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Abstract
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1. Introduction and Preliminaries

Integral inequalities are mathematical expressions that establish bounds on the values of integrals 
involving real or complex functions. These inequalities are fundamental tools in analysis and have 
wide applications in approximation theory, functional analysis, and the study of differential equations. 
Examples include Hölder inequality, Minkowski inequality, and the Chebyshev and Jensen inequal-
ities. They are usually employed to compare the size or the behavior of functions being integrated, 
to approximate errors in numerical procedures, or to establish convergence of series and integrals. 
Integral inequalities have a key role to play in the formulation of different mathematical theories as 
they provide needed estimates for confirming existence, uniqueness, and stability results (see 1–15).

Fractional integrals have been used to expand and improve Mercer-Hadamard-type inequalities, 
especially when discussing Æ-convex functions, which are a generalization of standard convex func-
tions. The class of Æ-convex functions is a generalization of convex functions. These functions 
satisfy the inequality:

( (1 ) ) ( ) ( ) ( ) ( ), , , [0,1],x y x y x y Il l l l l+ - £ + " Î ÎT T T 

where ( )l  and ( )l  are weight functions that typically satisfy ( ) ( ) 1l l+ =  , and reduce to l 
and 1 – l in the standard convex case. This generalization allows handling more flexible functional 
behaviors than strict convexity, which is useful in modeling, optimization, and inequality theory. 
Fractional integral approaches have been used to generalize the conventional Hadamard inequality, 
which gives upper bounds for the determinant of positive definite matrices, resulting in new inequal-
ities that take fractional powers of integrals into account (see [16]). Sharper bounds for convex func-
tions, particularly those that meet Æ-convexity, a more generic type of convexity defined in particular 
functional spaces, are established by these expansions by utilizing the characteristics of fractional 
integrals. These inequalities can be used more broadly thanks to the use of fractional integrals, such 
as in higher-dimensional spaces or in situations where conventional convexity assumptions are vio-
lated. These inequalities can handle more intricate convex structures by utilizing fractional calculus, 
providing more accurate estimates that are helpful in functional analysis, mathematical physics, and 
optimization. In addition to enhancing the theoretical landscape of integral inequalities, the combina-
tion of Mercer theory and fractional integrals for Æ-convex functions offers useful tools for handling 
non-linear and higher-order convex functions in a variety of scientific and engineering applications.

Let 1 20 ... nn n n< £ £ £  and let ( )1 2, ,..., nw w w w=  be non-negative weights such that 
1

1
n

z
z

w
=

=å . The

most popular inequality due to Jensen (see [17])  states that T is a convex function on the interval 
1 2[ , ]q q , then

( )
1 1

,
n n

z z z z
z z

w n w n
= =

æ ö æ ö
ç ÷ ç ÷£ç ÷ ç ÷è ø è ø
å åT T (1)

for all ( )1 2[ , ] and each [0,1], 1, .z znu z nq q wÎ Î =
Convex functions are mathematical functions that display a particular form of “bowl-shaped” curve, 

which indicates that the line segment connecting any two points on the function’s graph is either on 
or above the graph.

Definition 1.1. [18] : I ® ÂT  is named as a convex function if

( )( ) ( ) ( ) ( )3 4 3 41 1 ,h h h hW W W W+ - £ + -
� � � �

T T T (2)

for all 3 4,   [0,1].I anh h d WÎ Î
� �

For the reversed inequality, T is called concave.
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The Hermite-Hadamard inequality (HHI) asserts that if : I Í Â ® ÂT  is a convex function in I, 
then

4

3

3 4 3 4

4 3

( ) ( )1   ( ) ,
2 2

h

h

h dh h h
h h

W W
æ ö+ +

£ £ç ÷ç ÷ -è ø
ò
�

�

� � � �
� �

T T
T T

for all 3 4,h h IÎ
� �

 with 3 4h h<
� �

. The reversed inequality is true if T and known to be concavity. For 
the amazing literature, see [19–22].

Theorem 1.1. If T is convex on 3 4[ , ]h h
� �

, we have

( ) ( ) ( )3 4 3 4
1 1

,
n n

z z z z
z z

h h h hw n w n
= =

æ ö
ç ÷+ - £ + -ç ÷è ø

å å� � � �
T T T T (3)

for all ( )3 4[ , ] [0,1], 1,2,..., .z zh h and all z nn wÎ Î =
� �

 

For more related data connected with Mercer inequality, (see [23–34]).

Definition 1.2. [35] Consider Æ 3 4 3 4: [ , ] [ , ].h h h hÌ Â ®
� � � �

 A mapping 3 4: [ , ]h h ® Â
� �

T  is known to be Æ – 
convex on 3 4[ , ]h h

� �
, if for every 3 4, [ , ]  [0,1],x y h h and WÎ Î

� �
 then

( ) ( ) ( )( ) ( )( ) ( ) ( )( )Æ 1 Æ Æ 1 Æ .x y x yW W W W+ - £ + -T T T � (4)

Otherwise, T is called Æ-concave on 3 4[ , ]h h
� �

. 
It is clear that, if Æ( ) ,q q=  then we get the classical form of convexity. 
The Riemann-Liouville fractional integral operator (RLFIO) has several properties that make it 

useful for mathematical analysis. For example, it satisfies the semi-group property, which means 
that the composition of two fractional integral operators with different orders is equal to a fractional 
integral operator with an order equal to the sum of the two orders. Additionally, it satisfies a version 
of the Leibniz rule, which allows for the differentiation of a product of a function and a fractional 
integral.

Despite its usefulness, the RLFIO operator has some limitations. One limitation is that it is not 
well-defined for all functions, as some functions may not have a fractional derivative. Additionally, 
the fractional integral operator is not a local operator, meaning that the value of the integral at a 
point depends on the behavior of the function over the entire domain. It enhances inequality and opti-
mization analyses by using transformations which maintain, or even strengthen, convex properties. 
Æ-convexity is useful in a variety of fields such as optimization theory, economics and applied mathe-
matics, especially in places where classical assumptions of convexity are overly stringent (see [36–41]).

Overall, the RLFIO is an important tool in fractional calculus, with various applications in different 
fields. Its properties and limitations make it a valuable tool for mathematical analysis and modeling.

Definition 1.3. [42]: Let 1 3 4[ , ].L h hÎ
� �

T  The RLFIO 
3h

J a
+� T  and 

4h
J -
�
� T  of order 0>�  with 3 0h ³

�
 are 

defined by

( ) ( ) ( ) ( )
3 3

1
3

1 ,
x

h h
J x x d x hW W W
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-= - >ò ��
� �
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�
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J x x d x hW W W
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-= - <ò
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��
�

�

�
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where ( ) ( ) ( )
3 4

0 0 .
h h

J h x J x x+ -= =� � T T
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Throughout the paper, Q1 corresponds to the hypothesis: J is an interval with 3 4,h h JÎ
� �

 so 
that 4 3 0h h> ³

� �
 and 3 4Æ : [ , ]J h h= ® Â

� �
 a continuous increasing function. Let ( ) ( )3 4: Æ ,ÆI h hé ù= Ì Â ® Âë û

� �
T  

( ) ( )3 4: Æ ,ÆI h hé ù= Ì Â ® Âë û
� �

T  be a differentiable function on the interior Io of I.

While, A1 corresponds to the hypothesis: For all 3 4, , , 0, 0,1 .x y h h Wé ùÎ > Îé ùë ûë û
� �

�

Motivated by the aforementioned developments, the present work aims to bridge an important 
gap in the existing literature by unifying the Jensen–Mercer inequality with RLFIO in the setting of 
Æ-convex functions. Although considerable attention has been devoted to HHIs under various gener-
alized convexity conditions, the systematic treatment of Mercer-type fractional bounds for Æ-convex 
functions remains largely unexplored. The flexibility offered by Æ-convexity, together with the power-
ful analytical machinery of fractional calculus, provides a natural and robust framework for deriving 
sharper and more general integral inequalities. Furthermore, the connections between such inequali-
ties and special functions, particularly the Q̀ -digamma and modified Bessel functions, open new ave-
nues for applications in mathematical analysis and related disciplines. The results presented herein 
not only recover several known inequalities as special cases but also lay the groundwork for further 
investigations in fractional convex analysis, quantum calculus, and optimization theory.

This paper is structured as follows and elaborates on the subject while drawing inspiration from 
the vast body of literature in this discipline. In Section 2, we present the new jensen type inequality. 
In Section 3, we explore the Jensen-Mercer type inequality for Æ-convexity. In Section 4, we attain 
the new Mercer-Hadamard type inequalities for fractional integral operator. In Section 5, we add the 
numerical validities of the newly obtained results. In Section 6, we present the applications for some 
special functions.  In Section 7, we provide the conclusion.

2. Jensen-Type Inequality

We first show the compulsory and basic results.

Theorem 2.1. Let M Ì Â  and : M ® ÂT  be a Æ-convex mapping. Suppose there exists a map 
Æ : Â ® Â so that M is an Æ-convex set. Then the Jensen-type inequality

11
( ) ( ( )),Æ Æ

n n

z z z z
zz

x xw w
==

æ ö
ç ÷ £ç ÷è ø
å åT T

holds for all zx MÎ  and ( )
1

0,1 , 1,   1.
n

z z
z

z n withw w
=

Î = =é ùë û å
Proof. The above inequality is easy when we set n = 2. Now, let us assume that for n = k ≥ 3 the 

inequality is also true. Then for any 1 2, ,..., kx x x MÎ  and 0, 1,z z kg > =  with 
1

1,
k

z
z

g
=

=å  one has
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z z z z
z z

x xg g
= =
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ç ÷ £ç ÷è ø
å åT T
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1
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=

=å . Thus,
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So, the mathematical induction yields the proof.

3. Jensen-Mercer inequality for Æ-convex functions

Lemma 3.1. Let M Ì Â  be an interval, { } 1
Æ( ) n

k k
x M

=
Î  be a finite positive increasing sequence and 

: M ® ÂT  be a Æ-convex function on M, then

( ) ( ) ( ) ( )1 1 ,Æ Æ Æ Æ( ) ( ) ( ) ( ) ( ) )Æ Æ(n k n kx x x x x x+ - £ + -T T T T

for all 1 ≤ k ≤ n.

Proof. Let 1 )Æ Æ Æ Æ( ) ( ) ( ) (k n ky x x x= + - . Then 1 )Æ( ) ( ) ( )Æ Æ Æ(n k kx x x y+ = +  so that the pairs 
1( ( ), )Æ Æ( )nx x  and ) (Æ Æ( ), ( )k kx y  possess the central point.  Recall that there exists l such that

1

1 ,
Æ
Æ

( ) ( ) (1 ) ( ),
( ) (

Æ Æ
Æ1 ) ( ) (Æ )

k n

k n

x x x
y x x

l l
l l

= + -
= - +

where 1 ≤ l ≤ n and 1 ≤ k ≤ n. Using the Æ-convexity of T, one has
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Æ Æ Æ
Æ Æ
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Æ Æ Æ Æ
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y x x
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l l

l l
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= - +
£ - +
= + - + -
£ + - + -
= + -

T T

T T

T T T T

T T T

T T T

Therefore, the inequality (5) follows from 1 .Æ Æ( ) ( ) ( ) ( )Æ Æk n ky x x x= + - � 

Theorem 3.1. (Jensen–Mercer inequality for Æ-convexity) Let M Ì Â  be an interval and 
: M ® ÂT  be a Æ-convex function. Then

( ) ( ) ( )1 1
1 1

( ) ( ) ( ) ( ) ( ) ( ) ,Æ Æ Æ Æ Æ Æ
n n

n k k n k k
k k

x x x x x xw w
= =

æ ö
ç ÷+ - £ + -ç ÷è ø

å åT T T T � (6)

for a positive finite sequence { } 1
Æ( ) n

k k
x M

=
Î  and ( )0,1 , 1,k k nw Î =é ùë û  with 

1
1.

n

k
k

w
=
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Proof. It follows from Theorem 1.1 and Lemma 3.1 together with the Æ-convexity of Ω on the interval 
M that

1 1
1 1
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1
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which completes the proof.� 

4. Mercer-Hadamard  inequalities for fractional integrals:

By using Mercer inequalities, HHIs  in fractional integrals form are given as follows:

Theorem 4.1. Let 3 4: ,I h hé ù= ® Âë û
� �

T  be an Æ-convex positive function with 3 40 h h£ <
� �

and 
3 4Æ : ,J h hé ù= ® Âë û
� �

 a continuous increasing function under the condition as defined in A1, then

( ) ( ) ( ) ( ) ( )( ) ( )( )
( )

( ) ( )( ) ( )
( )( ) ( )

( )( ){ }
( )( ) ( )( ) ( ) ( )

3 4 3 4

Æ Æ
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Æ Æ
Æ Æ Æ Æ

2
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Æ Æ
2 Æ Æ

Æ Æ
Æ Æ .

2

x y

x y
h h h h

J y J x
y x

x y
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G
+ -é ù é ùë û ë û

æ ö+
+ - £ +ç ÷ç ÷è ø
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£ + - ç ÷ç ÷è ø

� �
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� � � �

�

� �

T T T
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T T T

� (7)

Proof. The Mercer inequality yields that

( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )1 11 1
3 4 3 4

Æ ÆÆ Æ
Æ Æ Æ Æ

2 2
u vu v

h h h h
+æ ö+

+ - £ + -ç ÷ç ÷è ø

� � � � T T
T T T � (8)

for all ( ) ( ) ( ) ( )1 1 3 4Æ ,Æ Æ ,Æ .u v h hé ùÎ ë û
� �

Now, by change of variables ( ) ( )1 Æ (1 )Æu x yW W= + -  and ( ) ( )1 (1 )Æ Æ , v x yW W= - +  
( ) ( ) ( ) ( )3 4Æ ,Æ Æ ,Æx y h hé ù" Î ë û

� �
 and 0,1W Îé ùë û  in (8), we get
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� �
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T T

(9)

Product with the term 1W -�  and then anti-derivative the obtained inequality with respect to (wrt) 
Ω over [0,1] to get
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( ) ( ) ( ) ( ) ( )( ) ( )( )
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3 Æ
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� (10)

and so the first part of (7) is proved. Now, we will go with (7) second part, we first note that if con-
vexity on T holds, then for 0,1W Îé ùë û , it yields that
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Product with the term 1W -�  and then anti-derivative the obtained inequality  wrt Ω over [0,1] to 
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Multiplying by (–1), one gets
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Adding ( )( )3 )( )Æ Æ(h v+
�

T T  in both sides of (13), we get the second inequality of (7).

Remark 4.1. If we choose 31,x h= =
�

�  and 4y h=
�

 in Theorem 4.1, we get Theorem 3 of [42].
Remark 4.2. If we choose 1=�  and Æ( )q q=  in Theorem 4.1, we get Theorem 2.1 of [25].
Lemma 4.1. Consider the considerations with Q1 and A1, if ( ) ( )3 4,Æ ÆL h hé ù¢Î ë û
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Proof. It suffices to show that
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Combining (16) and (17) with (15), we get (14).� 

Corollary 4.1. By choosing 1=�  in Lemma 4.1, then
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Remark 4.3. By taking 3 4Æ  ( ) ,  x h and y hq q= = =
� �

 in Corollary 4.1, [Lemma 2.1, [43]] is obtained.
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Theorem 4.2. Consider the considerations with Q1 and A1, and ( ) ( )3 4,Æ ÆL h hé ù¢Î ë û
� �

T for 
( ) ( )3 4Æ Æ, h h IÎ
� �

. If the Æ-convexity of 3 4 [ , ]on h h¢
� �

T  holds, then
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Proof. From  Lemma 4.1 and Mercer inequality with Æ-convexity of | |¢T , one has
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and 
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By combining (21) and (22) with (20), (19) follows. 

Remark 4.4. If we choose 3 4Æ  ( ) ,  x h and y hq q= = =
� �

 in Theorem 4.2, [44]] follows.

Corollary 4.2. If we choose 1=�   in Theorem 4.2, then
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Theorem 4.3. Consider the considerations with Q1 and A1, and ( ) ( )3 4,Æ ÆL h hé ù¢Î ë û
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T for 
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. If the Æ-convexity of q¢T  on 3 4[ , ]h h
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 (with q ≥ 1) holds, then
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Proof. Assume first q = 1. Due to Lemma 4.1 and Mercer inequality with Æ-convexity of q¢T , one has
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By using calculus tools, we obtain
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Secondly, suppose that q > 1 and using Lemma 4.1 with power mean inequality, we get
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By using the Æ-convexity of q¢T , with Mercer inequality, we obtain
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Remark 4.5. If we choose 3x h=

�
 and 4y h=

�
 in Theorem 4.3, then it reduces to [Theorem 5, [42].

Theorem 4.4. Consider the considerations with Q1 and A1, and ( ) ( )3 4,ÆL Æ h hé ù¢Î ë û
� �

T for 
( ) ( )3 4,ÆÆ h h IÎ
� �

. If q¢T  is Æ-convex on 3 4[ , ]h h
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, q > 1, then
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Proof. From Lemma 4.1 and Mercer inequality with Æ-convexity of q¢T  and the famous Hölder’s inte-
gral inequality, we have
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Here, we use the fact that ( )p p pM N M N- £ -  for any 0M N> ³  and p ≥ 1. By using the calculus 
tools, we obtain
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Remark 4.4. If we choose 3x h=
�

 and 4y h=
�

 in Theorem 4.4, then we get [Theorem 6, [42]].

Corollary 4.3. By choosing 1=�  in Theorem 4.4, then
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Theorem 4.5. Consider the considerations with Q1 and A1, and ( ) ( )3 4,ÆL Æ h hé ù¢Î ë û
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T for 
( ) ( )3 4,ÆÆ h h IÎ
� �

. If q¢T  is Æ-convex on 3 4[ , ]h h
� �

, q > 1, then

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )( ){
( ) ( ) ( )( ) ( ) ( ) ( )( )}

( ) ( ) ( )( ) ( )( ) ( )

( )( ) ( ) ( )

( ) ( )

3 4

3 4

3 4 3 4

3 4Æ Æ

3 4Æ Æ

3 4

ln 22

Æ Æ Æ Æ Ã 1
2 2(Æ( ) Æ( ))

Æ Æ

  Æ Æ

2 1
2 1 2

2 1 3 2
4 1 2 2

Æ h h x

Æ h h y

qq q

q

qq q
q

q

Æ h h x Æ h h y

y x

J Æ h h y

J Æ h h x

Æ y Æ x
Æ h Æ h

q

q q e
Æ x

q q

+ -

+ -

¢ ¢

-+
¢

+ - + + - +
-

-

´ + -

+ + -

é æ ö- -æ ö£ +ê ç ÷ç ÷ ç ÷+è øê è øë

- - - +
-

+ +

+

�

�
� �

�
� �

�

�

�� �

�

� � � �
�

� �

� �

� �

�

� �
� �

T T

T

-T

T

T T

( )( ) ( ) ( )
( )

( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( )( ) ( )

1

2 2

3 4

ln 22

1

2 2

1 2 2
2 6 4 2

2 1
1 2

1 2 1 3 3
4 1 2

2 2
2 6 4 2

q
q

q

qq q

q

qq
q

qq

q

q q
Æ y

q q

Æ h Æ h
q

q q q e
Æ x

q q

qÆ y
q q

+
¢

¢ ¢

-+
¢

+
¢

ì æ öï ç ÷í ç ÷ï è øî
üæ ö+ - + ïç ÷+ ýç ÷+ + ïè øþ

æ ö-æ ö+ + ç ÷ç ÷ ç ÷+è ø è ø
ì æ ö+ - - + - +ï ç ÷- í ç ÷+ +ï è øî

üæ ö- - ïç ÷+ ýç ÷+ +è øþ

�

�

�

�

��

�

�

� �

� �

� �

�

� � �

� �

�
� �

T

T T

T

T

1

.
qù

ú
úïû



118

( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )( ){
( ) ( ) ( )( ) ( ) ( ) ( )( )}

( ) ( ) ( )( ) ( )( ) ( )

( )( ) ( ) ( )

( ) ( )

3 4

3 4

3 4 3 4

3 4Æ Æ

3 4Æ Æ

3 4

ln 22

Æ Æ Æ Æ Ã 1
2 2(Æ( ) Æ( ))

Æ Æ

Æ Æ

2 1
2 1 2

2 1 3 2
4 1 2 2

Æ h h x

Æ h h y

qq q

q

qq q
q

q

Æ h h x Æ h h y

y x

J Æ h h y

J Æ h h x

Æ y Æ x
Æ h Æ h

q

q q e
Æ x

q q

+ -

+ -

¢ ¢

-+
¢

+ - + + - +
-

-

´ + -

+ + -

é æ ö- -æ ö£ +ê ç ÷ç ÷ ç ÷+è øê øë

- - - +
-

+ +

+

�

�
� �

�
� �

�

�

�� �

�

� � � �
�

� �

� �

� �

�

� �
� �

T T

T

-T

T

T T

( )( ) ( ) ( )
( )

( )( ) ( )( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( )( ) ( )

1

2 2

3 4

ln 22

1

2 2

1 2 2
2 6 4 2

2 1
1 2

1 2 1 3 3
4 1 2

2 2
2 6 4 2

q
q

q

qq q

q

qq
q

qq

q

q q
Æ y

q q

Æ h Æ h
q

q q q e
Æ x

q q

qÆ y
q q

+
¢

¢ ¢

-+
¢

+
¢

ì æ öï ç ÷í ç ÷ï è øî
üæ ö+ - + ïç ÷+ ýç ÷+ + ïè øþ

æ ö-æ ö+ + ç ÷ç ÷ ç ÷+è ø è ø
ì æ ö+ - - + - +ï ç ÷- í ç ÷+ +ï è øî

üæ ö- - ïç ÷+ ýç ÷+ +è øþ

�

�

�

�

��

�

�

� �

� �

� �

�

� � �

� �

�
� �

T

T T

T

T

1

.
qù

ú
úïû

(25)

Proof. From Lemma 4.1, Mercer inequality with Æ-convexity of q¢T  and the famous Hölder integral 
inequality, one writes

T Æ ȟ3 + Æ ȟ4 − Æ x + T Æ ȟ3 + Æ ȟ4 − Æ y
2 −

Γ + 1
2 Æ y − Æ x

× J
Æ ȟ3 + Æ ȟ4 − Æ x

− T Æ ȟ3 + Æ ȟ4 − Æ y

+ J
Æ ȟ3 + Æ ȟ4 − Æ y

+ T Æ ȟ3 + Æ ȟ4 − Æ x

≤
Æ(y) − Æ(x)

2
1

0
Ω − (1− Ω) T Æ ȟ3 + Æ ȟ4 − (ΩÆ(x) + (1− Ω) Æ(y)) dΩ

≤
Æ(y) − Æ(x)

2
1

0
1pdΩ

1
p

×
1

0
Ω − (1− Ω)

q
T Æ ȟ3 + Æ ȟ4 − (ΩÆ(x) + (1− Ω) Æ(y)) qdΩ

1
q

≤
Æ(y) − Æ(x)
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(1− Ω) − Ω
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T Æ ȟ3 + Æ ȟ4 − (ΩÆ(x) + (1− Ω) Æ(y)) qdΩ
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1
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Ω − (1− Ω)
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1
q

≤
Æ(y) − Æ(x)
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1
2
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(1− Ω) q− Ω q
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q
− Ω T (Æ(x)) q + ( 1− Ω) T (Æ(y)) q dΩ

+
1

1
2

Ω q− (1− Ω) q

× T Æ ȟ3
q + T Æ ȟ4

q
− Ω T (Æ(x)) q + ( 1− Ω) T (Æ(y)) q dΩ

1
q
.
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Here, we use the fact that ( )M N M Nq q q- £ -  for any 0M N> ³  and q ≥ 1.
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

Lemma 4.2. Under the considerations with Q1 and A1, and if T Î L Æ h3 ,Æ h4  for Æ h3 , Æ h4 IÎ , 
then

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x

= (Æ(y) - Æ(x)) 2

2

´
1

0

1- (1- W) + 1 - W + 1

+ 1 T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) dW.

(26)
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Proof. It suffices to show that

(Æ(y) - Æ(x)) 2

2

´
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0

1- (1- W) + 1 - W + 1
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(1- W) - 1 + W - 1 T Æ h3 + Æ h4 - (WÆ(x) + (1- W) Æ(y)) dW

=
( + 1)

Æ(y) - Æ(x)

´
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J(Æ(h3)+ Æ(h4)- Æ(y))+ T Æ h3 + Æ h4 - Æ(x)

+ J(Æ(h3)+ Æ(h4)- Æ(x))- T Æ h3 + Æ h4 - Æ(y) .

Multiplying above by (Æ(y)- Æ(x)) 2

2
1
+ 1 , we get

Remark 4.7. Choosing Æ(q) = q, 3x h=
�

 and 4y h=
�

 in Lemma 4.2, [Lemma 2.1, [45]] follows.

Theorem 4.6. Consider the considerations with Q1 and A1, and if T Î L Æ h3 ,Æ h4  for Æ h3 , Æ h4 IÎ . 
If q¢T  is Æ-convex on 3 4[ , ]h h

� �
, q > 1, then
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´ J
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q
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q
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- T (Æ(x)) q + T (Æ(y)) q
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1
q
.

(27)
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Proof. First, assume q = 1. Lemma 4.2 and Mercer inequality with Æ-convexity of | |q¢¢T  imply that
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Because ( ) 1 11 1,W W+ +- - £� �  for any Ω ∈ 3 4[ , ]h h
� �

, then since ¢¢T  is Æ-convex on Æ h3 ,Æ h4  one has

T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) £ T Æ h3 + T Æ h4

- W T (Æ(x)) + ( 1- W) T (Æ(y)) .

Therefore,
T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
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(Æ(y) - Æ(x)) 2

2

1

0

1- (1 - W) + 1 - W + 1

+ 1
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1

0
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1

0
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£
(Æ(y) - Æ(x)) 2

2( + 1)

´ T Æ h3 + T Æ h4 + 2
-

2 + 4
T (Æ(x)) + T (Æ(y)) .

Second, take q > 1. Using Lemma 4.2 with power mean inequality,
1

0
1- (1 - W) + 1 - W + 1 T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) dW

£
1

0
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1- 1
q

´
1

0
1- (1 - W) + 1 - W + 1 T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) q dW

1
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Hence, by using Æ-convexity of ¢¢T ,

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2

-
G + 1

2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x
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(Æ(y) - Æ(x)) 2

2
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0
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´
1

0
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q + T Æ h4
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q

£
(Æ(y) - Æ(x)) 2
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1- 1
q

´ T Æ h3
q + T Æ h4

q
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- T (Æ(x)) q + T (Æ(y)) q
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1
q
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It ends the proof.

Remark 4.8. Taking Æ(q) = q, 3x h=
�

 and 4y h=
�

 in Theorem 4.6 and m = 1 in Theorem 2.2 in [45] are
found to get the same result.

Corollary 4.4. Taking 1=�   in Theorem 4.6, one has

T Æ(h3) + Æ(h4) - Æ(x) + T Æ(h3) + Æ(h4) - Æ(y)
2

-
1

Æ(y) - Æ(x)

Æ(h3)+ Æ(h4)- Æ(x)

Æ(h3)+ Æ(h4)- Æ(y)
T (W) dW

£
(Æ(y) - Æ(x)) 2

2
1
3

1- 1
q

´
1
3 T (Æ(q1)) q + T (Æ(q2)) q -

1
6 T (Æ(x)) q + T (Æ(y)) q

1
q
.

(28)

Theorem 4.7. Consider the considerations with Q1 and A1, and ¢¢T  ∈ L Æ h3 ,Æ h4  for Æ h3 , Æ h4 IÎ . 
If q¢T  is Æ-convex on 3 4[ , ]h h

� �
, q > 1, then

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x

£
(Æ(y) - Æ(x)) 2

2( + 1)
( + 1) p- 1
( + 1) p+ 1

1
p

´ T Æ h3
q + T Æ h4

q -
|T (Æ(x)) |q + |T (Æ(y)) |q

2

1
q
.
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T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x

£
(Æ(y) - Æ(x)) 2

2( + 1)
( + 1) p- 1
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1
p

´ T Æ h3
q + T Æ h4

q -
|T (Æ(x)) |q + |T (Æ(y)) |q

2

1
q
.

(29)

Proof. From Lemma 4.2, Mercer inequality with Æ-convexity of | |q¢¢T  and the famous Hölder integral 
inequality with q–1 = 1 – p–1,

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x

£
(Æ(y) - Æ(x)) 2

2( + 1)

´
1

0
1- (1- W) + 1 - W + 1 T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) dW

£
(Æ(y) - Æ(x)) 2

2( + 1)
1

0
1- (1- W) + 1 - W + 1 p

dW
1
p

´
1

0
T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) q dW

1
q

.

Here, we use the fact that ( )M N M Nq q q- £ -  for any 0M N> ³  and q ≥ 1.

1- (1- W) + 1 - W + 1 p
£ 1- (1- W)( + 1)p - W( + 1) p

£
(Æ(y) - Æ(x)) 2

2( + 1)

1

0
1- (1- W)( + 1)p - W( + 1) p dW

1
p

´ T Æ h3
q + T Æ h4

q -

T (Æ(x)) q 1

0
W dW + T (Æ(y)) q 1

0
(1- W) dW

1
q
.

By using calculus tools, we get (29).

Remark 4.9. Taking Æ(q) = q, 3x h=
�

 and 4y h=
�

 in Theorem 4.6 and m = 1 in Theorem 2.4 in [45] are
found to get the same result.

Corollary 4.5. Taking ℓ = 1 in Theorem 4.7, then
T Æ(h3) + Æ(h4) - Æ(x) + T Æ(h3) + Æ(h4) - Æ(y)

2

-
1

Æ(y) - Æ(x)
Æ(h3)+ Æ(h4)- Æ(x)

Æ(h3)+ Æ(h4)- Æ(y)
T (W) dW

£
(Æ(y) - Æ(x)) 2

4
2p- 1
2p+ 1

1
p

´ T (Æ(q1)) q + T (Æ(q2)) q -
1
2 T (Æ(x)) q + T (Æ(y)) q

1
q
.
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Theorem 4.8. Consider the considerations with Q1 and A1, and ¢¢T  ∈ L Æ h3 ,Æ h4  for Æ h3 , Æ h4 IÎ . 
If q¢T  is Æ-convex on 3 4[ , ]h h

� �
, q > 1, then

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+ T Æ h3 + Æ h4 - Æ x

£
(Æ(y) - Æ(x)) 2

2( + 1)

´ T Æ h3
q + T Æ h4

q ( + 1) p- 1
( + 1) p+ 1

- T (Æ(x)) q + T (Æ(y)) q ( + 1) q- 1
(2 + 2) q+ 2

1
q
.

(30)

Proof. From Lemma 4.2, Mercer inequality with Æ-convexity of | |q¢¢T  and the famous Hölder integral 
inequality with q–1 = 1 – p–1, we have

T Æ h3 + Æ h4 - Æ x + T Æ h3 + Æ h4 - Æ y
2 -

G + 1
2 Æ y - Æ x

´ J
Æ h3 + Æ h4 - Æ x

- T Æ h3 + Æ h4 - Æ y

+ J
Æ h3 + Æ h4 - Æ y

+T Æ h3 + Æ h4 - Æ x

£
(Æ(y) - Æ(x))2

2( + 1)

´
1

0
1- (1- W) + 1 - W + 1 T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) dW

£
(Æ(y) - Æ(x))2

2( + 1)
1

0
1 dW

1
p

´
1

0
1- (1- W) + 1 - W + 1 q

T Æ h3 + Æ h4 - (W Æ(x) + (1- W) Æ(y)) q dW
1
q
.

Here, we use the aspect as ( )M N M Nq q q- £ -  for any 0M N> ³  and q ≥ 1.

1- (1- W) + 1 - W + 1 q
£ 1- (1- W)( + 1)q - W( + 1)q

£
(Æ(y) - Æ(x)) 2

2( + 1) T E h3
q + T Æ h4

q

´
1

0
1- (1- W)( + 1)q - W( + 1)q dW

- T (Æ(x)) q 1

0
W - W (1- W)( + 1)q - W( + 1)q+ 1 dW

+ T (Æ(y)) q 1

0
(1- W) - (1- W)( + 1)q+ 1 - (1- t) W( + 1)q dW

1
q
.
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By using calculus tools, we get (30)� 

Remark 4.10. Taking Æ(q) = q, 3x h=
�

 and 4y h=
�

 in Theorem 4.8 and m = 1 in Theorem 2.6 in [45]
are found to get the same result.

Corollary 4.6. Taking ℓ = 1  in Theorem 4.8, then 
T Æ(h3) + Æ(h4) - Æ(x) + T Æ(h3) + Æ(h4) - Æ(y)

2
1

Æ(y) Æ(x)
Æ(h3)+ Æ(h4) Æ(x)

Æ(h3)+ Æ(h4) Æ(y)
T (W) dW

(Æ(y) Æ(x)) 2

4

× 2p 1
2p+ 1 T (Æ(q1)) q + T (Æ(q2)) q 2q 1

4q+ 2 T (Æ(x)) q + T (Æ(y)) q
1
q
.

5. Numerical Validations

Example 5.1. (For Theorem 4.1) Let T(x) = x2, Æ(q ) = q , h3 = 0, h4 = 2, x= 1
2 , y= 3

2, and ℓ = 2. Since 
2( )x x=T  is convex, all conditions of Theorem 4.1  are satisfied. Then:

T Æ(h3) + Æ(h4) Æ(x) + Æ(y)
2 = T (0+ 2 1) = T(1) = 1,

T(Æ(h3)) + T(Æ(h4)) T
Æ(x) + Æ(y)

2 = 0+ 4 1 = 3.

This confirms the inequality:
1 ≤ 3, 

which validates Theorem 4.1. 
Example 5.2. (For Theorem 4.2) Let T(x) = ex, Æ(q ) = q , h3 = 0, h4 = 2, x= 1

2 , y= 3
2 , and ℓ = 1. Since 

| ( )| xx e¢ =T  is convex, all conditions of Theorem 4.2  are satisfied. We compute:

T(h3 + h4 x) + T(h3 + h4 y)
2 = e3/ 2 + e1/ 2

2 3.0538,

1
y x

h3+ h4 y

h3+ h4 x
T(W) dW = e3/ 2 e1/ 2

1 2.1606.

Thus, the left-hand side gives:

( )
3/2 1/2

3/2 1/2 |3.0538 2.1606| 0.8932.
2

e e e e+ - - = - =

The right-hand side bound from Theorem 4.2 with ℓ = 1 gives:
y x
+ 1 1 1

2 |T (h3)|+|T (h4) |T (x)|+|T (y)|
2

= 1
2·

1
2 1+ e2 e1/ 2 + e3/ 2

2
1
4(8.389 3.054) 1.334.

This confirms:
0.8932 ≤ 1.334,

which validates Theorem 4.2.



� 126

Example 5.3. (For Theorem 4.6) Let T(x) = x4, Æ(q ) = q , h3 = 1, h4 = 3, x = 3
2 , y = 5

2, ℓ = 1, and q = 2. 
Since |T (x)|=12x2 is convex, all conditions of Theorem 4.6 are satisfied. We compute:

T (x) = 12x2,
|T (h3)|q = ( 12· 1)2 = 144,
|T (h4)|q = ( 12· 9)2 = 11664,

|T (x)|q = 12· 9
4

2
= 729,

|T (y)|q = 12· 25
4

2
= 5625.

For the left-hand side of Theorem 4.6, we compute:

T h3 + h4 - x = T 1+ 3-
3
2 = T

5
2 =

5
2

4
=

625
16 ,

T h3 + h4 - y = T 1+ 3-
5
2 = T

3
2 =

3
2

4
=

81
16.

The fractional integral term with ℓ = 1 gives:
G( + 1)

2(Æ(y) - Æ(x))
J[Æ(x)]+ T(Æ(y)) + J[Æ(y)]- T(Æ(x))

= 1
y- x

h3+ h4- y

h3+ h4- x
T(W) dW

=
5
2

3
2

W4 dW =
W5

5

5
2

3
2

=
1
5

5
2

5
-

3
2

5
=

1
5

3125
32 -

243
32 =

2882
160 » 18.01.

Thus, the left-hand side of Theorem 4.6 gives:
625
16 + 81

16
2 - 18.01 = |22.06- 18.01| = 4.05.

The right-hand side of Theorem 4.6 becomes:

(y- x)2

2 + 2

1- 1
q

´ |T (h3)|q + |T (h4)|q
+ 2 - |T (x)|q + |T (y)|q 2 + 4

1
q

=
1
2 · 1

3

1
2

(144+ 11664)· 1
3 - (729+ 5625)· 1

6

1
2

=
1

2 Ö3
[3936- 1225.67]

1
2

»
1

2 Ö3
·52.05» 15.02.

This confirms:
4.05 ≤ 15.02, 

which validates Theorem 4.6.
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6. Application inequalities for some special functions

6.1. 
`

Q -digamma function

Assume that 0 < `Q  < 1. The `Q -digamma function `j
Q

 serves as a `Q -analogue of the classical diga-
mma function ϕ, as discussed in [46]. It can be defined as follows:

jQ̀ = - ln(1- Q̀) + ln(Q̀)
¥

å
j= 0

Q̀ j+ v

1- Q̀ j+ v

= - ln(1- Q̀) + ln(Q̀)
¥

å
j= 0

Q̀ jv

1- Q̀ jv
.

For the case where `Q  > 1 and v > 0, consider

jQ̀ = - ln(Q̀ - 1) + ln(Q̀) v-
1
2 -

¥

å
j= 0

Q̀- ( j+ v)

1- Q̀- ( j+ v)

= - ln(Q̀ - 1) + ln(Q̀) v-
1
2 -

¥

å
j= 0

Q̀- jv

1- Q̀- jv
.

Proposition 6.1. Suppose h3,h4,Q̀, q are reals so that 0 < h3 < h4, q >1 and 0 < `Q  < 1. we have

jQ̀ (q1 + q2 - x) + jQ̀ (q1 + q2 - y)
2

-
jQ̀ (q1 + q2 - x) - jQ̀ (q1 + q2 - y)

y- x

£
(y- x)2

4
2p- 1
2p+ 1

1
p

´ j (3)
q (q1)

q
+ j (3)

q (q2)
q

-
j (3)

q (x)
q
+ j (3)

q (y)
q

2

1
q
,

holds for all v > 0 and .
1

qp
q

=
-

Proof. By using the definition of `Q -digamma function, we extract that the `Q -trigamma function 
`( ) ( )v vj¢=
Q

T  is completely monotonically on (0, ∞). That implies the function ( )
`
3 ( )vj

Q
 is also completely 

monotonically on (0, ∞) for each `Q  ∈ (0,1) ( see in [47], p. 167). Corollary 4.5 with Æ(x) = x ends the 
proof.� 

Proposition 6.2. Suppose h3,h4,Q̀, q are reals so that 0 < h3 < h4, q >1 and 0 < `Q  < 1. Then

jQ̀ (q1 + q2 - x) + jQ̀ (q1 + q2 - y)
2

-
jQ̀ (q1 + q2 - x) - jQ̀ (q1 + q2 - y)

y- x

£
y- x

4

j (2)
Q̀ (q1) + j (2)

Q̀ (q2) -
j (2)

Q̀
(x) + j (2)

Q̀
(y)

2 .

(31)
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Proof. The inequality 31 is an immediate consequence from Corollary 4.2 with Æ(x) = x, when `j¢=
Q

T . 



6.2. Modified Bessel function

The modified Bessel function of the first kind, denoted by Ir, is represented by the power series (see 
[46], p. 77)

2

0

2( ) ,
! ( 1)

r k

r
k

v

I v
k r kG

+

¥

=

æ ö
ç ÷è ø=

+ +å
where  and 1v rÎ > -� .

On the other hand, the modified Bessel function of the second kind, denoted by Kr, is commonly 
defined (see [46], p. 78) using the identity

( ) ( )( ) .
2 sin( )

r r
r

I v I vK v
r

p
p

- -
= ×

In this context, we introduce the function : [1, )rh ® ¥�  defined by

( ) 2 ( 1) ( ),r r
r rh v r v I vG -= +

where Γ denotes the Gamma function.

Proposition 6.3. Suppose r > –1 and 3 40 ,h h< <
� �

 then
hr (q1 + q2 - x) + hr (q1 + q2 - y)

2

-
1

y- x
h3+ h4- x

h3+ h4- y
hr (W) dW

£
y- x

4(r+ 1)
2

p+ 1 1-
1
2p

1
p

´ q1 |hr+ 1 (q1)|q + q2 |hr+ 1 (q2)|q

-
x |hr+ 1 (x)|q + y|hr+ 1 (y)|q

2

1
q
.

(32)

For special case, if we have 1
2

r = - ,

cosh(q1 + q2 - x) + cosh(q1 + q2 - y)
2

-
1

y- x
h3+ h4- x

h3+ h4- y
cosh(W) dW

£
y- x

4(r+ 1)
2

p+ 1 1-
1
2p

1
p

´ q1
sinh(q1)

q1

q
+ q2

sinh(q2)
q2

q
-

x sinh(x)
x

q
+ y sinh(y)

y
q

2

1
q
.

(33)
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Proof. Applying Corollary 4.3 with Æ(x) = x to the mapping ( ) ( )1( ) ( ); 0 and .
1r r r

vv h v v h v h v
r

¢
+= > =

+
T  

Now, using 1 1
2 2

( )( ) ( ) and ( ) ,sinh vh v cosh v h v
v- = =  the inequality (32) is reduced to inequality (33).� 

Conclusion

In this work, we have successfully established a Hermite–Hadamard–Mercer type framework for 
Æ-convex functions using Riemann–Liouville fractional integral operators. Several key lemmas were 
carefully developed, leading to a rich collection of new and meaningful inequalities. We believe the 
ideas and approaches introduced here will open fresh doors for researchers working in this growing 
field. Since convex functions lie at the very heart of modern mathematics, the results presented in this 
work are expected to find natural and valuable applications across convex analysis, special functions, 
quantum calculus, post-quantum analysis, optimization theory, and mathematical inequalities — 
contributing meaningfully to both pure and applied mathematical sciences.
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