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Abstract
The timely detection of lung tumour development is important in the planning of individual therapy 
and enhancing survival. Although deep learning models have demonstrated good performance in 
tumour analysis based on CT, their low interpretability inhibits their integration in clinical practise. 
This paper presents a hybrid using AI and nonlinear tumour growth modelling and machine learning 
optimisation to forecast the initial progression of lung tumours based on CT scan data. The growth 
model of a nonlinear set of nonlinear differential equations (Gompertz /logistic) is fitted by first con-
strained nonlinear optimization on the sequential tumour volumes. The estimated parameters are the 
growth rate (r), carrying capacity (K), as well as the deceleration factor, then they are incorporated 
into a deep convolutional network, which will be trained to predict tumour size at subsequent time 
points. A longitudinal CT dataset of lung cancer patients at an early stage (N = 52) was experimented 
on to show that the hybrid model reduced prediction RMSE to 4.23 cm³, which was better than base-
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line CNN-only and purely mechanistic models by 45.9% and 34.0% respectively. There was also a 
significant correlation between growth parameters and clinical progression (p < 0.01) thus increasing 
the interpretability of the models. The suggested framework is efficient in closing the gap between 
mechanistic nonlinear modelling and current deep learning and leads to robust, interpretable, and 
clinically meaningful predictions of tumour growth.
Mathematics Subject Classification (2010): 92C50; 34A34; 49M37
Keywords: Lung cancer; CT imaging; nonlinear optimization; tumour growth modelling; machine 
learning; deep learning.

1. Introduction

The cancer lung cancer is still one of the most common causes of cancer deaths in the world, and the 
ability to diagnose the cancer in good time and the ability to predict the development of tumours 
accurately is still relevant to the enhancement of patient outcomes [1]. Computed tomography (CT) 
imaging is of significant importance in the longitudinal surveillance and evaluation of tumour pro-
gression in the early stages of the disease where it provides non-invasive information on morpho-
logical changes with time [2]. The conventional method of tumour growth modelling uses nonlinear 
mathematical models- most typically the Gompertz and logistic growth laws that offer biologically 
based descriptions of tumour growth by including the saturation and deceleration of growth rate 
[3–5]. Although they can be interpreted and can be of theoretical interest, these mechanistic models 
may fail to capture the full complexity of real tumour behaviour, which varies with microenvironmen-
tal variability, tissue heterogeneity and radiomic textural features that can hardly be represented in 
simplified mathematical models [6,7]. Simultaneously, the development of deep learning, especially 
convolutional neural networks (CNNs) has contributed greatly to automated CT image analysis and 
allows performing high-accuracy tasks like nodule classification, malignancy assessment, and growth 
prediction by relying on hierarchical feature extraction [8–10]. Nonetheless, CNN-only models have 
low interpretability, require large annotated datasets, and do not utilize biological priors of tumour 
growth dynamics adequately [11–13]. Such constraints reveal a long-standing gap in the literature, 
in which few studies have succeeded in combining the merits of mechanistic nonlinear tumour mod-
elling and AI-based optimisation and deep learning models to both perform robust predictive con-
trol and provide biological understanding [14]. To overcome this gap, hybrid modelling strategies 
have to be developed that can integrate mathematically based growth parameters with rich imaging 
characteristics to come up with predictions that have clinical significance [15]. Driven by this, more 
recent works in optimisation algorithms, such as Levenberg Marquardt methods and particle swarm 
optimisation, have facilitated more accurate calibration of nonlinear tumour growth models with 
real patient data [8,9], and other studies on radiomics and multimodal feature fusion have enhanced 
better characterization of tumours based on CT imaging [10,16]. In other fields of science, besides 
oncology, advances in computational modelling in the areas of nonlinear dynamics, neuromorphic 
computing, fluid structure interactions, embedded medical systems, cognitive neural analytics and 
biomedical signal processing indicate the expanding potential of hybrid data-driven and mechanistic 
approaches across fields [17–20]. It is based on this interdisciplinary background that the current 
study suggests an AI-based nonlinear optimisation framework, which extracts the tumour volumes of 
serial CT scans, constrained nonlinear growth model to determine the key tumour evolution parame-
ters, and to incorporate these biologically meaningful features with deep neural representations, it is 
possible to predict the future tumour progression, which supports enhanced accuracy and interpret-
ability under the framework of nonlinear modelling and its applications. In addition to clinical moti-
vation, this work also provides contributions to nonlinear analysis, namely the analysis of parameter 
identifiability, sensitivity structure and stability behaviour of classical tumour-growth ODEs with 
hybrid data-driven regularization.
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2. Nonlinear Tumor Growth Model and Hybrid Optimization Framework

2.1 Nonlinear Tumor Growth Formulation

Models of nonlinear differential equations are good characterizers of the behaviour of solid tumour 
expansion which represent biologically realistic growth patterns. Two classical formulations, namely 
the Gompertz model and the logistic model, were used in this study. These models both describe the 
initial exponential proliferation phase and the slowing down which follows as the tumour slows down 
to physiological saturation. The nonlinear Gompertz model in general is characterised by.

dV
dt

rV K
V

� �
�
�

�
�
�ln (1)

where V (t) is the tumour volume at time t, r  represents the inherent growth rate and K is the car-
rying capacity. When V → K the growth rate decreases very quickly, and the Gompertz law is appro-
priate in the case of constrained solid tumour growth. Conversely, the logistic model supposes the 
deceleration is proportional to a ratio of the present volume to its maximum value 
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that results in a sigmoidal curve. These two nonlinear models are both numerically integrated 
using 4th-order RungeKutta schemes to solve the predicted tumour volumes by using serial obser-
vations in the form of CT. The main distinction between the two formulations is the curvature of the 
growth curves as the two patterns of the initial exponential growth and subsequent saturation are 
visually compared as shown in Figure 1.

The graphical difference as depicted in Figure 1 explains the necessity to employ both the models 
in clinical prediction activities as there is a variation in the deceleration trends of various tumours 
under varying physiological and microenvironmental situations.

Parameter Identifiability:
The nonlinear tumour growth model under consideration is of the form.

dV
dt

f V t r K� �( ( ); ), [ , ]� �

Figure 1. Comparison of Logistic and Gompertz Tumor Growth Curves
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structural identifiability This means that the solutions to two sets of parameters are non-overlapping:
f V t f V t t( ( ); ) ( ( ); ) .� � � �1 2 1 2� � � �

In the case of Gompertz and logistic models that will be applied in this study, local identifiability 
will be assured under the condition that there are at least three independent measurements of vol-
umes at distinct different times.

This is to ensure that the curvature of V(t) gives enough constraints to determine both growth rate 
rand carrying capacity K uniquely.

Local Sensitivity: 
To compute the sensitivities of a model to first-order perturbations in model parameters, we calculate 
the first-order sensitivities: 

S t V t
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In the case of both Gompertz and logistic models,

S t S t t tr K c( ) � �( ) ,for early times

implicating that parameter r controls the short-term prediction behaviour, with K controlling the 
long-term saturation dynamics.

This observation justifies our hybrid model: when the initial time-points do not contain enough 
information to disambiguate K, the extracted features of the CNN can be used to do so.

2.2 Parameter Estimation Through Nonlinear Optimization

The growth parameters (r, K, α) are estimated using longitudinal CT measurements given as a non-
linear optimization. Assume Vobx(ti) is observed tumour volumes at discrete time points ti. The objec-
tive is the minimization of the squared error between observed volumes and model-predicted volumes 
Vmodel(ti; r, K, α) which are calculated by numerical integration:

min obs modelr K
i

i iV t V t r K r K
, ,

; , ,
�

� � �� � � � � ��� �� � � �� �2 2 2 2
(3)

whereby there are biologically significant constraints.

r K V� � � � �0 0, , .max obs � (4)

The regularization parameter λ stabilizes the estimation and prevents overfitting in cases when 
the temporal data is also limited. Due to the non-convexity of the optimization landscape and its sen-
sitivity to noise, a hybrid optimization model of Levenberg, Marquardt, particle swarm optimization, 
and trust-region reflective methods was used. The PSO uses the global search ability that guarantees 
the exploration of the parameter space and Levenberg Marquardt to refine local convergence. The 
ultimate solution provides a specific set of growth parameters to an individual patient.

� �� � �r K, , (5)

that sums up the inherent dynamics of tumour growth. These parameters subsequently become inter-
pretable mechanistic characteristics that add up to hybrid deep learning prediction.

2.3 Hybrid CNN–Mechanistic Prediction Architecture

In order to enrich the mechanistic parameters and extract all the spatial radial-omic data incorpo-
rated in the CT scans, a 3D ResNet-based convolutional neural network (CNN) was used. The CNN 
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takes volumetric tumour areas and obtains deep morphological features of texture, shape anomaly, 
intensity distribution, and microstructural shifts. The latent feature vector resulting is of dimension 
512, i.e. FCNN ∈R

512 , which is then appended with the mechanistic parameter vector 0 to create a 
fused representation.

Z F� �� �� �CNN , .� R515 (6)

The outcome of this hybrid feature vector is then fed to a fully connected prediction network that 
predicts the tumour volume at a time interval t t� �  which is in the future. The predictive function is 
given as

V f Zpred � � � (7)

where f denotes a multilayer neural network with dropout and L2-regularisation to block the overfit-
ting. The learning goal reduces the error in the prediction of the tumour volume:

L V V� �pred true
2
. (8)

Utilising both mechanistic nonlinear growth parameters and data-driven CNN features, simultane-
ously, the model is beneficial as it is biologically interpretable and has high-resolution image rep-
resentations. This hybridization can enable the system to generalize across a wide range of tumour 
phenotypes and be able to give clinically useful growth predictions.

3. Materials and Methods

3.1 Dataset

The research used a longitudinal CT retrospective data set of XXX early-stage non-small cell lung 
cancer (NSCLC) patients each of whom provided 3 or more sequential CT scans over a 612 months 
period. All scans were based on normal diagnostic guidelines with slice thickness ranging between 
0.75 and 1.25 mm which is adequate to guarantee that spatial resolution is satisfactory to make 
good volumetric reconstruction. The inclusion criteria included histologically confirmed NSCLC, com-
plete follow-up imaging availability before the start of treatment and quantifiable tumour lesions 
based on the RECIST. The patients receiving systemic or radiation therapy between scans were 
locked out because the behaviour would disrupt the unbiased tumour growth. Table 1 provides demo-
graphic and imaging data of the cohort that provide a necessary context of reproducibility and cohort 
representativeness.

The following table gives important considerations that affect the tumour measurement reproduc-
ibility, heterogeneity of the patients, and the sampling density with time. All data were anonymized 
and ethical clearance on retrospective analysis was granted by the institutional review board.

3.2 Convergence Properties of the Hybrid Optimization Scheme

To estimate the parameters of the nonlinear tumour growth models, we solve the following nonlinear 
least-squares optimization problem:

min obs
�

� �J V V t
i

N
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�
�
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2
; ,

with θ = [r,K] representing growth parameters of Gompertz or logistic model and J(θ) is continuously 
differentiable in a neighbourhood of the true solution. Though the underlying goal is smooth, it is 
commonly the non-linearity of the growth processes which causes non-convex behaviour, requiring a 
strong optimization strategy.
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In the hybrid PSO-LM-trust-region pipeline used in the study, one can find the following strengths:

(1) Global exploration via Particle Swarm Optimization (PSO).
PSO conducts global search in a population-based manner over the admissible parameter space and 
reduces the vulnerability to local minima as well as provides a variety of initializations to be refined 
later.

(2) Quadratic convergence through the Levenberg––Marquardt method (LM).
After a solution candidate has reached an area of local convexity of J(θ), LM guarantees a fast sec-
ond-order convergence in terms of.

� � � �k kC� � � �1
2* * ,

and θ* is the best parameter vector and C is a constant that is dependent on local curvature. This 
property is essential in case of accurate parameter recovery of limited longitudinal data.

(3) Numerical stability via trust-region regularisation.

When the residual topography is so steep or noisy that the discretized trust-region step is non-mono-
tonic, the trust-region step will force the objective to reduce monotonically:

J Jk k� ��� � � � �1 ,

even in the case of ill-conditioned Gauss Newton approximation. This ensures a consistent movement 
of the optimization and avoids the drift of the optimization at initial stages.

Together, these processes produce an optimisation process of a globally informed, locally fast, and 
numerically stable, which is consistent with the principles of traditional nonlinear-analysis of param-
eter identification of dynamical systems.

3.3 Image Preprocessing and Segmentation

All CT volumes were subjected to a standardised preprocessing pipeline so that they could be consis-
tent with each other in terms of imaging sources. To remove scanner specific variability, first, voxel 
intensities were normalised to a set range of Hounsfield Unit (HU). A semi-automatic 3D U-Net based 
tumour segmentation approach was used that effectively outlined tumour areas whilst maintain-
ing sharp structural edges. The automatically generated contours were then checked and manually 
refined by the trained thoracic radiologists in order to have anatomical accuracy particularly in the 
cases of tumours near vessels or the pleura. The final tumour volumes were calculated using voxel 
summation based on scan specific voxel spacing retrieved using DICOM metadata.

Table 1: Dataset and Patient Characteristics
Parameter Value / Description
Total number of patients 52
Cancer type Early-stage NSCLC
Number of CT scans per patient 3–5
Follow-up duration 6–12 months
Age range (years) 48–79
Mean tumour diameter at baseline 24.6 mm
CT slice thickness 0.75–1.25 mm
Exclusion criteria Prior therapy during interval; poor-quality scans
Imaging acquisition protocol Standard thoracic CT with contrast (where applicable)
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Segmented tumour regions were cropped, padded and resampled to the volume of 128 × 128 × 128 
voxels, which was an isotropic sample, to standardize data input to the deep learning framework. This 
guaranteed consistent spatial input dimension and some morphological meaningfulness. The entire 
preprocessing and segmentation process is depicted in Figure 2 that outlines the series of activities 
between CT scans and volumetric tumour extraction.

3.4 Experimental Protocol

The stratified sampling was used to split the dataset into training (70%), validation (15%), and test 
(15) sets to ensure fair model evaluation since it was necessary to balance the distribution of tumour 
sizes and growth rates between splits. The suggested hybrid nonlinear-deep learning model was com-
pared with three reference models:

(1)	CNN-only model is based on using imaging features, without nonlinear parameters;
(2)	nonlinear model-only, based on Gompertz or logistic growth projections based on fitted parameters;
(3)	radiomics-based regression, which is a regressor that uses handcrafted radiomic features with a 

gradient boosting regressor.

The two dimensions involved the performance of the model on the accuracy of the prediction of 
tumour volume based on root mean squared error (RMSE), mean absolute error (MAE) and coefficient 
of determination (R 2); and the ability of the model to identify stable and progressive disease based on 
area under the ROC curve (AUC). Each experiment was repeated with a 5-fold repeated cross-valida-
tion scheme in order to perform experiments in a statistically robust manner. The hyperparameters of 
both the CNN and the hybrid prediction network were optimised using the validation set and the test 
set was not touched until the end of the evaluation in order to prevent information leakage.

4. Results

4.1 Nonlinear Model Fitting

The nonlinear tumour growth models showed good goodness-of-fit in the longitudinal data of CT. The 
average coefficient of determination in all patients was R2 0 89= .  which shows that both the Gompertz 

Figure 2: CT Preprocessing and Tumour Segmentation Workflow
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and logistic models could accurately predict the overriding growth behaviour. The estimated intrin-
sic growth rate median was r � �0 034 1. day , which agrees with earlier reported values of the growth 
kinetics in early-stage NSCLC. The observed carrying capacities showed a great inter-patient vari-
ance, which was indicative of disparities in tumour biology, microenvironment, and pattern of growth 
saturation.

The nonlinear parameters were observed to be optimised significantly and statistically related to 
clinical outcomes. Namely, increased growth rates and decreased carrying capacity were highly pre-
dictive of radiological progression at follow-up, and the p-value was below 0.01, which proves their 
clinical applicability as interpretability enhancing biomarkers. Figure 3 illustrates representative 
examples of model-fitted curves and observed patient trajectories and demonstrates that the nonlin-
ear models can be used to recreate the unique tumour evolution patterns of individual patients.

4.2 Prediction Performance

To compare the advantages of integrating nonlinear mechanistic properties with deep imaging rep-
resentation, the suggested hybrid architecture was tested in comparison with two control settings, 
a CNN-only architecture and a nonlinear model-only predictor. The criterion of performance was 
determined on the held-out test set based on the RMSE, MAE, and qualitative commentary on the 
behaviour under different growth patterns.

The hybrid model generated the least RMSE and MAE, which was better than the baselines and 
had a better robustness in different tumour phenotypes. Interestingly, CNN-only model had a lower 
performance in lesions with irregular contours or unstable expansion, but the purely mechanistic 
model had low adaptability with the tumours not following classical growth patterns.

The high performance of the hybrid method is also exemplified in Figure 4 wherefore the predicted 
and true tumour volumes on the test set are represented. The hybrid model has a higher clustering 
around the identity line which testifies to its predictive accuracy and reliability.

4.3 Interpretability Findings

In addition to numeric accuracy, the hybrid model has clinically significant interpretability benefits 
through nonlinear mechanistic parameterization. Parameters distribution analysis showed that the 

Figure 3: Example Fitted Gompertz/Logistic Growth Curves vs Observed CT-Derived Tumor 
Volumes
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Figure 4: Predicted vs. True Tumor Volumes for All Methods

Table 2: Tumor Volume Prediction Performance Across Models
Model RMSE (cm³) MAE (cm³) Notes
CNN-only 7.82 5.94 Struggles with irregular or noisy growth patterns; 

relies solely on imaging texture
Nonlinear model 6.41 4.88 Accurate for monotonic growth but limited by over-

simplified biological assumptions
Proposed Hybrid 4.23 (best) 3.12 (best) Achieves lowest error; combines mechanistic 

insight with rich imaging features

higher the rate of growth (r), the lower the carrying capacity (K), and the higher the rate of Gompertz 
deceleration (α), the more aggressive was the tumour evolution and the higher the chances of its pro-
gression. These associations were still meaningful when baseline tumour size and follow-ups were 
factored.

In addition, feature attribution experiments revealed that the integration of nonlinear parameters 
and deep CNN features created more structured latent points, which allowed the distinction between 
stable and progressive clusters of disease. This joint representation also produced more continuous 
predicted growth curves and more biological behaviour. Specifically, the hybrid feature space gen-
erated a high level of temporal coherence with the predicted tumor volumes changing smoothly and 
consistently with clinical expectations as opposed to the CNN-only model which at times made abrupt 
or nonphysiological predictions.
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The findings support the importance of combining mechanistic modelling with state-of-the-art 
deep feature extraction and show that nonlinear tumour growth parameters do not only increase the 
explainability of the models, but also serve as stabilizing priors, increasing the predictive robustness 
of the models.

5. Discussion

The findings of this paper prove that the suggested hybrid framework is a good combination of non-
linear mechanistic tumour growth models and deep learning-assisted CT feature extractors that offer 
a unified predictor that is accurate and interpretable. By introducing biologically significant param-
eters determined by nonlinear optimisation, the model reflects behaviour of intrinsic tumour prolif-
eration behaviour, and provides clinicians with information on the aggressiveness and progression of 
individual lesions. This interpretability can be considered a major strength compared to traditional 
CNN-only models, which tend to act as black boxes and which are not transparent in deployed clinical 
decision-making scenarios. The joint optimisation of growth parameters (together with deep radio-
mic representations) do not only enhance prediction accuracy, but also cause the behaviour of the 
model to be consistent with established tumour physiology, making the outputs of the model more 
biologically plausible. The other advantage of the proposed solution is that it is stable to relatively 
small datasets with the help of the stabilizing effect of the mechanistic priors, which limits the learn-
ing process and avoids overfitting. Regardless of these strengths, there are a number of limitations 
which should be considered. The dataset size is relatively small and the use of manual refinement of 
segmentation masks can lead to variation in the observer. Moreover, the model is constrained by the 
inability to generalize the results of single-centre imaging data to larger clinical populations, which 
is why the multi-centre validation in the future is inevitable. Future studies can look to realise end-
to-end differentiable architectures, which explicitly induce nonlinear growth equations into neural 
network training, allowing nonlinear learning of mechanistic-data guided dynamics. The addition of 
complementary imaging (PET) would further improve the biological characterization, and an exten-
sion of the framework to personalized therapy simulation based on nonlinear dynamical modelling is 
an avenue to clinical translation.

The hybrid model does not only enhance predictive accuracy but it also provides parameters that 
possess nonlinear- dynamical interpretable meaning.

The phase portrait of the system is determined by values of rand K that have been fitted.
dV
dt

f V r K� � �; , ,

allowing us to analyze tumor behaviour in terms of:

Equilibrium stability:
Logistic and Gompertz models possess a stable fixed point at V* = K.

The magnitude of r governs the rate of convergence toward this equilibrium.

Transient growth trajectory:
Early deviations in the CNN-extracted imaging features correspond to variations in the initial condi-
tion V(0) and help explain heterogeneous growth responses.

Bifurcation-like behaviour:
Changes in effective carrying capacity K, as predicted by the hybrid model, can be interpreted as 
structural shifts in the underlying system, analogous to parameter-driven bifurcations in classical 
nonlinear dynamics.

6. Conclusion

This paper describes a hybrid model, combining a mechanistic nonlinear tumour-growth model with 
the deep convolutional imaging features extractor to forecast early tumour evolution in the lungs in 
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the case of longitudinal CT scan data. The motivation of the approach is to fit Gompertz and logistic 
growth laws via a globally guided and locally convergent nonlinear optimization pipeline to obtain 
localised growth parameters which mimic inherent tumour behaviour, such as proliferation rate, sat-
uration behaviour and deceleration over time. These parameters give interpretable and biologically 
relevant descriptors that are complementary to the high-dimensional radiomic data that are repre-
sented by the 3D CNN.

The combined expression of mechanistic and deep image characteristics allows more stable and 
physiologically consistent predictions, compared to either of the two modelling strategies. The hybrid 
model was always able to generate reduced-prediction-error, smooth-volumetric-trajectories, and 
enhanced-robustness over heterogeneous tumour phenotypes. Moreover, the nonlinear parameters 
that were recovered showed significant correlations with the observed progression patterns, as well, 
which underscores their possible use as quantitative biomarkers of tumour aggressiveness.

Altogether, the findings prove that nonlinear dynamical modelling, when coupled with con-
temporary deep learning, provides an effective paradigm of characterizing and predicting tumour 
growth. Applications Future studies can expand this framework to include end-to-end differentia-
ble growth-equation integration, multimodal imaging, e.g. PET, and the simulation of treatment-re-
sponse scenarios with nonlinear dynamical system analysis on a patient-specific basis.
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