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Abstract

We derive sufficient conditions for starlikeness and convexity of analytic functions in the unit disk
associated with bounded derivatives. The results provide visual illustrations of the behavior of func-
tions that satisfy or violate these criteria. Sharp inequalities are obtained and interesting examples
of extremal starlike and convex functions are considered. These examples underscore the delicate
balance between coefficient growth and geometric properties, and they reinforce the necessity of
sharp bounds in the characterization of univalent functions.
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1. Introduction and preliminaries

The study of geometric properties of analytic functions in the unit disk U=1{z: |z| <1} has long been
a central theme in complex analysis, particularly in the theory of univalent functions. Among the
most important subclasses of univalent functions are the starlike and convex functions, which have
profound implications in geometric function theory, conformal mapping, and various applied math-
ematical contexts. These classes are characterized by specific geometric behaviors of their images
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under analytic mappings, and their identification often relies on sharp analytic criteria involving the
function and its derivatives. We denoted by A, the class of analytic functions

h(z)=z+ Zakzk, (zel),

k=2

normalized by A(0) = 0 and A'(0) = 1.

Historically, the class of functions with positive real part of the derivative, denoted by R ={h € A
: Re(h/(2)) > 0; z € U}, was introduced and studied by MacGregor [1] in the early 1960s. Functions in
this class are known to be close-to-convex and hence univalent. Subsequent research expanded this
framework to include subclasses defined by bounded derivatives, suchas D={he A:|h'(z) - 1| <1,
z € U}, which exhibit rich geometric behavior and have been the subject of extensive investigation,
see [2,3].

The characterization of starlike and convex functions through differential inequalities has
been a powerful tool in this domain. Classical results assert that a function A € A is starlike if

Re['z:((j)j >0, that is the image of the unit disk is a domain satisfies that any point in it can be
z

joined with the origin by a line segment or a ray lies entirely in that domain. A function 2 € A is con-

vex if Re| 1+ zh'(z)
h'(2)

j > (0, that 1s the image of the unit disk is a domain achieved that any two points

of it can be joined by a line segment lies entirely in that domain. Unfortunately, these conditions
often are not easy to apply for specific functions. We denote the class of starlike functions by S* and
the class of convex functions by K.

Establishing sharp criteria for starlikeness and convexity that depend explicitly on bounds of
derivatives and the coefficients of the Taylor expansion not only deepen our understanding of the
structure of analytic functions but also provide practical tools for verifying univalence in applied
settings, including fuzzy sets, fluid dynamics, engineering models, and signal processing, see [4—12].
Numerous authors have thoroughly examined the issues of determining criteria and looking into
geometric properties for univalent and bi-univalent functions (the function and its inverse are both
univalent) including starlike and convex functions; for example [13—24].

This paper contributes to this line of research by deriving new sufficient conditions for starlike-
ness and con-vexity of analytic functions with bounded derivatives. We present sharp inequalities
that involve higher-order derivatives and coefficient bounds, and we demonstrate the optimality
of these results through explicit ex-amples. Our approach leverages integral representations and
analytic bounds, extending classical lemmas to accommodate more general settings.

Moreover, we provide visual illustrations of the behavior of functions that satisfy or violate these
criteria, highlighting the geometric implications of our results. These examples underscore the deli-
cate balance between coefficient growth and geometric properties, and they reinforce the necessity of
sharp bounds in the characterization of univalent functions.

We need the following lemma in the sequel.

Lemma 1.1. [25] If |w(2) | <1, (z € U), where w(z) is analytic in U, then the function )(j(z) defined by
z 1
x;(2) = J.juj’lw(u)du = sz‘jtj’lw(tz)dt = zjz,yj (2)
0 0
is analytic in U, for each j > 1. Also, we have y/j(z) is analytic in U and satisfies |l//j(2) | <1inU.

2. Criteria for Starlikeness

Let us start by proving our first starlikeness criterion:
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Theorem 2.1. (Starlikeness 1). Let g € A be satisfying 1g"(2)| <1, (z € U). Then g € S*. The result is
sharp and g(z) =z + a,2% |a,| = 1/2 satisfies the equality.

Proof. Let |g"(z)| <1. Then, by Lemma 1.1,
8" (@) = 92, (1)

for some ¢ is analytic in U satisfies that ¢(z) < 1 in U. By integrating both sides of (1), and using Lemma
1.1, we can write

g(2)-1= [pwdu =z[ pltz)dt = 20, 2), )
0 0

where ¢, is analytic in U satisfies that |¢,(2)|< 1 in U. Again by integrating both sides of (2), and
using Lemma 1.1, we have

g(2) =z+§zZ¢2<z> 3

where ¢, is analytic in U satisfies that |¢,(2)| <1 in U. Therefore,

)

22'() 1‘ _fF @@ +20i2)| |12
V4

_ _| %z2a)(z) |< 3
g(2) ‘ z+%22(p2(2) ‘ ‘ +%22¢2(2)‘ ‘z+%22¢2(z)‘ 1-

1
2
for some analytic function w satisfies that |w(z)| < 1 in U. Hence g € S*. For sharpness, consider
1 . . . .
g2)=z+ 522“. It satisfies the equality when ¢ = 0, however, for every ¢ > 0, the function g will not

be univalent, because for

1

2, :( -2 jh—g U,
2+¢
we have g'(z)) = 0.

Corollary 2.2. If g € A satisfies ) k(k—1)|a,| <1, then g € S*.

For n > 3, we have the following starlikeness criteria:

Theorem 2.3. (Starlikeness 2). Let g € A be satisfying
n' n-1

: [I—Zk|ak|J,(zeIU), (4)
+2 s

for some n> 3. Then g € S*. The result is sharp and g(z)=z+ ZZ; akzk, where ZZ;;k|ak| =1 satis-
fies the equality.

Proof. For n > 3, let

() <
n

and
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Then
g"() =B 9(2), (5)

where ¢ 1s analytic in the disk U and it satisfies |@(2)| < 1 for every z € U. By the virtue of Lemma
1.1, and using the fact that g?(0) = J'a, integrating both sides of (5) many times, leads to

g" (@) =(n-Dla,, +p,z0,(2),

g(”'z)(z) =(n-2)!a, ,+(n-!a, z+ %ﬂn22(03 (2),

g("‘3)(z) =(n-3)'a, ;+(n-2)\a, 2+ é(n -1)! a,Hz2 + %/3,;3% (2),

n-1
' :1+ k k-1 + ﬂn n-1 ,
g'(2) kZ; e+ 9, (2)

n-1
1 .o
g(z)=z+ z a,2" + mﬂnz 0,..(2),

k=2

for some analytic functions »; in the disk U satisfy | (pj(z) | <1foreveryj=2,..,n+1andzeU. Since
%(z”(pn+1 (2)) = nz"‘lgon (2), one can write 2"¢/,.(2) = (¢ (2) — ¢,,,(2))nz"". Hence, a computation shows
that

n-1 n i n-1
W) 1‘ ) Sk -Daet + LB (10,(2) - 9,2 A k-Dla|

n-1 n n-1 :
g(2) ‘ z+zk22akzk + 5 8.2"0,,,(2) ‘ 1-55, —Zk:2|ak|

Thus g € S*. For sharpness, consider

g(z)=z+ [—1 + rJ 2",
n-1

which satisfies the equality in (4), whenever letting r = 0. If r > 0, we obtain for
1
-1 n-2
z =| ——— ,
1+r(n-1)

2,8'(z))

g(z)

which is a point in the unit disk U, that

)

and hence g ¢ S*.
Corollary 2.4. If g € A satisfies

8@ <2~ 2a,

), (z€0), (6)

then g € S*. The result is sharp and g(z) =z + a, 2°, (1a,| = 1/2) satisfies the equality.
Corollary 2.5. If g € A satisfies
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> k! n!
n+22 | k|+;(k | k|S ’ (7)

n+2

for some n >3, then g € S*.

For n = 3, Corollary 2.5 yields that

Remark 2.6. The condition Z; k(k—1)(k - 2)|a,| < £(1-2|a,)) is sufficient for starlikeness.
For n > 3, we have the following:

Theorem 2.7. (Starlikeness 3). Let h € A be satisfying

! n-1 n-1 2
<« —2 I @n+ DS klay |+, 4n? + 4 —(n—2)? kla
o) o2 %'k'J -7 bl ®
for some n > 3 and for every z € U. Then h € §* and the equality attained in (8) for the function h(z) =
z+z akz such that Z k|ak| 2/+5.
Proof. Let n >3 and
[A"() | <a, ©)

for some a > 0. Generally, by Lemma 1.1 and inequality (9) we have

n-1
R(z)-1=) kaz"" + az"'p, (2). (10)
k=2

1
(n-1)!

where ¢ is analytic in the disk U and it satisfies |¢ (2)| <1, for every z € U. Therefore,

|h (Z) 1| Zk|ak||z|k B (n 1)y| |” B
n-1 a
< kzz;‘k|ak| D!
Integration both sides of (10) gives

h(z)—z= rf‘akzk + ﬁyj.nu”‘lgon (w)du (11)
- n's
n—1

= Zakzk +%z”1//n(2), (12)

k=2 :

where v is analytic in the disk U and it satisfies |y (z)| < 1 for every z € U. Therefore,

h() n-
< S Jof
n-1

(24
<§kzz2:k|ak|+g
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Now,

zh'(2)
‘arg )

S a .18 a
< arcsin kla,|+ ———+arcsins— » kla,|+—¢.
{% ] (n-1)! 2; ] n!
The last bound equals /2 if

n-1 2 n-1 2
1
{;k|ak|+—(nf1)!} +{§kz_;k|ak|+%} =1

arg

< |arg h’(z)| +

h(z)‘

z

which 1s equivalent to

2
n, n-1 n-1
a=————1-2n+1) kla, |+, [4n* +4-(n-2)*| ) k|a 13
S RO Y J n-2( Skl a3
and a > 0 1f
n—1
Zk|ak| < \/E
k=2 5
Thus, for the previous given a, we have
‘arg z28'(2)| &
g() | 2

and therefore g € S*.
For n = 3, we have the following corollary.

Corollary 2.8. If h € A satisfies

<20 -7l e a9

then h € §*. The function h(z) =z + a222,(|a2| =1/ \/3) achieves the equality.

Remark 2.9. Comparing Corollary 2.4 along with Corollary 2.8, we notice that if |a2| <1/+5 , then the
bound of inequality (14) is larger than the bound of inequVality (6). On the other hand, if |a2| <1/+/5 ,
then the bound of inequality (14) will be negative. However, if 1/ J5 < |a2| <1/2, then the bound of
inequality (6) is non-negative. This does not contradicts the sharpness of Theorem 2.3 because the
sharp bound is not constant but depends on the values of the coefficients. This emphasizes the signif-
icance of Theorem 2.7.

The following figures show the images of sharp starlike functions versus non-starlike functions
occur when we increase the values of the coefficients. We notice in figures (b), (d) and (f) that the
boundary curves intersect themselves, which means that the correspond functions are not univalent.
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3. Criteria for Convexity

Theorem 3.1. (Convexity). Let g € A be satisfying

, 1
|g (2)|S§, (ZEU)7 (15)
or
| =D S,
‘g (2)‘37 1->" 12|y |, zeD), (16)
k=2

for some n > 3. Then g € K. The result is sharp and g(z) = z +(1/4)2? satisfy the equality in (15).
However, g(z)=z+ ZZ; akzk, where ZZ; k? |ak| =1 satisfy the equality in (16).
Proof. Let |g"(z)| <p, for some > 0. Then g”(z) = fp(z) and

1

g'(2)~1= | plwydu = pz[ ptz)dt = pzg, ), )
0

0

where ¢, ¢, are analytic in U and satisfy that |¢(2)| <1, |¢,(2)| <1 in U. Therefore,
1-B8<l1g®@I <1+p
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Hence,

B
1-48
The last bound is less than or equal to 1, if < 1/2. For n > 3, let

18"@) | <a,

z8"(2)| _
g'(2)

for some a > 0. By relation (10), it can be seen that

a
(n-1)!

n—1

g'() =1+ kaz""+ 2" (2)
k=2

By differentiation of both sides for the last equation, we reach to

n-2

n-1
" k-2
g"(z) = ;k(k ~1)a,z"? + 0P (2)

_z
(n-2)

where z""'¢’ (2) = (¢, ,(2) — ¢ (2))(n — 1)z"* using Lemma 1.1. Hence, from the previous relations, we
have

22'(2)| _ ot ZZ;; k(k —1)]a|
! n-1
€@ - ya =Y klay

which is less than or equal to 1 if

n

_ [ n-1
sl 1>'(1 S |ak|J.
k=2
Hence, the relation (16) yields that g € K. For sharpness, case I: for inequality (15), consider
8o(2) = z+(i+ rjzz, r>0,

which satisfies the equality in (15), whenever letting r = 0. A computation shows for z, = —-1/(1 + 4r)
€ U that

1+ Z080(20) =0
80(2o)
and hence g & K.
Case II: for inequality (16), consider
2)=2z+ +r |2 r>0,

which satisfies the equality in (16), whenever letting r = 0. A computation shows for

1
— n-2
S T
1+r(n-1)
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that

1+ Zlg{’(zl) — O,

g (z)

and hence g, ¢ K.
As a consequence result of Theorem 3.1, when n = 3, we have the following.

Corollary 3.2. If g satisfies

2"(2)| < %(1 ~4)a,]), (ze D),

then g € K. The result is sharp and g(z) =z + a, 2% (la,| = 1/4) satisfies the equality.

The following figures show the images of sharp convex functions versus non-convex functions occur
when we increase the values of the coefficients.
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