyl functions is given in [6].

In the smooth case, the domains of elliptic realizations and their traces are naturally described in 
Sobolev spaces; the required functional-analytic background is presented in [7]. At isolated punctures 
of two-dimensional manifolds, however, solutions may have logarithmic singularities, so ordinary 
point values have to be replaced by a singular coefficient and a regularized value. This mechanism is 
closely related to the theory of point interactions and solvable singular perturbations [8].

For the Laplace-Beltrami operator, regularized traces and Green-function representations have 
recently been used to construct well-posed problems on nonstandard spherical domains. A general 
class of well-posed problems was investigated in [9]. Uniquely solvable problems on a sphere punc-
tured by a curve were studied in [10], whereas point-punctured two-dimensional spheres were treated 
in [11]. These works show that the singular part of a solution and its regularized trace can serve as 
boundary data in much the same way as the usual Dirichlet and Neumann traces.

A further step is to consider stratified spaces whose components have different dimensions and 
interact through common junctions. The Laplace-Beltrami operator on stratified sets composed of 
punctured circles and segments was studied in [12]. On one-dimensional graph components, matrix 
boundary conditions are closely related to Kirchhoff-type vertex rules [13] and to the general opera-
tor theory of quantum graphs [14]. These results motivate a unified boundary formalism for mixed-
dimensional systems that contain both higher-dimensional singular strata and one-dimensional edges.

In the present paper a stratified set composed of two two-dimensional spherical strata and one 
one-dimensional stratum is considered. More precisely, take two copies 2

1S  and 2
2S  of the unit sphere, 

remove one point A from the first sphere and one point B from the second sphere, and connect these 
punctures by an interval I = (0,1). Thus the stratified set consists of two punctured spheres and one 
segment.

The novelty of the paper consists in the construction of a boundary formalism that couples logarith-
mic point singularities on two genuinely two-dimensional strata with oriented endpoint traces on a 
one-dimensional stratum. In contrast to stratified sets composed only of one-dimensional components, 
the present model contains two-dimensional punctured components, and its boundary form contains 
both regularized logarithmic point contributions and one-dimensional fluxes.

The main results are as follows. First, a Green formula on the whole stratified set is established. 
Second, the corresponding minimal and maximal operators are introduced. Third, a class of closed 
and well-posed restrictions of the maximal operator is described by linear boundary conditions

4 4
0 1 0, , .A u B u A BG G ´+ = Î�

Fourth, the matrix of boundary values M (l) is written in block form, and the solvability of the resol-
vent problem is reduced to the invertibility of A + BM (l). Finally, self-adjoint restrictions are char-
acterized by the condition
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AB* = BA*
under the rank condition

rank[A  B] = 4.

A natural continuity-type coupling through the segment is presented as an example.
The paper is organized as follows. Section 2 contains preliminary material on the Green function 

and regularized point traces on a punctured sphere. Section 3 introduces the stratified set, the Hilbert 
space, and the differential expression. It also defines the boundary mappings and the minimal and 
maximal operators, establishes the Green formula, describes correct restrictions, and gives the solv-
ability and self-adjointness criteria. Section 4 summarizes the results.

2. Preliminaries

Let S2 be the two-dimensional unit sphere equipped with the standard Riemannian metric and the 
corresponding surface measure dS. The Sobolev spaces and elliptic domains used below are under-
stood in the standard sense [7]. Consider the shifted Laplace-Beltrami operator.

20 :
S

B I D= -

acting in L2(S2). The operator B0 is self-adjoint and strictly positive with domain
2 2

0 2 .d ( ) ( )om B W S=

Therefore 1
0B-  is a bounded compact operator in L2(S2) and is represented by an integral kernel:

2
1 2 2

0 0( )( ) ( , ) ( ) , ( ).yS
B f x G x y f y dS f L S- = Îò

The function G0(x, y) is the Green function of 2S
I D- ; Green kernels and singular perturbations of this 

type are standard tools in the theory of solvable point interactions [8]. For x ≠ y it satisfies

2 0,
( ) ( , ) 0,

S x
I G x yD- =

while in the sense of distributions

2 0,
( ) ( , ) ( ).yS x
I G x y xD d- =

Let 0,{ }lm l l m lY ³ - £ £  be a real orthonormal system of spherical harmonics in L2(S2). Then

0
0

( ) ( )( , ) .
1 ( 1)

l
lm lm

l m l

Y x Y yG x y
l l

¥

= =-

=
+ +å å

If complex spherical harmonics are used, the product ( ) ( )lm lmY x Y y  is replaced by ( ) ( )lm lmY x Y y .
The local behavior of G0 near the diagonal is logarithmic, in agreement with the regularized point-

trace construction used for punctured spheres in [9, 11]. If p ∈ S2 is fixed and r = d(x, p) denotes the 
geodesic distance from x to p, then

0 0
1( , ) log ( , ), ,

2
G x p r R x p x p

p
= - + ®

where 0 ( , )R p×  is regular in a neighborhood of p. Equivalently,

0
1( , ) log ( , ) (1), .

2
G x p d x p O x p

p
= - + ®
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The following definition is the point analogue of the regularized boundary values used for punc-
tured spherical domains [10, 11]. It will be applied separately to the puncture 2

1A SÎ  and to the 
puncture 2

2B SÎ .

Definition 2.1. (Regularized point traces) Let 2p SÎ  and let u be a function defined on S2 \{p}. We 
say that u admits regularized point traces at p if there exist complex numbers ap(u) and bp(u) such that

( )
( ) log ( , ) ( ) (1), .

2
p

p

u
u x d x p u o x p

a
b

p
= - + + ®

The coefficient ap(u) is called the singular coefficient of u at p, and bp(u) is called the regularized value 
of u at p.

Equivalently, provided the limits exist,
( )( ) 2 lim

log ( , )p x p

u xu
d x p

a p
®

= -

and
a

b
p®

æ ö
= +ç ÷

è ø

( )
( ) lim ( ) log ( , ) .

2
p

p x p

u
u u x d x p

Lemma 2.2. [Point boundary form]. Let u and v admit regularized point traces at p. Then

ee
b a a b

n n¯ ¶

¶ ¶æ ö- = -ç ÷¶ ¶è øò0 ( )
lim ( ) ( ) ( ) ( ).p p p pB p

u vv u ds u v u v

Here v denotes the outward unit normal to Be(p).
Proof. Let r = d(x,p). By the definition of the regularized traces,

( ) log (1), ( ) log (1),
2 2

u v
u vu x r o v x r oa ab b

p p
= - + + = - + +

where ( ), ( )u p u pu ua a b b= =  and similarly for v. Hence

1 1( ), ( ).
2 2

u vu vo r o r
r r

a a
n p n p

- -¶ ¶= - + = - +
¶ ¶

Since the length element on ( )B pe¶  satisfies ( ( )) ,ds o de e q= +  the logarithmic terms cancel in the 
skew-symmetric expression. Taking the limit gives

,u v u vb a a b-

which is the asserted formula.� 

3. Main results

Motivated by mixed-dimensional models on stratified sets [12], let 2
1S  and 2

2S  be two copies of the 
two-dimensional unit sphere. Fix points

2 2
1 2, ,A S B SÎ Î

and set
2 2

1 1 2 2{ }, { }.M S A M S B= = 
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Let

I = (0,1)

be a one-dimensional stratum connecting the punctures A and B. The stratified set is defined

1 2 { , }.M I M A BW = È È È

The point A is regarded as the puncture of the first sphere and as the left endpoint of the interval, 
while the point B is regarded as the puncture of the second sphere and as the right endpoint of the 
interval.

We write
1 1 1 2 2 2 3

1 2 1 1 2 2( , ) , ( , ) , (0,1).x x x M x x x M x I= Î = Î Î =

Accordingly, a function on Ω is written as

1 2 3( , , ),u u u u=

where
1 2 3

1 1 2 2 3 3( ), ( ), ( ).u u x u u x u u x= = =

Consider the Hilbert space.
2 2 2 3

1 2( , ) ( , ) ( , ).H L M dS L M dS L I dx= Å Å

For 1 2 3( , , )u u u u=  define the differential expression

1 2

2

1 2 33 2( ) ,( ) , .
( )M M
dLu I u I u I u

d x
D D

æ öæ ö
= - - -ç ÷ç ÷

è øè ø
The regularized point traces on the spherical strata are defined by

0 1 1 1 1 1( ), ( ),A A
A Au u u uG a G b= =

and

0 2 2 1 2 2( ), ( ).B B
B Bu u u uG a G b= =

That is, near A,

1 1 11
1 1 1

( )( ) log ( , ) ( ) (1), ,
2
A

A
uu x d x A u o x Aa b
p

= - + + ®

and near B,

2 2 22
2 2 2

( )( ) log ( , ) ( ) (1), .
2

B
B

uu x d x B u o x Ba b
p

= - + + ®

For 2
3 2 ( )u W IÎ  define the endpoint values and oriented endpoint derivatives by

g g ¢= =0 3 1 3( ) (0), ( ) (0),A Au u u u
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and

g g ¢= = -0 3 1 3( ) (1), ( ) (1).B Bu u u u

Following the operator-theoretic approach to boundary mappings and Weyl functions [5, 6], we collect 
the boundary data into vectors in 4� .

( )
( )

G a a

G b b ¢ ¢

=

= -

0 1 2 3 3

1 1 2 3 3

( ) ( ), ( ), (0), (1) ,

( ) ( ), ( ), (0), (1) .
A B

A B

u u u u u

u u u u u





Definition 3.1. The maximal operator Lmax is defined by Lmaxu = Lu on the domain of all 1 2 3( , , )u u u u=  
such that

2 2 2
1 loc 1 2 loc 2 3 2( ), ( ), ( ),u H M u H M u W IÎ Î Î

the functions u1 and u2 admit regularized point traces at A and B, respectively, and

.Lu HÎ

Proposition 3.2. (Green formula). For all u, v ∈ dom(Lmax),

4 4max max 1 0 0 1( , ) ( , ) ( , ) ( , ) .H HL u v u L v u v u vG G G G- = -
� �

Proof. We compute the contributions of all strata.
On the interval I = (0, 1), integration by parts gives

2 21 3
3 3 3 33 2 3 20

1 0 0 1 1 0 0 1

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).A A A A B B B B

d dI u v u I v dx
d x d x

u v u v u v u vg g g g g g g g

é ùæ ö æ ö
- - -ê úç ÷ ç ÷

ê úè ø è øë û

= - + -

ò

Let

1, 1 2, 2( ), ( ).M M B A M M B Be e e e= = 

Applying Green’s formula on 1,M e  and passing to the limit 0e ¯ , we obtain

1 1
1

1 1 1 1

1 1 1 1

( ) ( )

( ) ( ) ( ) ( ).

M MM

A A A A

I u v u I v dS

u v u v

D D

b a a b

é ù- - -ë û

= -

ò

Similarly, on M2,

2 2
2

2 2 2 2

2 2 2 2

( ) ( )

( ) ( ) ( ) ( ).

M MM

B B B B

I u v u I v dS

u v u v

D D

b a a b

é ù- - -ë û

= -

ò

Summing the contributions of M1, M2, and I gives exactly

4 4max max 1 0 0 1( , ) ( , ) ( , ) ( , ) .H HL u v u L v u v u vG G G G- = -
� �

� 
Definition 3.3. In accordance with the general extension theory of elliptic operators [3, 4], the minimal 
operator Lmin is the restriction of Lmax to

min max 0 1( ) { ( ) : 0, 0}.dom domL u L u uG G= Î = =
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3.1. Boundary functionals and correct restrictions

Lemma 3.4. The mapping
4 4

0 1 maxd( , ) )o m   ( : LG G G= ® ´� �

is surjective.

Proof. Near the puncture A we use the Green function (1)
0 ( , )G A×  on 2

1S  and smooth cut-off regular 
functions. Since

(1) 1 1 (1) 1
0 1 0

1( , ) log ( , ) ( , ),
2

G x A d x A R x A
p

= - +

linear combinations of (1)
0 ( , )G A×  and regular functions generate arbitrary singular coefficients and 

regularized values at A.
Similarly, near the puncture B we use the Green function (2)

0 ( , )G B×  on 2
2S . This allows us to pre-

scribe arbitrary values of aB(u2) and bB(u2).
On the interval I = (0, 1), the endpoint values and oriented endpoint derivatives can be prescribed 

independently. Indeed, one can choose a polynomial of degree at most three with prescribed values 
and derivatives at 0 and 1. Therefore the interval boundary data are independent of the point data on 
the spherical strata.

Combining the spherical and interval constructions, we can prescribe arbitrary values of all com-
ponents of 0uG  and 1uG . Hence the mapping 0 1( , )G G  is surjective. � 

Let

00 max Ker: |L L G=

be the reference restriction. For 0( )Ll rÎ  define

max( ).KerN L Il l= -

For each 4j Î�  there exists a unique u Nj lÎ  such that

0 .ujG j=

The uniqueness follows from the definition of L0. For 0( )Ll rÎ  we introduce the matrix of boundary 
values M(l), which is the finite-dimensional Weyl matrix associated with the chosen boundary map-
pings [5, 6], by

1( ) .M ujl j G=

With respect to the ordering of boundary values chosen above, the matrix M(l) has the block form

l

l

l

æ ö
ç ÷
ç ÷
ç ÷= -ç ÷
ç ÷
ç ÷

-ç ÷è ø

(1)

(2)

( , ) 0 0 0
0 ( , ) 0 0

cosh( ) ,0 0
sinh sinh

cosh0 0
sinh sinh

R A A
R B B

k k kM
k k

k k k
k k

Let k be any square root of l-1 . Since the entries of the 2 × 2 block are invariant under the transfor-
mation k ↦ –k, the block is well defined. For [1, )l Ï ¥ , we choose the branch satisfying Re k > 0. For 
simplicity, the length of the segment is normalized to one.
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Indeed, for the interval part, if
2 , (0) , (1) ,w k w w a w b¢¢ = = =

then

sinh (1 ) sinh( ) .
sinh

a k s b ksw s
k

- +=

Hence

( ) ú¢é ù
ê = - +
ë û

(0) cosh , ,
sinh

kw k a b
k

and

( ) ú¢- - ù
û

=é
êë

(1) cosh , ,
sinh

kw a k b
k

This gives the 2 × 2 Dirichlet-to-Neumann block

-æ ö
ç ÷-è ø

cosh 1 .
sinh 1 cosh

kk
k k

Let 4 4,A B ´Î� . Define

, maxA BL u L u=

on

, max 0 1( ) { ( ) : 0}.dom domA BL u L A u B uG G= Î + =

Definition 3.5. A restriction L�  of Lmax is called correct if, for every f ∈ H, the equation

Lu f=�

has a unique solution u ∈ dom ( L� ) and L� –1 is bounded in H. For a spectral parameter l, we say that 
L�  – lI is correct if the problem

( )L I u fl- =�

is uniquely solvable for every f ∈ H and the solution depends continuously on f.

Theorem 3.6. The operator LA,B is a closed restriction of Lmax containing Lmin.

Proof. The trace mappings Γ0 and Γ1 are continuous with respect to the graph norm of Lmax. Hence the 
mapping

0 1u A u B uG G+�

is continuous from dom(Lmax), equipped with the graph norm, into 4� . Therefore, its kernel is closed 
in the graph norm. 

Since

{ }, max 0 1dom( ) dom( ) : 0 ,A BL u L A u B uG G= Î + =

it follows that LA,B is a closed restriction of Lmax.
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Moreover, if Î mindom( )u L , then

0 10, 0.u uG G= =

Therefore,

0 1 0,A u B uG G+ =

and hence

,dom( ).A Bu LÎ

Thus

min , .A BL LÌ

Theorem 3.7. [Solvability criterion] Let 0( )Ll rÎ . The problem

, ,( ) , ,dom( )A B A BL I u f u Ll- = Î

is uniquely solvable for every f ∈ H if and only if

det( ( )) 0.A BM l+ ¹

Proof. Let
1

0 0( ) .u L I fl -= -

Then 0 0 0uG = . Every solution of

max( )L I u fl- =

has the form

0 0, , .u u u u N uj j l jG j= + Î =

The boundary condition gives

1 0( ( ) ) 0.A B u Mj G l j+ + =

Thus

1 0( ( )) .A BM B ul j G+ = -

This equation has a unique solution for every f if and only if A + BM(l) is invertible.� 

Corollary 3.8. Let 0( )Ll rÎ . Then

,( ) det( ( )) 0.A BL A BMl s lÎ + =Û

Theorem 3.9. Assume that

rank[A B] = 4.


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Then LA,B is self-adjoint in H if and only if

AB* = BA*.

Proof. By the Green formula, the boundary form is

4 41 0 0 1( , ) ( , ) .u v u vG G G G-
� �

The boundary condition 0 1 0A u B uG G+ =  defines the subspace
4 4

, {( , ) : 0}.A B x y Ax By= Î ´ + =� �

By the Green formula, symmetry of LA,B is equivalent to the vanishing of the boundary form on the 
subspace ,A B . For full-rank boundary conditions this vanishing is equivalent to

AB* = BA*.

The rank condition then gives maximality, and hence self-adjointness.� 
Corollary 3.10. If LA,B is self-adjoint, then for every l Î� �  the problem

,( )A BL I u fl- =

has a unique solution for every f ∈ H, and the solution depends continuously on f. 
We now present a natural self-adjoint coupling of the two spherical strata through the segment. 

Its matrix form is analogous to the description of self-adjoint vertex conditions for quantum graphs 
[13, 14].

Consider the following four boundary conditions:
b b
a a¢ ¢

= =
= = -

1 3 2 3

1 3 2 3

( ) (0), ( ) (1),
( ) (0), ( ) (1).

A B

A B

u u u u
u u u u

Equivalently,

1 1 0 1 2 0( ), ( ),A A B Bu u u uG g G g= =

and

0 1 1 0 2 1( ), ( ).A A B Bu u u uG g G g= =

The first two conditions identify the regularized values at the punctures with the endpoint values 
of the segment. The last two conditions balance the singular coefficients with the oriented endpoint 
derivatives.

Let

0 1, .x u y uG G= =

With the ordering used above, these conditions can be written as

0,K KA x B y+ =

where
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0, .
1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1

K KA B

-æ ö æ ö
ç ÷ ç ÷-ç ÷ ç ÷= =ç ÷ ç ÷-
ç ÷ ç ÷

-è ø è ø
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Indeed, the first row gives

3 1(0) ( ) 0,Au ub- + =

the second row gives

3 2(1) ( ) 0,Bu ub- + =

the third row gives

a ¢- =1 3( ) (0) 0,A u u

and the fourth row gives

a ¢+ =2 3( ) (1) 0.B u u

Proposition 3.11. The continuity-type boundary conditions define a self-adjoint restriction of Lmax.

Proof. The four boundary conditions are independent; hence

.r nk[ 4a ]K KA B =

A direct computation gives
* * .K K K KA B B A=

Therefore the corresponding restriction ,K KA BL  is self-adjoint by the self-adjointness criterion.� 

Corollary 3.12. For the continuity-type coupling, the spectrum away from 0( )Ls  is determined by

det( ( )) 0.K KA B M l+ =

Conclusion

A shifted Laplace-Beltrami operator on a mixed-dimensional stratified set composed of two punctured 
two-dimensional spheres connected by one segment has been studied. The main feature of the con-
struction is the simultaneous use of regularized point traces at the punctures of the spherical strata 
and oriented endpoint traces on the connecting interval.

A Green formula on the entire stratified set was obtained. This formula allowed us to define min-
imal and maximal operators, construct boundary mappings, describe closed restrictions by matrix 
boundary conditions, and characterize correct solvability in terms of the finite-dimensional matrix A + 
BM(l). The matrix of boundary values M(l) was written in block form, with two scalar blocks coming 
from the punctured spheres and one 2 × 2 block coming from the Dirichlet-to-Neumann matrix on the 
segment. Self-adjoint restrictions were characterized by the condition AB* = BA* and a natural con-
tinuity-type coupling was presented as an example.
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