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1. Introduction and Preliminaries

Integral inequalities are mathematical expressions that establish bounds on the values of integrals
involving real or complex functions. These inequalities are fundamental tools in analysis and have
wide applications in approximation theory, functional analysis, and the study of differential equations.
Examples include Hélder inequality, Minkowski inequality, and the Chebyshev and Jensen inequal-
ities. They are usually employed to compare the size or the behavior of functions being integrated,
to approximate errors in numerical procedures, or to establish convergence of series and integrals.
Integral inequalities have a key role to play in the formulation of different mathematical theories as
they provide needed estimates for confirming existence, uniqueness, and stability results (see 1-15).

Fractional integrals have been used to expand and improve Mercer-Hadamard-type inequalities,
especially when discussing ZA-convex functions, which are a generalization of standard convex func-
tions. The class of A-convex functions is a generalization of convex functions. These functions
satisfy the inequality:

TAx+Q-ADy) < ADZ(x) + EAZ(y), Vx,ye I,A€[0,1],

where A(A) and £(A) are weight functions that typically satisfy A(A)+ E(A) =1, and reduce to A
and 1 — A in the standard convex case. This generalization allows handling more flexible functional
behaviors than strict convexity, which is useful in modeling, optimization, and inequality theory.
Fractional integral approaches have been used to generalize the conventional Hadamard inequality,
which gives upper bounds for the determinant of positive definite matrices, resulting in new inequal-
ities that take fractional powers of integrals into account (see [16]). Sharper bounds for convex func-
tions, particularly those that meet ZA-convexity, a more generic type of convexity defined in particular
functional spaces, are established by these expansions by utilizing the characteristics of fractional
integrals. These inequalities can be used more broadly thanks to the use of fractional integrals, such
as in higher-dimensional spaces or in situations where conventional convexity assumptions are vio-
lated. These inequalities can handle more intricate convex structures by utilizing fractional calculus,
providing more accurate estimates that are helpful in functional analysis, mathematical physics, and
optimization. In addition to enhancing the theoretical landscape of integral inequalities, the combina-
tion of Mercer theory and fractional integrals for A-convex functions offers useful tools for handling
non-linear and higher-order convex functions in a variety of scientific and engineering applications.

Let 0<v,<v,<...<v, and let w=(®,,®,,...,®,) be non-negative weights such that Za)z =1. The

z=1
most popular inequality due to Jensen (see [17]) states that ¥ is a convex function on the interval
[6,,6,], then

T Za)zvz < Z,a)z‘l(vz) : 1)
z=1 2=

for all nu_ €[6,,6,] and each w, € [0,1], £2 =1,n).

Convex functions are mathematical functions that display a particular form of “bowl-shaped” curve,
which indicates that the line segment connecting any two points on the function’s graph is either on
or above the graph.

Definition 1.1. [18] ¥:1 — R is named as a convex function if
T(Qh, +(1-2)h,)< QT (h)+(1-2)%(h,), ©@)
for all 53,54 eI and 2€]0,1].

For the reversed inequality, ¥ is called concave.



Nasir J et al., Results in Nonlinear Anal. 9 (2026), 105-130 107

The Hermite-Hadamard inequality (HHI) asserts that if T: 1 c R — R 1s a convex function in I,

then
S[h3+h4js L[ gs SRR,
h3 hg 2

2 B, —

for all h,, h, € I with h, <h,. The reversed inequality is true if T and known to be concavity. For
the amazing literature, see [19-22].

Theorem 1.1. If T is convex on [ﬁg, fL ], we have

‘Z[h +h, - 2wv]<‘§( )+ (R,)- sz ®)

forall v.e[h,, h,] and all @, €[0,1], (2=1,2,...,n).
For more related data connected with Mercer inequality, (see [23—34]).

Definition 1.2. [35] Consider & : [h » 4] cRo[h . 4] A mapping ¥ : [53,54] — R is known to be & —
convex on [h3,h4 , if for every x,ye [ﬁ fz ] and 2¢€[0,1], then

T(QAE(x)+(1-Q2)E(y))< 2 T(AL(x))+(1-2)T(E(y)). (4)

Otherwise, ¥ is called ZA-concave on [h,, h,].

It is clear that, if A(8) =6, then we get the classical form of convexity.

The Riemann-Liouville fractional integral operator (RLFIO) has several properties that make it
useful for mathematical analysis. For example, it satisfies the semi-group property, which means
that the composition of two fractional integral operators with different orders is equal to a fractional
integral operator with an order equal to the sum of the two orders. Additionally, it satisfies a version
of the Leibniz rule, which allows for the differentiation of a product of a function and a fractional
integral.

Despite its usefulness, the RLFIO operator has some limitations. One limitation is that it is not
well-defined for all functions, as some functions may not have a fractional derivative. Additionally,
the fractional integral operator is not a local operator, meaning that the value of the integral at a
point depends on the behavior of the function over the entire domain. It enhances inequality and opti-
mization analyses by using transformations which maintain, or even strengthen, convex properties.
A-convexity is useful in a variety of fields such as optimization theory, economics and applied mathe-
matics, especially in places where classical assumptions of convexity are overly stringent (see [36—41]).

Overall, the RLFIO is an important tool in fractional calculus, with various applications in different
fields. Its properties and limitations make it a valuable tool for mathematical analysis and modeling.

Definition 1.3. [42]: Let T ¢ LI[ES,E4]. The RLFIO J;‘S and Jé,if of order (>0 with ﬁs >0 are
defined by ’ )

J T ()= [ (- 2) 7 T(Q)d2, x>k,

hg

and

T (x) = [

-1 g
. Fl (@) s(@)de. x<h,

where J%h (x)= J}%T (x)=F (x).
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Throughout the paper, @1 corresponds to the hypothesis: J is an interval with A 4e J SO
that A, >h, 20 and A:J=[h,,h]—>R a continuous increasing function. Let ¥: I [

}E(ﬁ4 )} c R — R be a differentiable function on the interior I° of I.
While, A, corresponds to the hypothesis: For all x,ye [@,E],E >0, Qe [0,1].

Motivated by the aforementioned developments, the present work aims to bridge an important
gap in the existing literature by unifying the Jensen—Mercer inequality with RLFIO in the setting of
/-convex functions. Although considerable attention has been devoted to HHIs under various gener-
alized convexity conditions, the systematic treatment of Mercer-type fractional bounds for ZA-convex
functions remains largely unexplored. The flexibility offered by Ai-convexity, together with the power-
ful analytical machinery of fractional calculus, provides a natural and robust framework for deriving
sharper and more general integral inequalities. Furthermore, the connections between such inequali-
ties and special functions, particularly the Q-digamma and modified Bessel functions, open new ave-
nues for applications in mathematical analysis and related disciplines. The results presented herein
not only recover several known inequalities as special cases but also lay the groundwork for further
investigations in fractional convex analysis, quantum calculus, and optimization theory.

This paper is structured as follows and elaborates on the subject while drawing inspiration from
the vast body of literature in this discipline. In Section 2, we present the new jensen type inequality.
In Section 3, we explore the Jensen-Mercer type inequality for ZA-convexity. In Section 4, we attain
the new Mercer-Hadamard type inequalities for fractional integral operator. In Section 5, we add the
numerical validities of the newly obtained results. In Section 6, we present the applications for some
special functions. In Section 7, we provide the conclusion.

2. Jensen-Type Inequality
We first show the compulsory and basic results.

Theorem 2.1. Let M cR and T: M —R be a A&-convex mapping. Suppose there exists a map
AR —> R so that M is an A-convex set. Then the Jensen-type inequality

3| 2o Ax) < 2o TER,))

holds for all x,e M and o, € [0,1], (z :I,_n) with 2602 =1.
z=1
Proof. The above inequality is easy when we set n = 2. Now, let us assume that for n = & > 3 the
k

inequality is also true. Then for any x,,x,,...,x,€ M and y, >0, z =1,k with 272 =1, one has
z=1

3| 27 A |< 27T ().

k+1

If x,%,,...,%,,%,,,€ M and @, >0 for z=1,k+1 with Za)z =1, then one sets up
z=1

k
for all z= 1,_k With this, one finds Z 7. =1. Thus,
z=1
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z[z a)ZZE(xZ)]z T, B(x,) + -+ 0, B(x,) + o, Bx,.,))

=% ((1 -,.,) @ A, )1+_' '(;)Jr 0, () + o, Bx,,, )]

<A-0, )T Ex)+ -+ y,8x,) + o, F(Ex,,))
S -a, )[rnT(EX)) +- + 1, T(E(x, )] + o, T(X(x,,))

= (1 - a)k+1)
><|:1 _(1)1 ‘I(IZE(xl )+t _a)(}; T(E(xh )):| + a)kﬂ‘z(lz‘E(karl )
= ;wz‘l(fE(xZ ).

So, the mathematical induction yields the proof.

3. Jensen-Mercer inequality for ZA-convex functions

Lemma 3.1. Let M R be an interval, {ZE(xk)}Z=1 € M be a finite positive increasing sequence and
T:M —> R be a &-convex function on M, then

T(Ax,) + B(x,) - Ax,)) < T(Alx,))+ T (Alx,)) - T (Ax,)),

forall1<k<n.

Proof. Let A(y,)=A(x,)+ A(x,)— A(x,). Then A(x,)+ A(x,)=A(x,)+ A(y,) so that the pairs
(A(x,), A(x,)) and (A(x,), A(y,)) possess the central point. Recall that there exists A such that

A(x,) = AE(x,) + (1 - 1) Ax,),
Ay, =1 - DA, + AX(x,),

where 1 < A<n and 1<k <n. Using the A-convexity of T, one has

T(E(y,) =T(A - ) Ax,) + AX(x,))
<A -D)T(A(x,)) + AZ(A(x,))
= T(A(x,)) + T(A(x,)) - (AT(A(x,))) + (1 - )T (&(x,)))
< T(A(x,)) + T(H(x, ) — T(AER,) + (1 - ) A(x,))
= T(A(x,)) + T(K(x, ) — T(A(x,)).
Therefore, the inequality (5) follows from A(y,) = A(x,) + A(x,) — A(x,). Ul

Theorem 3.1. (Jensen-Mercer inequality for Ai-convexity) Let M cR be an interval and
T:M — R be a &-convex function. Then

5| ABx,) + Ax,) —kz_,a)kPE(xk) < T(A(x,)) + T (Ax,)) - kz,wkz(m(xk)), (6)

for a positive finite sequence {A(x,)}, € M and , e [O,l],(k = 1,_n) with Za)k =1.
- k=1
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Proof. It follows from Theorem 1.1 and Lemma 3.1 together with the A-convexity of Q on the interval
M that

T| Bx,)+ Alx,) - kzwkm(xk)]: s(kz o, (A(x,) + B(x, ) - Alx,))

n

< : 0, T(A(x,) + Ax,) - A(x,))

s

IA

e @, [T(A(x,)) + L2(E(x,) - T(A(x, )]

=

— T(A(x,) + T(A(x, ) - ; 0, T(Hx, ),

which completes the proof. O

4. Mercer-Hadamard inequalities for fractional integrals:
By using Mercer inequalities, HHIs in fractional integrals form are given as follows:

Theorem 4.1. Let E:I:[ﬁ h ]%SK be an A-convex positive function with 0<h,<h, and

- < 32774
AdJ= [hs,h4] — R a continuous increasing function under the condition as defined in A , then

A(x)+A(y)

z[m(ﬁ?,) +E(ﬁ4)—#]ﬁ T(&(h,))+ (& (R))

r(e+1) / f
2(B(y) - B(x)) {J wy TEO) I T<E(x))} ()
< - _ A(x)+&E(y)
_S:(E(h3))+z(}E(h4))—‘3:[ : y]
Proof. The Mercer inequality yields that
T E(ﬁ3)+ﬂ(ﬁ4)—ﬂ(ul)gﬂ(“) sz(,ﬂa(ﬁg))m(a(@))_E(E(ul));f(f@(vl)) @®

for all A(u,),A(v,)e [E(@),E(El)]
Now, by change of variables u, =2 A(x)+(1-2)A(y) and v, =01-2)E(x)+2 K(y),
VAE(x),E(y)e [E(@),ZE(EI)] and Qe [0,1] in (8), we get

s| m(h)+ m(h,) - B EG)
( 3) ( 4) 2 (€))
T(2(x) +1- DE(y) +T(( - QE(x) + 28(y))

2

<% (&(h,))+3(&(h,))-

Product with the term 2" and then anti-derivative the obtained inequality with respect to (wrt)
Q over [0,1] to get

b (5 () - O <) () )

-2 (3 (@B() + (- 2) () + T((1- 2) B(x) + 2())d2]



Nasir J et al., Results in Nonlinear Anal. 9 (2026), 105-130 111

-~ -~ A(x)+ Ay -~
‘Z[E(hB) +}E(h4)—%]s T(&(h,))+ T (& (v))
r(t+1) {
2(Z&(y)- &(x))
and so the first part of (7) is proved. Now, we will go with (7) second part, we first note that if con-
vexity on ¥ holds, then for Q¢ [0,1], it yields that

S[/E(x)+/E(y)J:E(Qﬂ(x)+(1—Q)E(y)+(1—Q)E(x)+QAB(y)]

2 2

T(RA(x)+(1-2)E(y))+ T((l—.Q)PE(x)+Q}E(y)).
2

Product with the term £2" and then anti-derivative the obtained inequality wrt Q over [0,1] to
obtain

(10)

T S(EG) + I ()]

(11)

lg[fE(x)”E(y)J
l 2
<[ 0 (x(0m(x) +(1-2) ) +3((1- ) Bl 2BW)de  az)

o RO <D, o) g )

Multiplying by (1), one gets

r(e+1) {

2(A(y)-AB(x)) Ty (B + I

[2(x)]" [&(y

)]Z(E(x))}s—f[w} (13)

Adding T(Z&(h,))+ T(Z®@)) in both sides of (13), we get the second inequality of (7).
3

Remark 4.1. If we choose ¢ =1,x = 53 and y= 54 in Theorem 4.1, we get Theorem 3 of [42].

Remark 4.2. If we choose (=1 and A(6)=6 in Theorem 4.1, we get Theorem 2.1 of [25].

Lemma 4.1. Consider the considerations with Q1 and A, if T'e L[PE(H%),ZE(@)} for IE(E?) ,
ZE(h )e I, then

4

T(&(h,) + B(h,) - B(x))+ T (A(h,) + B(h,) - A(y)) r(e+1)

2 2(AB(y) - A(x))

X{J(ém(ﬁgﬂm@)_m(x)) —-% (IZE(flg) + PE(E) — fE(y))

(14)
+J! +T(1E(ﬁs)+1@(ﬁ4)_}E(x))}

(g )+ APy~ A x)
:—‘E(y);‘ﬁ(x)j:[g‘ ~(1-2) | %(&(h,)+ B(R,) - (2 &(x))+ (1- ) B(y)) d2.
Proof. It suffices to show that
E(y)-A(x)
2

[[e-(-9) |z(&(R)+ &(h)-(@E8(x))+(1-2) B(y)) de. (15)
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where

‘mﬁgf‘lf(@(’%)%(1)—(Qﬂ(x)+(1—.o)m(y)))dg

_ T(E(ﬁ3)+‘@(ﬁ4)—1@(x))
A(y)-A(x)
_ r'(’+1) ,
(ZE(y)_}E(x))m ((hg 4 28(hy )-A(x)

T (Z&(hy)+ & (h,) - E).

Similarly,

I(0+1) ,
B (y) - A(x)" (B 20)

Combining (16) and (17) with (15), we get (14).
Corollary 4.1. By choosing ¢ =1 in Lemma 4.1, then

T(A(h,) + A(h,) - B(x)) + T (B(h,) + B(h,) - A())
2

1 Z(hg)+E(hy )-E(x)

—— T(2)dQ2
A(y) — A(x) I8y )+ B(hy)-E(y)

- y;x [[a-20p(h+h, -(20+(1-2)y))de.

(16)

17)

(18)

Remark 4.3. By taking A(0)=6,x = ﬁs and y= ﬁ4 in Corollary 4.1, [Lemma 2.1, [43]] is obtained.
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Theorem 4.2. Consider the considerations with QI and A, and T'e L[PE(ES),}E(Z)J for
}E(hs), PE(h )e 1. If the A-convexity of |‘I| on [h h ] holds, then

‘z(@(@)+/E(E4)—E(x))m(ﬂ(@)+,E(ﬁ4)—m(y))_ r(+1)
| 2 2( A(y) - A(x))
x{J(E(WEWE(x)) — T (AR, + A(h,) - £())
_ _ (19)
FT iy 5 () + 2GR~ E(x))}
E(y)- A& : +|T (£(y)
BB el (- O
Proof. From Lemma 4.1 and Mercer inequality with Z-convexity of | '], one has
5 (B + B(h,) - BE)+ T (BR)+ ER)-BOD) 1)
| 2 2(&(y) - B())
AT i) — (R + Bh,) = ()
J(l}E(hfa) E(hy)-E(y)) + ‘I(‘E(ES) + IZE(E‘*) - E(x))}
SMJ Q' - (1- ) || (B + A(h,) - (28 (x) + (1- ) E(y)) )| de
fE(y)zf'm‘(x) { [F(1-2) -2) (20)
x{‘T' (&(h,))+ ) -(2]z ()|« 0-2)F (B())}de
+E(Q”—(1—Q)‘)
{5 (8 (R) + |- (2]z (&()+0-2) (}E(y))‘)}dﬂ}
_ E(y);E(x)[vl +02],
where
o = (% (A () + [ (B(R )))F(u—g)" -02')de
{“I U (e-0) -e")de+| (A(y)|[*(1-2)" -2 (1—.(2))d.(2}
ot . 1 1 @1)
(= (2(8)+[= (E(h4)))[(£+1)_(€+1)2‘]

, 1 1 : 1 1
_{‘T (E(x))‘((f +1)(r+2) (r+1)27 },‘z (E(y)>‘[(€+ 2) %(r+1)2" ]}
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and
&(h,)) )J’f((l ) -')de

ol ot
1(_0“1 _o(- _Q)‘)d.o+\5’ (& ()

)
_{‘T(‘E(’C)) 1

(1-2)e -a- .Q)m)d.Q}

, 1 1 (22)
:(‘g( ‘z )))[(£+1) (£+1)2’~'J
, 1 1 , 1 1
_{‘E (‘E(x))‘[(g +2) - (£+1)2™ J+ ‘T’ (E(y))‘((z +1)(¢+2) - (£+1)2™ J}
By combining (21) and (22) with (20), (19) follows. ]

Remark 4.4. If we choose &(0)=0,x = ng and y= 54 in Theorem 4.2, [44]] follows.

Corollary 4.2. If we choose ¢ =1 in Theorem 4.2, then

5(#(A)+ B(h) - Bew)+ 5(£(h) + B(h,) - £0)
‘ 2

1 (g )+ Ay )~ (%)
Tﬂwﬂﬂmhwﬂmﬂwﬂ0”4

< B2 (5 (0 +

2(0.)))-1{[¥ (B)] +[< (2())) |

Theorem 4.3. Consider the considerations with Q1 and A, and T'e L }E(h)}E(l)J for
ZE(h3), ZE(h )e 1. If the A-convexity of |T| on [ h A ] (withg>1) holds then

(8 () + () - ¢ (B(R) + BA)-E) Ay
\ 2 2(A(y) - A(x))’
X{J({/E( st )~ T (B) + (R, ) - A())

(23)

Jel-2)
_{(Ifw(x»l T )(g 1(1‘%}

Proof. Assume first ¢ = 1. Due to Lemma 4.1 and Mercer inequality with ZA-convexity of |T|q, one has

‘z h)+&(h)-B(x))+T(£(h)+ B(R)-E())  A@r+1)
‘ 2 2(A(y) - A(x))’

X{J(//E%)wﬂ(ﬁu—mw) — (& (h,)+ E(R,) - &(y))
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+J(“/E(}53)HE(54)7/EM) +T(1§E(ﬁs)+ PE(E)— E(x))}

Swmgu(l_g)‘us’( A(R)+ B(h,) (28 (x)+(1-2) B(»))) d2

FZEE Fo-a) )

IA

o[ (R)-(2]z (£ @)+ 1- 27 (£ ()] de

E(h))-(2]z (B)|+1-2)7 (E(y))‘)}d!)]
By using calculus tools, we obtain

< EQ) - Ax) mg (E ; ))

2 A ) (-2 )

(|5 (A (x))|+]T (E(y))\){glﬁ[l ‘zi/JH

Secondly, suppose that ¢ > 1 and using Lemma 4.1 with power mean inequality, we get

”Q (1-92) Hi hy)+ &(h,)- (.QE(x)+(1_Q)IE(y)))‘dQ
S(Hl‘g —Q'}dg) ¢
{Hlo-ar e (5(h)« £(05)-(@5(0) -2 B0 a2 .

By using the A-convexity of |T| , with Mercer inequality, we obtain

(#(h)+ B(R)-B(x))+T(E(h)+ B(R)-BG) A+
\ 2 2(A(y) - A(x))'
><{J(I/E(h Jo(h)-) (& (h,)+ &(h,) - B())

S—“(E(y)_‘ﬂ(x)(f((1—g)" -2')da+ (2 —(1—(2)")d9jq
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x[mu —0) -o
x{‘f (4 (h)) +[= (&) -2 (&) +0-2) (E(y))q)}dg}q
B E(y)—E(x) 1_5
- 2
N N TR A 1
xms (& (k) +[7 (£ (h)) ){m(l—%2, ]}
_(\s’ (& (x)) +[F </E(y))q){zi1(1_%%jﬂq‘
O
Remark 4.5. If we choose x = fzg and y= ﬁ4 in Theorem 4.3, then it reduces to [Theorem 5, [42].
Theorem 4.4. Consider the considerations with QI and A, and T'e L[E(ﬁs),ZE(ﬁ4)} for
E(hg),ﬂ(h4)e I.1If |T’|q is Ai-convex on [h,,h,], q > 1, then
‘Q(/E(ﬁs)+}E(ﬁ4)—E(x))+$(£(ﬁb,)+}E(ﬁ4)—}E(y))_ A(r+1)
\ 2 2(/E(y) - A(x))’
x{J(é/E(h o —S(IE(}VLS)+1E(V4)—E(}’))
+J(IE(}%) (i) 50) +T("E(ﬁ3)+ ZE(}A)—}E(JC))} (24)

Proof. From Lemma 4.1 and Mercer inequality with A-convexity of |T’|q and the famous Hélder’s inte-
gral inequality, we have

5(8(R) + () - 2(x)) + 7 (£ () + () - ()

‘ A(r+1)
2

 2AA(y) - B(x))’

X{J@(ﬁs)%(ﬁn—m(@) — (& (h,)+ B(R,) - £(y))

R A )

(E()-E()

o}
= /E(y);ﬂ(x)[ﬂ Q-(1-9) pd.Q)”
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1s’(/E(ﬁg)+E(a)-(gm(x)+(1-9);E(y)))ng)q

1

Aa-a) - )d_(2+j2(.(2’ (1- Q)”)pd.ojp
() < () Jjas)

Here, we use the fact that (M - N)" < M” — N” for any M >N 20 and p 2 1. By using the calculus
tools, we obtain

|

By
—
=

|
By
O
TN
'—MT,_.

-(ef (EE) +1-2)F (£()

o[ ()

{lteaag oy O

Remark 4.4. If we choose x = ﬁg and y= ﬁ4 in Theorem 4.4, then we get [Theorem 6, [42]].
Corollary 4.3. By choosing ¢ =1 in Theorem 4.4, then

(48 (h,) + B(h,) - B (x))+ T (8 (h,)+ B, ) - A (y))

‘ 2

B 1 A (hy )+ B(hy )-B(x)
A (y) — A (x) 5 ) B{h)-5()

SE(y);E(x)[pi1£1—2ipD;
e sl tm@)-H -

Theorem 4.5. Consider the considerations with QI and A, and T'e L[E(HS)JE(V )} for
/E(h ) E(h )e I. If|‘I| is Ai-convex on [h h 1, q>1, then

q

+|T(£(6,) T T (£ ()

(4 (A) + B(h) - B(x)) + T (& (R)+ B(R)-B) A

| 2 2(&(y) - Ax))
X{J((/E(hg)wtﬁ )~ T (R)+ & (R,) - & ()

gt~ () + 2B(A,) - ()|
S |
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, p 2£’q+2 _fq_l_ €q+3 2(qe—1n(2)éq
—{\f () [ Vo)

4(&1 + 1)(€q + 2)2/:q
q [(ﬂq +1)2M+1 _(gq +2) ]}
(2€2q2 +6/q + 4)2/,’(1
+UT ((R,)) J{@‘z_l);] .
—{‘T (/E(x))" {(fq +1)(2’€I+2 _1) —(tq+3)—(tg+ 3)e—m(2)¢q ]

+|T (£(y))

' +“§ (AE(E))

4(Lq+1)(tq+2)

1
q 29 _pq —2 !
(20°¢* +60g+4)2° |||
Proof. From Lemma 4.1, Mercer inequality with ZA-convexity of
inequality, one writes

'SZ (A7) + B(ha) — A(x)) + T (AB(hg) + &(ha) - A(y)) r(e+1)
2 2(A(y) - A(x)’

- X(AB(hs) + A(ha) — A(y))

+|T (£(y))

7" and the famous Holder integral

T ati)e 500956

o - <(am(h)+ (h) - )

(ko) + (1) - 2(5))

‘E(y);‘w/;’gf— (1- Q)“ | (A (k) + 2 (hy) - (QE@) + (1- Q) E()) )| d

B - B [ [ »
R ( /0 1de)

1

1 . . q
([ lo- - " 1 (i) + () - @)+ (1- 0 )| a2

X

A(y) - A(x)
2

[/02 ((1— Q) - Qé)qyz’ (B (hs) + A (hs) - (QE@+ (1- Q) A(y)))|?dQ

1 . . q
/1 (0~ (- )| (& (hs) + (k) - (A + (1- Q)E(y»)yqdn}

+

2

&) - A() [ /% ((1- - o)
0

2

{7 @)+ [ (B() "~ (@IF E@)|*+(1- D 7 (E)[Y) }do

+ /11 (Q- 1- ")

2
1

y {\:c' (& (hs)) "+ |5 (AB(h)) "~ (Q|T (B@)|"+(1- ) [T (EG) | }dQ] ‘



Nasir J et al., Results in Nonlinear Anal. 9 (2026), 105-130 119

Here, we use the fact that (M—N)‘9 <M°?-N? forany M >N >0 and 6> 1.

Ay) - A%

- BOZEOT (o (i) 7 () ) [ (- @ ) a
- { I () |‘1/O% (e(- 9"~ Q1) do
+m«mmﬁééﬂbﬂwﬂ—d%kﬂﬁﬂ%

+ (17 @)+ 17 (® ) ") [ (27- - @) de

- {|{Z/(5E(x)) |q/11 (Q”‘I”_ Q(1- Q)ﬁq) do

1
q

1
+ |T(EW|" [ (Q4a- - (1- ! dQH
T@EO[ [, (2U0-0-a- o)
E)- A

© B o 00 ()

- T (E@)|* 2072~ fg— 1- (fg+ 3) 2'9e” M
4(fq+ 1) (Yg+ 2) 2/

(fg+ 1) 2'7" 1 — (lg+ 2)
(202q2+ 6Lg+ 4) 2%

+rwmww(

(1 @) "+ 15 (B0 ) (o7

, q [ Ug+ 1) (2(’q+2_ 1)_ (Lg+ 3)— (fg+ 3) e "D
- {\s (&) < A(lq+ D) (ig+ 9)

2€q+1_ Eq— 2 ?11
' q
[T (&) | <(262q2+6£q+ 4)%) }] |

O

Lemma 4.2. Under the considerations with Q1 and A,, and if " € L[ (hs), & (hs)] for B(hs), B (k) € I,
then

T(A(hs) + A(hy) - Blx)) + T(A(hg) + Blh) - By))  T(e+1)

2 2(&(y) - A(x))’
3 i) =)+ )~ B
+%Mmﬂﬁ¢mmyﬂﬂ%ﬁﬂww—ﬂ@” (26)

_ (ABG) - Ax)*
2
-1 1_ (1_ Q)f"’l_ Qf‘i’l
o R

T (A (hs) + B (k) - (Q E@®+ (1- Q) A(y)))dQ.
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Proof. It suffices to show that

(&(y) — B(x)>
2
11— (1_ Q)K'Fl_ Qk+1
X/o I+ 1

T (B (k) + B((h) - (Q E@+ (1- Q) A(y))dQ.

By taking

11_ _ H+1 i+1 . v
/0 1 (1 Q) Q T//(E(h3)+E(h4>_(QIE(x)+(l—Q) E(y)))dQ

¢+ 1

and integrating by parts, we have

-+ ] ! oV Of) « y A _
= 2= B ((1 Q)'- 0 ) T (& (h) + B (hy) - (Q B0+ (1- Q) A(y))dQ
_—u+y {—E(E(h3)+ A (hy) - B(x) - T (B(hs) + B(hs) - BQ))
A(y)— A(%) A(y)— A(x)
¢
T E) - B
1 ) v v
X /0 ((1— Q) Qf—1> T (B(hs)+ B(hy) - (QE®)+ (1- Q) A())) dQ}
_ £+1
- A - A
y [5(1@(/&3)+ B(hy) - Bx) + T (E(hs)+ B(h)- B@G) T+ 1)
A(y) - A (A(y)— B(x) !
oty sty OB+ (0 - 20
+ J(‘E (o) () 20)" T (B (hs)+ & (hs) - E()) H

2
Multiplying above by weﬁ’ we get

Remark 4.7. Choosing £(6) =6, x = ﬁS and y= 54 in Lemma 4.2, [Lemma 2.1, [45]] follows.

Theorem4.6. Consider the considerations with @1 and A , andif3" € L[Z& (hs) , & (hy)|for B (hy), & (k) € I.

1

If |z is &-convex on [h,,h,), g > 1, then
‘ﬂﬂ%ﬁﬂWOﬂﬂ@iT@@@“ﬂ@—ﬂwké FW%)(
(A(y) - £(x))
x{%%%%mwymw)smm@+3@@_mwn
+%%%%E@%E®ysmw@+5@@—m@»H @7)

< BB (N (o i) e () ) (25)

J4
_ (|(Z//(}E(x))|q+ |T”(/E(y))‘q> (2£+ 4):| ‘



Nasir J et al., Results in Nonlinear Anal. 9 (2026), 105-130 121

Proof. First, assume q = 1. Lemma 4.2 and Mercer inequality with Z-convexity of | T”|’ imply that

’T(}E(hs)+ A(hy) - B(x)) + T(B(hs) + Blha)- B)  T(r+ 1)
? 2(() - &)’

* { () () m(ey) = (Al) + Aila) = 25(3))

+ J(‘;E (is)s () (y))+‘I(E(h3) + A(hy) - A(x)) H

_ (EQ) - Aw)*
- 2

11— (1- Q- Q1
% /0 {+1

Because (1 - .(2)/'+1 - 02" <1, forany Qe [53,54] , then since |Z"| is AB-convex on [& (713) ,E(iq)] one has

1T (B (7)) + & (k) - (Q B+ (1- Q) A(y))|d

[T (& (k) + (k) = Q@ B@+ (1= Q) B))| < [T (B(h)) [+ |7 (B (h))|
~ (Q[F (B |+(1- Q) |T" (EG)]).

Therefore,
‘3(5‘3(7%% B(l)- EB(x)+ T(E()+ Bla)- Bp)) T+ 1)
’ 2(Z(y) - ()"
" { J(ZE(’%)”E(M)—E(JC))_ (k) + Blhe) - £())
* () m(h)- )y T ) ki) = E(x))}‘
. (BO) - Bw)’ /1 1- (1-)'- Q!
B 2 0 ’+1
X {|i” (B(R))|+ |37 (Ek))|- (7 [T (E@) | +(1- Q) |F"(EH)]) }dQ

(A0) - A ))2 " i " y ! + +
: g(u 1)x [(’T (& (hs)) [+ |7 (A*J(M))])/O (1- - a1

B {|T/(IZE(9C))}/OIQ<1— (1- Q)f’“_géﬂ)dg

1
« 5| [ a- 9 (1-0- o -2 da}]

- (EQ)- A®)’
26+ 1)

< |15 @)+ 15 ERD) (755 ) - 5755 (57 E) |+ |7 o)) |

£+ 2

Second, take ¢ > 1. Using Lemma 4.2 with power mean inequality,

.1 v ¥
/0 (1- ="' -} [7(&B(h)+ (k) - Q@ B@+ (1- Q) £))|dQ

1 . -3
< </O (1—(1—Q)f _qf 1>d£2>

x (/1 (1— (1- Q)+ 1 - Q‘f“) T (& (k) + &(h) - (Q B(x)+ (1- Q) E(y)))|qd§2>
0

1
q
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Hence, by using Z-convexity of |T”| ,

v

‘S(E(hw Eha) = Blx)) + T(ABhs) + Blha) - Bl)) (e )

’ 2(B) - B)
X{ﬁ@%wwwfww )~ 50
+ ! T (B(hs) + Ay ’

(2 (7 )+ 2(ha)- 2(y))
(B - B@)® [ 1 /+1
< 5 </0 (1 (1- Q*1-Q dQ)
! _(1_oV1_ o~+1
x [/0 (1- a- @ 1- o)
1

« { T (& () "+ |5 (B ()"~ (@ (E) [T+ 1- | T (E )| }dQ] ‘

_(E)- Bx)® [ \"a
h 2 [+ 2

[ (1 ) o = e

- (\T’ (E() |7+ |T" (&) \") (

)

+
Remark 4.8. Taking A(6) =6, x = 53 and y= 54 in Theorem 4.6 and m = 1 in Theorem 2.2 in [45] are
found to get the same result.

It ends the proof.

Corollary 4.4. Taking (=1 in Theorem 4.6, one has
'T(ZE(%?,H Ahs) - B») + T (Blhg) + Blhy) - Aly))

2
1 A hgy+ B(hy)— A(x) T do
Ay~ A% J By By - By

(28)
. ([EQ)- Bw@)® 1\
2 3

1

1 1 q
x |5 (17" (BO) [+ [T (£ |*) - 5 (1T (B@) "+ | T (EW) ")

Theorem4 7. Consider the considerations with @1 and A, and |T | € L|& ( 3) (E)}for}E(}vzg,), E(ﬂ;) el
[h h] q > 1, then

2 2((y) - A(x))'

'T([E(hg) + A(hy) - AB(x))+ T(A(hs)+ Z(hy) - Z(y)) r(+ 1)

T(A(hs) + A(a) - A(y))

" { J(ng(hs)”E(M)-/E(x))_

L Jt - S (A(hg) + A(hy) - A(x)) H

(#(ha)+ (0 )- 2(5))
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. (B(y)- B@)? ((e+ 1) p-1 ;
B 2(0+ 1) (l+ 1) p+ 1

x[(vymAyﬂgNQ+sngxhg)q)__(V?%Aﬂwﬂq;rfwﬂﬂwnq>]é

(29)

Proof. From Lemma 4.2, Mercer inequality with A-convexity of | T”|? and the famous Hélder integral
inequality with ¢! =1 —p,

'T(zZE(ilg) + 12E(il4) - IZE(DC)) + T(A*](}VL?)) + }E(}VM) _ 1ZE(y)) B 1—~(£+ 1)
o 2(28(y) - 25()’

X{%MmMng@yﬂE%ﬁﬂW@—E@)

T e (i) ) )~ () )H

o (B - Ew@)*
B 204+ 1)

.1 v v
8 /0 (1_ (1- Q) '- Q””) | (& (hs) + &E(hs) - (Q E()+ (1- Q) A(y))|dQ

(B(y) - B(9)? [ 1 AEDVIRVISRN
: 200+ 1) (/o (1_(1_9) - O )dQ>

1
q

1 v v
X (/O | (& (hs) + A(hs) - (Q A0+ (1- Q) }E(y)))|qd9> .
Here, we use the fact that (M—N)a <M’ —-N? forany M >N >0 and 6> 1.

(1_ (1_ Q)€+l_ Q[+ 1)pS 1— (1_ Q)(£+ Dp Q([+ 1p

(BO) = B [ [V 1 on D oD »
: 200+ 1) (/0 (1 (1= ) @ p)dg>

X [OQW@E(EQHq+|T”@E(hO)W)_

g [ g !
<|fz’/(,@(x))\ | das @ [ (-9 dQﬂ .
0 0
By using calculus tools, we get (29).

Remark 4.9. Taking A(6) =6, x = ES and y= 54 in Theorem 4.6 and m = 1 in Theorem 2.4 in [45] are
found to get the same result.

Corollary 4.5. Taking { = 1 in Theorem 4.7, then

‘ﬂﬂ@+ﬂ@—ﬂm+mﬂ@+ﬂ@—ﬂm
2

1 B hay+ Ahy)— A(x) () dQ’
Ay) = AA%) JE(hgy Bhy)- Ely)
. (BO)- B@)® (-1
- 4 2p+ 1

1

. !
xhﬁ%ﬂwmﬁ+Z%Eme%QGT%HmW+WREwWO3
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Theorem 4.8. Consider the considerations with @1 and A,, and |‘Z"| € L|& (713) ,}E(ivu)}for}E(izg), E(ﬂ;) el

If 12" is &-convex on [53,54], q > 1, then
"Z(E(izg) + E(im) - A(x))+ ‘I(/ZE(}VZ;;) + }E(lvz4) - A(y)) _ e+ 1)
2 2(&(y) - A(x))'

A(hs) + A(a) - A(y))

“{ (o) m(0)- 2

T i) n(h) ) ) )~ 20

< (&) - A(x)*
200+ 1)

<[ G 2 ) (D)

L+ 1)g-1)\11
(20+ 2) q+ 2)] '

(30)

- (15 @) 7+ 2 (&)
( )

Proof. From Lemma 4.2, Mercer inequality with ZA-convexity of | £”|? and the famous Holder integral
inequality with ¢! =1 — p~!, we have

“Z(EGB) + B(hy) - B(x) + T(AB(h)+ Bh)- B)  T(+1) |
’ 2(8(y) - B(x))’

U atie ) e TR)+ (R~ EO))

i) =) ()~ ) H

< (&) - Ex)*
N 24+ 1)

1 v v
X /0 (1— (1- Q)*1- Q””) | T (A (hs) + A& (he) - (Q B+ (1- Q) A()))|dQ

(B()- Bx)® [ [ »
S TeuF D (/01d9)

1

) ] ] 1
x [/ (1— (1- Q) 1- Q“l)q 17 (A (hs) + B (k) - (Q B@+ (1- Q) A())| de| "
0
Here, we use the aspect as (M—N)e <M?-N? forany M >N >0 and 6> 1.

(1— (1- Q)“l— Q“l)q < 1-(1- Q)(H Da_ o+ g

< BOZ B (|2 i)'+ [+ (50|

X /1 (1— (1- @ DI 1>q> dQ
J0
1 ,
_ {|‘Z”(/E(x)) |q/ <Q_ Q(1- QI gt 1>q+1>dQ
0

1
q

+ [T (&) |‘1/01 (A-@- - @1 - a-pa ) dQH -
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By using calculus tools, we get (30) ]

Remark 4.10. Taking 4(6) = 6, x = ﬁg and y= ﬁ4 in Theorem 4.8 and m = 1 in Theorem 2.6 in [45]
are found to get the same result.

Corollary 4.6. Taking { =1 in Theorem 4.8, then
'T(E(h3)+ Al hy) - BAx))+ T (A hs)+ Bhy) - A(y))
2
1 H(hg)+ A(hy)— Z(x)
- EO) — Q) Jmig mh- 20

. (B - A’
- 4

T(Q)dQ

1
q

2q—-1

oz (T(E@["+ [T EO) )

2p—-1 1" 1"
| (5 @) [+ |5 e ) -

5. Numerical Validations

Example 5.1. (For Theorem 4.1) Let T(x)= 22, A0)=0,h3=0,h=2x=1y=2 and ¢ = 2. Since
T(x) =x” is convex, all conditions of Theorem 4.1 are satisfied. Then:

T (E(h3)+ A(hg) - w> =Z0+2-1)=%()=1,

y v +
() + T )~ T <w> 0+4-1=3
This confirms the inequality:
1<3,

which validates Theorem 4.1.
Example 5.2. (For Theorem 4.2) Let S(x)= ¢*, A0)=0,h=0h=22x=1,y=3, and ¢ = 1. Since
| T'(x) |=€* is convex, all conditions of Theorem 4.2 are satisfied. We compute:

Thy+ hy— 9+ Thy+ hy—y) _ e¥2+e??

] ~ 3.0538,
1 gt ha—y 3/2_ ,1/2

— [T Tx@da="% < 21606.

Y= X Jhgt hy—x 1

Thus, the left-hand side gives:

e3/2 + el/2

5 _ (e3/2 _ e1/2)

=13.0538 -2.1606 |= 0.8932.

The right-hand side bound from Theorem 4.2 with £ = 1 gives:

yo o (1— i) (W(izg) +1T'(h) | —W)

1/2 + 3/ 2 1
(1+ o2 - %) ~ 2(8.389- 3.059 ~ 1.334.
This confirms:

0.8932 < 1.334,
which validates Theorem 4.2.
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Example 5.3. (For Theorem 4.6) Let T(x) = x*, A(0)= 0, hs=1 hy= 3 x= % = %, =1, and g = 2.
Since [T"(x)| =12x2 is convex, all conditions of Theorem 4.6 are satisfied. We compute:

T"(x) = 1222,
19" ()19 = (12-1)2 = 144,
1T"(hy)9=(12-92 = 11664,

2

1T ()] = (12-2) = 729,
2

()7 = (12%’) _ 5625,

For the left-hand side of Theorem 4.6, we compute:
B 3 5 5\* 625
T(hg'i' h4—.’)C)— S(]_'F 3— 5)— T(é)— <§) = 1—6,
N 5 3 3\* 81
S(hg‘i‘ h4—y)— T(1+ 3— §>_ ‘I<§>— <§> = ]__6
The fractional integral term with £ =1 gives:

T'(/+ 1) )
2 A y) — Ax))" [J[fE(x)H T(ALy)) + "%ﬁE(y)]— T([E(x))}

1 hg+ hy—y
=— 1/ T(Q) dQ
y—Xx hg+ hy—x

g Q5 g
/ Q*dQ= {—}
3 5 |3
2
5 5
5V (3Y]_ L[z 243 _2ss2
2 2 5| 32 32 160
Thus, the left-hand side of Theorem 4.6 gives:

' 625, 81

1
5

“‘Tl_ﬁ— 18.01| = [22.06— 1801 = 4.05.

The right-hand side of Theorem 4.6 becomes:

-9 (L \"a
2 (+ 2

y y 14
X [(|S”(h3)|q+ 1T (h)|?) — = (IF" ()17 + 1T" ()17

1

{+ 2 20+ 4]
1 1

1 [1)\2 1 172

=—-| = 144+ 11664) - — (729+ 5625) —

5°(5) [(aar 116605 (7204 5625) ¢

1
23

L_ 52.05= 156.02

243

[3936- 1225672

U

This confirms:
4.05 <15.02,
which validates Theorem 4.6.
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6. Application inequalities for some special functions
6.1. Q-digamma function

Assume that 0 < Q < 1. The Q -digamma function ¢@. serves as a Q -analogue of the classical diga-
mma function ¢, as discussed in [46]. It can be defined as follows:

o Qj+v

=-In(1- Q+1 ,
0= ~In(1- Y +In(@ 3 Qm
= —In(1- Q) +In(Q) 2 1o QJU
For the case where Q > 1 and v > 0, consider
N \ > (j+v)
(pQ = —ll’l(Q— 1)+1n(Q) |iU— % Z Q ](]+ v)]
= —ln(Q— 1)+ln(Q) [v— %— 3 N ngjvl .
Fol=

Proposition 6.1. Suppose hs, hy,Q, q are reals so that 0< hs< by, g>1 and 0 < Q < 1. we have

(P{;Q(eﬁ‘ 02— x)+ (Pé (614 62— y)

2
Py (B1+ 83— 20— @y (B1+ 62— )
y—x

. -9 (21
h 4 2p+ 1

X [('@ég) (61) ‘q““ ‘(Pc(zg) (92)‘

holds for allv>0 and P =ﬁ~

: (\cpé‘”’) @'+ |of <y>]q>
)_ 2

Proof. By using the definition of Q -digamma function, we extract that the Q -trigamma function
T(v) = goé (v) 1s completely monotonically on (0, ). That implies the function ¢§)(v) is also completely
monotonically on (0, «) for each Q € (0,1) ( see in [47], p. 167). Corollary 4.5 with ZA(x) = x ends the
proof. ]
Proposition 6.2. Suppose hs, b, Q, q are reals so that 0< hy < hy, and 0 < Q <1. Then

(Pé(el"‘ 02— x)+ (Péz(el"‘ 02— )

2
(PQ(91+ 02— %) — (PQ(91+ 02— y)’
yo X (31)
< =%

4

(2) (2
(o @] o <92>>_( %5 ] g o |
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Proof. The inequality 31 is an immediate consequence from Corollary 4.2 with A(x) = x, when T = (0;1 .

O

6.2. Modified Bessel function

The modified Bessel function of the first kind, denoted by I, is represented by the power series (see

[46], p. 77)
E r+2k
L= ZJ—]—?‘

— E\[(r+k+1)

where ve R and r > -1.
On the other hand, the modified Bessel function of the second kind, denoted by K, is commonly
defined (see [46], p. 78) using the identity

z I,w-1w)

K. ()= 2 sin(rr)

In this context, we introduce the function A :R —[1,00) defined by
h@)=2"I'(r+1)v "I (v),
where I denotes the Gamma function.

Proposition 6.3. Suppose r > -1 and 0< ﬁs < 54, then

he(61+ 62— 0+ A (614 62— )
2

1 i13+714—x
e

Y= X Jhg+ hy-y

1
y—Xx 2 1 p
4(r+ 1) <p+ 1 (1_ %)) (32)

[91 [As 1 (01)|7+ B2 Ay 1 (82)]7

X

. x|h,+1(x)|q+y|h,+1(y)|qu
. .

For special case, if we have r = —%,

cosh(01+ 03— x)+ cosh(01+ B2— )
2

1 il3+ il4— X
- — cosh(Q) dﬂ'

Y= X Jhgt hy-y

1
i (8
4r+1) \p+1 2P

q
X |:91 + 92

(33)

q
T

2

sinh(x)
x

sinh(y) q 1
y q

sinh(0)
01

sinh(0s)
02

q X
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U
_hr+1 (U)

r+1
, the inequality (32) is reduced to inequality (33). [l

Proof. Applying Corollary 4.3 with A(x) = x to the mapping F(v) =, (v);v>0 and k, (v) =
Now, using A_, (v) = cosh(v) and h, (v) = sinh(v)

2 2

Conclusion

In this work, we have successfully established a Hermite-Hadamard—Mercer type framework for
A-convex functions using Riemann—Liouville fractional integral operators. Several key lemmas were
carefully developed, leading to a rich collection of new and meaningful inequalities. We believe the
ideas and approaches introduced here will open fresh doors for researchers working in this growing
field. Since convex functions lie at the very heart of modern mathematics, the results presented in this
work are expected to find natural and valuable applications across convex analysis, special functions,
quantum calculus, post-quantum analysis, optimization theory, and mathematical inequalities —
contributing meaningfully to both pure and applied mathematical sciences.
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