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Abstract

This work develops several classes of nonlinear fuzzy F-contractive operators in complete fuzzy
metric spaces. The proposed framework incorporates integral, rational, minimum-based, and hybrid
non-linear contractive structures. Existence and uniqueness criteria for fixed points are obtained by
combining nonlinear control functions with generalized fuzzy metric techniques. The derived results
extend various earlier contraction models in fuzzy metric theory and include several known princi-
ples as special instances. Illustrative examples and comparative observations are also presented.
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1. Introduction

The theory of fuzzy sets, originally proposed by Lotfi A. Zadeh [1], has become a fundamental tool for
describing uncertainty and imprecise phenomena arising in mathematics and applied sciences. As
an extension of classical metric structures, George and Veeramani [2] introduced the notion of fuzzy
metric spaces by combining fuzzy set theory with continuous ¢-norms.
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Early investigations on fixed point problems in fuzzy metric spaces were carried out by
Grabiec [5], who established fuzzy versions of contraction principles. Later, Gregori and Sapena [8]
obtained important extensions Banach-type contractive mappings defined on fuzzy metric spaces,
while Mihet [10] investigated @-contractive mappings in non-Archimedean fuzzy metric spaces.
Several additional developments concerning compatible mappings, fuzzy contractive sequences, and
generalized contraction conditions can be found in [16, 7, 6, 11].

A significant contribution to nonlinear fixed point theory was made by Wardowski [13] through
the introduction of (F)-contractions in complete metric spaces. By employing nonlinear control func-
tions, this framework extended the classical Banach contraction principle and led to further devel-
opments in generalized contraction theory. Later, several researchers adapted Wardowski-type
contractive conditions to fuzzy metric spaces; see, for instance, [12, 14]. These generalized contrac-
tions provide greater flexibility than standard linear contractive conditions and allow the treatment
of nonlinear phenomena that cannot be handled through classical approaches.

Recent research in fuzzy fixed point theory has focused extensively on generalized nonlinear
contraction models involving simulation functions, admissibility conditions, and weak contrac-
tive mappings. In this context, Moussaoui et al. [28] obtained fixed point results using extended
FZ-simulation functions in fuzzy metric spaces. Later, Moussaoui and Radenovi’c [30] provided a
detailed survey of contraction principles and simulation-function approaches in fuzzy metric set-
tings. In addition, Moussaoui [24] developed new fixed point results for fuzzy Bf -weak contractions
under admissibility-type assumptions. These studies demon-strate the continuing development of
nonlinear fuzzy contraction theory. Moreover, generalized fixed point techniques have also been
explored in broader metric-type structures. For instance, Siddamsetti et al. [29] established fixed
point theorems in modular metric spaces and discussed their applications to secure dynamic routing
problems in wireless sensor networks.

Inspired by the above studies, this paper introduces several classes of nonlinear fuzzy
(F)-contractive mappings in complete fuzzy metric spaces (CFMS). The proposed framework incor-
porates integral-type, rational-type, minimum-type, and hybrid integral-rational contractive condi-
tions together with nonlinear (F)-control functions. These generalized contraction models extend a
variety of existing fuzzy contraction principles and provide a broader setting for the investigation of
nonlinear mappings in fuzzy metric spaces.

The main contributions of this paper are summarized as follows:

We introduce new nonlinear integral-type fuzzy F-contractive conditions in CFMS. We estab-
lish generalized rational fuzzy F-contractions involving nonlinear rational control terms. We develop
min-type and mixed integral-rational fuzzy F-contractive structures which unify several existing
contraction principles. The obtained results broaden and strengthen previously known fixed point
theorems in fuzzy metric spaces (FMS), encompassing classical fuzzy contractions, Wardowski-
inspired F-contractions, and modern nonlinear weak contraction frameworks.

2. Preliminaries

Throughout this work, (Y, £, *) represents a FMS defined according to the framework introduced by
George and Veeramani [2].

Definition 2.1. [2]. Consider a nonempty set ) equipped with a continuous triangular norm.
*: [0, 1] x [0, 1] — [0, 1]
A function

L:YxYx(0,0) —[0,1]
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is said to define a fuzzy metric on ) whenever the upcoming properties are satisfied. ¥, u,& e

(1) L&,u,p)>0;

@) LGu,p)=le==t=u;

3) LEu,p)=L(,t,p);

(4 LE&S,p+q) = LG u,p)* L(u,$,9);

(5) L(t,u,):(0,0) >[0,1] is continuous.
Then the structure (), L, *) is said to constitute a FMS.
Definition 2.2. Assume that (Y, L, *) is a FMS and {},} is a sequence of elements in ).
(1) The sequence {f,} converges to 1 €)Y whenever the upcoming condition holds.
lim

Ooﬁ(in,i,p)=1

n—

for every p > 0.

(2) The sequence {%,} is regarded as Cauchy provided that the subsequent condition is satisfied.
for every € €(0,1) and p>0,n, €N such that

‘C(inainup) >1-¢

whenever m, n > n0.

(3) A FMS is termed complete whenever every Cauchy sequence admits a limit belonging to the
space.

For convenience, we briefly recall the notion of F-contractions proposed by Wardowski [13] and later
adapted to fuzzy metric environments.
Let F represent the family of functions that fulfill the conditions listed below.

F:0,1] >R
satisfying the upcoming conditions:

(1) The function F'is assumed to be monotone increasing in the strict sense.

@)
lim F(r)=-o

r—0*

Mappings satisfying nonlinear inequalities involving functions from the class F are called fuzzy
F-contractive mappings. Such contractive conditions generalize several classical contraction princi-
ples and play an important role in nonlinear fixed point (Fpt) theory in FMSs.

In recent years, generalized fuzzy contraction principles involving simulation functions, admis-
sibility conditions, and weak nonlinear contractions have been studied extensively; see [28, 30, 24].
Motivated by these developments, we introduce in the next section several new classes of nonlinear
fuzzy F-contractive mappings involving integral and rational control terms.
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3. Main Results
Theorem 3.1. Let (), L, *) be a CFMS,
p: Y>>y

be a self-map. Let there be a constant 7 € (0,1), a function F € F, and a continuous

y:[0,1]—>[0,)>

I;w(s)ds >0
every r >0, and

(3.1) 4+ F(L@ptgu.p)) < F ( [ y/(s)dsj

ViuveYwithi#uand p>0-:

Then ¢ possesses a unique fixed point (UFP) in ).
Proof. Select 1, e} and {} } recursively by

foa=0&,), n20.
n, € N,

inO = in0+1’
so I, 1s a Fpt of ¢. Assume that

in * in+1

Substituting £=% ,u=%, into (3.1),

t+F (LG, %,,0)< F ( Ioain,in,l ,p>w © dsj .

F'is strictly increasing So,

LGy ta.P)
LEtop) <[ wis)ds.

0
Using the condition

I;w(s)ds <r

LGt 0) < LG, f,5,0)
Thus {ﬁ(in,in+1,p)} is decreasing and bounded. Hence ¢(p)<[0,1],
im £(t,.%,,1.0) =(p)-

Suppose that £(p) < 1. Passing to the limit in (3.1),

r+F(((p))< F(jj(p)l//(s) ds).
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Since

jj(p) w(s)ds<( (p) s
we get
4 F(¢(p))<F(¢(p))
This is impossible. Therefore,
lim £3,,%,,1,P) =1

We claim that the sequence {I } is Cauchy. If not, then a contradiction will arise.
Since {} } is assumed not to be Cauchy, the negation of the Cauchy criterion ensures the existence
of e € (0, 1), p, > 0, and subsequences {},,} and {f,} such that

E(imk7ink)p()) <l-e¢

for every k e N.
Applying (3.1),

['(;tmk 7:I:nk 7}70)

T+ F(E(imk+1,ink+1’po)) < F(Io

t//(s)ds)-

Ask — o,

rF(l-e)< F(I;_Ew(s)ds),
Hence, a contradiction is reached, which establishes that the sequence {1 } is Cauchy. By the
completeness of (Y, £, *), there exists £* € ) such that
i, >%as noow.
Using continuity of ¢,
=96

Hence I* is a Fpt of ¢.
For uniqueness, suppose that 1* and u* are two distinct Fpts. Then

J-ﬁ(i’ﬂ u*,p)

t+ F(LE* u*, p)) < F( y/(s)dsj .

0

Since

joﬁ(i*’u*’p)l//(S)dS < ﬁ(i*,u*,p),
t+ F(L(E*,u*, p)) < F(LE™,u*, p)),

which is impossible. Therefore, the Fpt is unique.

Remark 3.1. Theorem 3.1 extends several classical fuzzy contraction principles by incorporating non-
linear integral control functions into the fuzzy F-contractive framework. Choosing

y(s)=1
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reduces the contractive condition to the standard fuzzy F-contraction.

Example 3.1. Let

Y=10,1]
and define
D
ﬁ s Uy e —
*,u,p) P
Vi, ue Yandp > 0. Define
_i
p(F) = 4
Choose
F(r) =lInr, 1//(3) =%.
Then (), L, *) is a CFMS. Moreover,
P p

4
Also,

(tu.p) 1
J‘Oﬁ ’ l//(S)dS =Z£(iyu7p)2-

Consequently, all assumptions of Theorem (3.1) are fulfilled. Hence, the mapping ¢ possesses a
UFP in Y, namely

=0
Theorem 3.2. Let (Y, L, *) be a CFMS and let
$:Y—-Yy
be a mapping satisfying
(3.2) o+ F (L@t gup))< F[%“ap))

Viue) witht#u, where

1€(0,1),a>0 FelkF

Then ¢ has a UFP in ).
Proof. Define

T =0,
From (3.2), it follows that

L0 E ,p>j |

T+F(£(in+17in’p))SF( 1+«
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Since

LddnP) oy v )
l+a

Monotonicity of F implies

L&, t5,.p)<LE,.T,,p).

Hence {L(in,in+1,p)} is decreasing. Proceeding as in Theorem 3.1,

£(in’in+1>p) _)1 ’

Therefore, the sequence { } satisfies the Cauchy condition in ).
Since (), £, *) is a CFMS, the sequence {I } converges to a point £* € ), that is,

I, 1
Passing to the limit in
T =0,
So
=96
Thus 1* is a Fpt of ¢.

The uniqueness assertion is proved by contradiction. Assume that @ admits two distinct Fpts,
namely £* and u*. Then

r+F(£(t}:*,u*,p))£F(M].

1+

Since

LE WD) e
T leq  FE
r+ F(LG u',p)) < F(L&" v, D).

which 1s impossible. Hence the Fpt is unique.

,D)>

Remark 3.2. The rational term appearing in Theorem 3.2 provides a nonlinear control mechanism
that generalizes several earlier rational-type contractions in FMSs.

Example 3.2. Consider the fuzzy metric space (Y, L, *), where
V=10, )
and the fuzzy metric L is defined by

¢(3;)=%, F(r)zlnr.

Fora=1,

£(¢i’¢uap) :ﬁ’
b+ 2
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Then

r+ F(L(ptdu,p)) < F(@j

for suitable © > 0. Hence, all the hypotheses of Theorem 3.2 are fulfilled. Consequently, ¢ admits a
UFP, namely,

1"=0
Theorem 3.3. Consider a CEFMS (), L, *) and a self-map

Y-
Suppose that there are t € (O,l),F eF

(3.3) 7+ F(L(p%.¢u,p)) < F (min{L(f,u, p), L, 43, p), L(u, pu, p)})
Vi, ueYwithf#uandp>0.

Then the mapping ¢ has a UFP in ).
Proof. Choose
io ey

and {f } recursively by
=90, nz0

An integer n € N,

Too =Fnon ,
then
Tro =0(F00) -
and therefore f,, is a Fpt of ¢.Thus, we consider the case where
o #fn
Vne N.

Now, applying (3.3),
t=%, andu=%,

T+ F('C(irnl?in?p)) S F(min{ﬁ(in’in_l7p)’£(in7in+1?p)7£(in_17in7p)})

Since, fuzzy metric £ is symmetric,

L(in’in—l’p) = E(in—l’imp) .
Thus,

r+ F(L(,,00%,p) < F(minilE,. 5,0, LG, 3,0, P)})
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Suppose that

mindL(%,, %, 1, 0), LG, 000 = L&, %,..,0) -
Then

t+ F(L(,01,,0) < F(LE,05,0.D)
By the symmetry property,

L& dn0) = LG 0000 P),

T+F(r)SF(r)

which 1s impossible because

Hence,

min{L(E,,,$,,0), LG, 1,000 = L&, 5,5, 0) -

Consequently,

v+ F (L&t p) < F (L&, 1, p).

Since F'is strictly increasing, it follows that
L&E5F0) < LG, E,0,P)-
Therefore,
(L&, 100
is decreasing and bounded below. Hence

p(p)el0,1]

£i£?0£(in’in+1’p) = p(p)

Now prove that
Assume, for contradiction, that

Taking limits on both sides of the preceding inequality,
T+ F(p(p)) < F(p(p)),

which 1s impossible since 7 is strictly positive. Consequently,

lim £}, %,.1,p) =1



Kastriot Zoto et al. Results in Nonlinear Anal. 9 (2026), 131-144 140

It remains to verify that { } is a fuzzy Cauchy sequence. Assume, on the contrary, that it is not.
Then there exist € € (0, 1), p, > 0, and subsequences {}  } and {I } satisfying

L(imk?inkapo) <l-e.

£€(0,1), p,>0,
and subsequences

{imk} and {ink}’
with
m, >n, —> ©
E(imkyink,po) Sl —-&.
Applying (3.3),
T+ F (E(imk"" 17 ink"_ 1, pO))S F(mln{ﬁ(imk7ink 7p0)7£(imk ’imk+1, pO)’ﬁ(ink’inku’po )})
Take the limit as k — oo,
t+F(1l-¢g)<F(1-¢),

which contradicts our assumption.
The sequence {f } is Cauchy in the FMS (), £, *). Since the space is complete,

re)
I, -1
Since
in+1 = ¢(in) ’
by virtue of the continuity of the fuzzy metric,
g =1
Therefore, 1+ is a Fpt of ¢.
To conclude, suppose that
1" and u

are two separate Fpts of ¢. Then from (3.3),
r+F (LG 0, p))< F(mindL@ w', p), LG ¢4, p), LW ,¢u", D)})

Since
ot =1t"and gu" =u",
r+ F(LA", w', p))<F (LA, v, p)),
which is impossible because

>0

Hence the Fpt of ¢ is unique.
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Remark 3.3. Theorem 3.3 establishes a generalized min-type fuzzy F-contractive principle in CFMS.
The nonlinear minimum structure appearing in the contractive condition cannot be directly reduced
to the integral-type or rational-type contractions considered earlier. Consequently, the theorem pro-
vides an independent extension of several existing fuzzy contraction principles.

Theorem 3.4. Let (), L, *) be a CFMS. Assume that
g Y—-)

satisfies

L(Eu,p)
r+F(L(p1.4u,p)) < FUO 1+p y/(s)dsJ

Vi, u e, where
re€(0,1), >0,
Fe F and
w :[0,1]—>[0,)
s continuous.
Then ¢ admits a UFP in ).
Proof. Consider the sequence {I } generated iteratively by

Fon = 9, n=0.

Applying the given contractive condition, we arrive at
LG Fn1,P)
4+ F(ULG b D) SF| [ p(s)ds .

0

LG, 8,00P) _

1+ﬂ (in?in—l?p)7

and
Ior w(s)ds<r,

By the monotone nature of F,

LG 0%, p) < LG, F,0p).

Hence {L(},,%,.,,p)} 1s decreasing and convergent. Using reasoning analogous to that employed
in Theorem 3.1,

LG, Ep00) 1.

We now show that {} } is Cauchy. Arguing by contradiction, suppose that it fails to be so. Then
one can find ¢ € (0, 1), p, > 0, and two subsequences {} ,}, {f } satisfying

ﬁ(imkyinkypo) <l-g¢.
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By the contraction inequality together with a limiting argument,
t+FA-¢)<FQ-¢),
The above contradiction invalidates the assumption that {f } is not Cauchy. Hence, {f } is a Cauchy

sequence.
O, L, *) 1s complete, 1* € Y

I, 1
Taking limits in
T =0,
we obtain
=0

Hence £* is a Fpt of ¢.
Finally, assume that I* and u* are two distinct Fpts. Then

LG u",p)

r+ F(LE u',p)<F jo 8 y(s)ds |.

By the continuity of i together with the monotonicity of F, we deduce that
t+ F(LEu", p) < F(LE v, p)),

which contradicts the positivity of t. Hence, the fixed point is unique.

Remark 3.4. Theorem 3.4 unifies integral-type and rational-type fuzzy F-contractions within a single
non-linear framework. Consequently, many known Fpt results become special cases of this theorem.

4. Comparison with Existing Results

In this subsection, we briefly discuss the relationship between the obtained results and several exist-
ing contraction principles in FMSs.

Remark 4.1. If the control function is chosen as

then the integral-type contractive condition given in Theorem 3.1 reduces to a standard fuzzy
F-contractive condition of Wardowski type. Hence Theorem 3.1 extends several known fuzzy
F-contraction results available in the literature.

Remark 4.2. The rational-type contraction established in Theorem 3.2 generalizes various nonlinear
rational contractions studied earlier in FMSs by introducing nonlinear F-control functions together
with rational expressions.

Remark 4.3. Theorem 3.4 unifies both integral-type and rational-type nonlinear fuzzy contrac-
tions into a single framework. Consequently, several earlier Fpt theorems become special cases of the
obtained result.

Remark 4.4. The obtained results complement and extend recent developments involving simulation
func-tions, admissibility conditions, and fuzzy weak contractions discussed in [28, 30, 24].
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Remark 4.5. Theorems 3.2-3.4 cannot be directly deduced from Theorem 3.1 because the nonlin-
ear structures involved in the corresponding contractive conditions are fundamentally different. In
particular, the rational-type, min-type, and mixed integral-rational contractions introduce distinct
nonlinear control mechanisms which are not reducible to the integral-type framework considered in
Theorem 3.1. Therefore, each theorem provides an independent extension within the setting of fuzzy
F-contractive mappings.

5. Conclusion

In this work, we introduced several innovative classes of nonlinear fuzzy F-contractions in CFMS.
The proposed contractive conditions include integral-type, rational-type, min-type, and mixed inte-
gral-rational fuzzy F-contractions. By employing nonlinear control functions together with integral
and rational expres-sions, we established existence—uniqueness results for Fpts subject to suitable
completeness hypotheses.

The derived results extend and generalize several existing Fpt results in FMSs, including clas-
sical fuzzy contractions, nonlinear Wardowski-type F-contractions, and recent generalized weak
contraction principles involving simulation functions and admissibility conditions. Moreover, the
proposed framework provides a unified approach for studying different nonlinear fuzzy contractive
structures within a common setting.

Ilustrative examples were included to highlight the applicability of the established findings and
to show that the proposed contractions genuinely extend earlier contraction models.

The methods developed in this work may be further extended to more general settings such as
intu-itionistic FMSs, neutrosophic FMSs, partial FMSs, graph-based fuzzy metric structures, and
multivalued fuzzy contractive mappings. The obtained results may also have potential applications
in nonlinear analysis, optimization theory, and fuzzy dynamical systems.
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