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Abstract

In this study, a new, more flexible and fitting distribution is proposed by incorporating the Lomax
distribution into the Gompertz-G family. Several important statistical properties of this new distri-
bution, including the cumulative distribution function, the probability density function, the survival
function, the hazard function, as well as the first and second moments, and other statistics. The
model parameters were estimated using two methods: Maximum Likelihood Estimation (MLE) and
Maximum Product Space Estimation (MPS). The performance of these two methods was compared
through an extensive simulation study, regardless of the sample size and parameters, such as MSE
and bias. The proposed distribution’s efficiency was then evaluated using several real-world datasets.
The fit indices of the proposed distribution were studied and compared with other standard distribu-
tion models, using goodness-of-fit AIC, BIC, CAIC, and HQIC. Eventually, several conclusions were
presented for the findings obtained from the theoretical and applied parts.
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1. Introduction

Continuous probability distributions play a fundamental role in statistical modeling and data analy-
sis, researchers today are not content with the classical distributions we are familiar with; rather,
they seek to enrich and expand their horizons by adding greater flexibility and a greater ability to
understand the behavior of real-world phenomena.
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Today, researchers are not content with the well-known classical distributions. Still, they are
instead moving to enrich and expand their horizons in their pursuit of further development by pro-
viding greater flexibility and a greater ability to understand the behavior of real-world phenomena.

Given the flexibility of modern statistical distributions, researchers prefer to expand the scope of
application of classical models and their ability to adapt to complex or extreme data. This approach
involves adding some additional parameters that allow the distribution’s behavior to be modified by
tail behavior and using different latent variable transformations without compromising its underly-
ing structure, especially when dealing with phenomena characterized by non-stationary hazard rates
or dense tails.

Many studies have built on the approach of Marshall and Olkin (1997) [1], which provided a flexible
framework for adding new parameters to distributions, paving the way for the development of models
more capable of representing real-world data. Among the notable efforts in this regard, Althebhawie
et al. [2] modified the Rayleigh distribution to obtain a more flexible distribution. AL-Adilee et al. [3]
proposed a generalization of the Lindley distribution within the proportional hazards framework and
applied it to biological data. Shabeeb et al. [4] proposed a sine-based transformation to generate a new
version of the Gumbel distribution, reviewing its mathematical properties and practical applications.
Recent studies have shown that generalized distributions offer superior performance in estimation
and modeling. In parallel, the development of efficient mathematical and computational models has
also attracted considerable attention in applied mathematics, where modern estimation and filtering
techniques have been proposed to improve prediction accuracy and model performance [5, 6]. These
developments demonstrate the growing importance of combining statistical theory with computa-
tional methodologies. These generalizations are gaining increasing attention in fields that require
heavy tails. This includes diverse disciplines such as reliability, finance, engineering, fluid mechanics,
and computational sciences, where mathematical modeling and numerical simulation play a funda-
mental role [7-9]. The freedom to work within the model allows for better fitting the distribution to
the data and comparing models based on statistical selection criteria. In this context, the Gompertz
distribution has the flexibility to represent variable increases or decreases, while the Lomax distri-
bution is known for its heavy tails and its ability to handle outliers [10]. The Gompertz-Lomax dis-
tribution, generalized here as the GOLD distribution, represents a new development in how models
are built and fitted to complex phenomena. Combining these two features, it adds an additional layer
of control through new parameters, providing additional flexibility to accommodate a wide range of
hazard rate shapes and tail behaviors. The proposed distribution is based on an idea inspired by the
approach of Al-Zaatari et al. (2013) [11], which facilitates the construction of new continuous distribu-
tion families. Other distributions can be found in [12, 13] and similar generalizations.

This work presents a modern generalization of the Lomax distribution via the Gompertz-G family
to produce a new distribution named the Gompertz Lomax Distribution, denoted by GOLD. This tech-
nique involves an investigation of the mathematical and statistical properties, including cumulative
and density functions, moments, entropy, order statistics, and estimation methods. Furthermore,
a simulation study was presented to test the efficiency, consistency, and accuracy of the estimators
obtained from the estimation method. Estimation of the model parameters of the generated distri-
bution was implemented using two well-known methods that were called the (MLE) and the (MPS)
methods. A model performance was evaluated through real-data applications and compared to the
competing models using the measure of goodness-of-fit to decide the best distribution that can fit var-
ious datasets better.

Moreover, the basic notions that are required to perform such generalization involve the CDF of a
general formula for the Gompertz-G family [14], the CDF, and PDF of the Lomax distribution [13, 15,
16], which are, respectively, given in Eq.(1-3).

A

Flx)=1— e O] @)

Where, o> 0 is shape parameter and A >0 is the scale parameter of Gompertz distribution.
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Where, 6> 0 is the shape parameter, and > 0 is the scale parameter of Lomax distribution.

2. Methodology and Theoretical Properties
2.1. The GOLD Distribution

In this part, we present the construction of GOLD distribution created by substituting the CDF of
the baseline distribution Lomax Eq. (2) in the general formula of the Gompertz-G family Eq. (1). This
combination yields the CDF of the GOLD distribution as seen in Eq. (4)

1{17 142 W}
F(x)=1-¢" [ 'BJ . (4)
Differentiating the CDF Eq. (4), we obtain the PDF of the GOLD distribution as given in Eq. (5).
ao-1 Ay X i
=201+ % e“{ ( ﬂ” (3)
B B

where, o, 6> 0 is the shape parameters, and 8, A > 0 is the scale parameters.
It is obvious that the CDF Eq. (4) yields the essential properties of being CDF as seen below.

AT

a) liIEF(x)zlirE l1-e =1

g{l—[pf%]mg}
b) lim F(x) =lim| 1 ¢ -0

Also, the limit of PDF Eq. (5) leads to the following approximated values, that are

9 lim f(x) =lim %(H%JMH ei{lﬂ“zﬂ 0
o AT ae

d) lim f(x) = lim ﬁ(ufj 5

B\ B

Moreover, the survival function, the hazard function, the cumulative hazard function, and the
reversed hazard function, respectively presented in the Eq. (6-9)

S(x) = el“”” ©6)

A0 x Y
hx)=221+2 7
(x) ,B( +ﬁ] )
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H(x)=—1nS(x)=—§[1—(1+%] ] (8)

w(l) AT
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Further, plots of the main functions like the CDF, which are the PDF, the survival function, and
the hazard function, are presented in the following figures.

Figure 1 shows the curves of the cumulative function F(x) for the GOLD distribution at different
values of the parameter 6, while other constants have fixed values. It is obvious that all curves start at
the point F(0) = 0 and gradually increase until they approach 1 as x increases. Such behavior is useful
in many studies that is concerned with heavy-tailed data. It is also clear that increasing the value of
0 has o direct effect on accelerating the curve’s ascent toward unity, which is the expected behavior
for any cumulative distribution function. This means that most of the probability mass is concen-
trated around small values of x. This suggests that the parameter 6 plays a main role in controlling
the shape of the distribution and the behavior of its tail, as higher values of 6 are associated with an
increased probability of an event occurring within shorter time periods. Therefore, this distribution
is suitable for models that deal with early failure or short lifetimes, such as those found in reliability
studies and survival analysis.

In Figure 2, the probability density function is shown f(x). These curves have an asymmetric shape,
with a peak followed by a decay. An increase in 6 exhibits a dual effect, a higher peak and a lower
spread, indicating a more tightly centered distribution around small values, and a sharper decrease
in the probability of large values, reflecting a reduction in dispersion and an increase in sharpness.

For the survival function S(x) Figure 3, the effect of varying the parameters 6 is analyzed. It is
shown that the survival function starts at S(0) = 1 and then decreases rapidly as x increases. Higher
values of 6 show a faster decline in S(x), indicating a lower probability of survival over a longer period
of time. In contrast, at smaller values of this parameter, the survival function is more extended and
indicates higher survival rates. This confirms that both 6 plays an important role in modifying the
shape and behavior of the distribution’s tail, giving the distribution sufficient flexbility to model a
variety of life or failure data patterns.

The hazard function A(x) gives the behavior of the hazard function for the GOLD distribution
(Figure 4) as a function of the parameter 6. These results demonstrate the flexibility of this func-
tion. These results highlight the flexibility of this generalization in representing the various types
of behaviors that the hazard function can take. We observe that the hazard function starts at a high
value for small values of x and then decreases rapidly as the value of 6 increases. Typically, a low
hazard rate is observed when the probability of an event failing is high early in the system’s lifetime,
but it decreases over time. Furthermore, as 0 increase, the support of the hazard function decreases
both horizontally and vertically, implying a greater decrease in the severity of the hazard. At higher
values of 6 the hazard function is more concentrated around the origin and decreases rapidly, indicat-
ing an increasing effect of wear. This means that this distribution is suitable for modeling real-world
events with time-decreasing hazards, such as maintenance work, equipment failure, or false positive
diagnoses.

2.2. Theoretical Statistical Properties of GOLD Distribution

This subsection provides several statistical properties of a random variable that follows the GOLD. A
proof of each property is shown in detail, starting by a property of quantile.
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Figure 2: PDF of the GOLD distribution for
varying values of 6=1.5, =2, and 1 =0.8
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Figure 1: CDF of the GOLD distribution for
varying values of 6=0.3, =0.2, and A= 0.8
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Theorem 1. A quantile of a random variable X follows the GOLD distribution is given by

1

x=j [1—%log(l—q)}w—1 . 0<q<l. (10)

Proof. Let
F(x)=q, 0<q<1.

Recalling the (CDF) of the GOLD given in Eq. (11), Then

1—eﬂl@;f}:q. (11)

Solving Eq. (11) for x, we obtain that:

X 0“9 _ o
:>(1+EJ —1—710g(1—q)
(12)

a 1/(a8)
:>1+% :{l—zlog(l—q)} .
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Rearranging Eq. (12) yields the formula of quantile Eq. (10).

In particular, when ¢ =%, and a=f=A4=6=1 the median of the GOLD distribution becomes:

x =log 2.

Theorem 2. The first and the second moments of the random variable X that follows the GOLD distri-

bution are given respectively by:
1
B0 = | (2) @ e (151

E(X?) = p [(g)% (142 2) = 2(2) et [ (144 2)+ 1}.
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similarly, for r = 2
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Using incomplete gamma yields the formulas of the first and second moments Eq. (13), Eq. (14)

1
ab ?

(13)

(14)

Table 1, and Table 2 show the calculations of the mean and variance, respectively, with various

values of o and A, while 3, and 6 remain constants.
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Table 1: Mean calculations of the GOLD for various values, with f=0.5, 6=2

AN 0.5 1 1.5 2 2.5 3 3.5 4 4.5

0.5 0.5000 0.3278 0.2539 0.2109 0.1822 0.1614 0.1455 0.1329  0.1227
1.0 0.2500 0.1894 0.1572 0.1364 0.1214 0.1101 0.1010 0.0937 0.0875
1.5 0.1666 0.1350 0.1161 0.1031 0.0934 0.0858 0.0796 0.0745 0.0701
2.0 0.1250  0.1053  0.0927 0.0836 0.0767 0.0711 0.0665 0.0626  0.0592
2.5 0.1000 0.0865 0.0774 0.0706 0.0653 0.0610 0.0574 0.0543 0.0516
3.0 0.0833 0.0735 0.0666 0.0613 0.0571 0.0536 0.0506 0.0481 0.0459
3.5 0.0714 0.0639 0.0584 0.0486 0.0458 0.0479 0.0454 0.0433 0.0414
4.0 0.0625 0.0565 0.0521 0.0486 0.0458 0.0433 0.0412 0.0394 0.0378
4.5 0.0555 0.0507 0.0471 0.0441 0.0417 0.0396 0.0378 0.0362 0.0348

Table 2: Variance Calculation of the GOLD for Various Values, with f=0.5, 6=2

AN\a 0.5 1 1.5 2 2.5 3 3.5 4 4.5

0.5 0.2500 0.0646  0.0299 0.0173 0.0114 0.0081 0.0060 0.0047  0.0037
1.0 0.0625 0.0246  0.0137 0.0089 0.0063 0.0047 0.0036 0.0029  0.0024
1.5 0.0277 0.0134 0.0082 0.0057 0.0042 0.0032 0.0026 0.0021 0.0018
2.0 0.0156  0.0085 0.0056 0.0040 0.0031 0.0024 0.0020 0.0016 0.0014
2.5 0.0100 0.0059 0.0041 0.0030 0.0023 0.0019 0.0016 0.0013 0.0011
3.0 0.0069 0.0044 0.0031 0.0024 0.0019 0.0015 0.0013 0.0011 0.0009
3.5 0.00561 0.0034 0.0025 0.0019 0.0015 0.0013 0.0011 0.0009 0.0008
4.0 0.0039 0.0027 0.0020 0.0016 0.0013 0.0011 0.0009 0.0008 0.0007
4.5 0.0030  0.0022  0.0017 0.0013 0.0011 0.0009 0.0008 0.0007 0.0006

The mean and variance calculations in Table 1 and Table 2 are, respectively, decreasing significantly
with increasing values of the parameters o and A, when §=0.5 and 6= 2. This behavior indicates that
the distribution becomes more centered around small values and less dispersed as these two parame-
ters increase, reflecting the role of o and 61in controlling the shape and spread of the distribution. This
pattern is consistent with the properties of many elastic distributions, whose parameters are directly
influenced by shape and scaling parameters.

Moreover, differential entropy [18] is a measure of the uncertainty or randomness in a continuous
probability distribution, analogous to Shannon entropy for discrete distributions. It quantifies the
average amount of information needed to describe a random variable’s value, but it can be negative
and depends on the chosen coordinate system. Its general formula is defined by

h(f () =~E[log (f(x))] = ~[  log (f(x)) f(x)dx

Theorem 3. The differential entropy of a random variable X that follows the GOLD distribution is
given by the following formula

VO 7 I U U W
h(f(x)) = 10g[ﬁj (1 a&]e F[O,QJ+1 (15)
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Proof.

h(f(x)) = ~E[log (f(x))]

5 10g @(ng““ AT
B B

_ —log(%J—(ae—l)E{log(l+% _ "y

(24

(5]

24
We only need to find the expected value of E {log (1 + %H and E|1- (1 + %j ] that can be expressed

as follows

Let
b
u=|1+>
B
Then,
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2 e 2
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2 e .
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o
=Et’1e"dt
A
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Table 3: Differential Entropy Values for Various Values of A =0.3 and = 0.1

o/ 0 1.5 2 2.5 3
1 3.577837 2.697843 2.140219 1.740376
1.5 2.785447 2.032279 1.546657 1.193887
2 2.259479 1.582406 1.139986 0.815460
2.5 1.875274 1.248932 0.835313 0.529615

Then,

Substituting the corresponding results of E [log (1+%ﬂ and E

00
1 —Ll +%J ] giving the final for-

mula of differential entropy Eq. (15).
Furthermore, the result of differential entropy shows that the distribution uncertainty increases
with higher o values. Such a fact is listed in Table 3 with various values of o and 6.

3. Order Statistics of the GOLD Distribution

Let X, X, ..., X be a random sample drawn from the GOLD distribution. Arrange the sample in
ascending order to obtain the order statistics: Y, <Y, <<Y Here, Y, denotes the k" order statistic of
the sample, where & =1, 2,..., n. The probability density function (PDF) of the &% order statistic [23]
1s given by:

n!

m[F(x)]kil [1-F(x)]"" f(x), (16)

gk(yk):

—o<y, <coand k=1,2,...,n

where F(x), and f(x) are the CDF, and PDF of the baseline distribution, respectively Substituting the
CDF, and PDF of GOLD into Eq. (16) produces the k* order statistics PDF, that is

a9 k1 » ok
800 = G 1)”,22‘3 o 1_}{1‘(“51 ., 1_6;{1_[%] |
(Hy_ﬂkf“ A,

In particular, when k& = 1, the 1% order statistics of GOLD distribution can be expressed as

n

8 ()= "%(1 + %TI ea{l_(mﬁl) } (17
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and when k = n, the n* order statistic is obtained, that is

n-1

e, o L )

4. Results and Discussion
4.1. Estimation Methods

To discuss the estimation of the model parameters of the GOLD distribution, an estimation is per-
formed using the maximum likelihood estimation (MLE) method [24] and the maximum product
space estimation (MPS) method [22], respectively. For the (MLE) method, the likelihood function of
the GOLD distribution is.

Lx,;:6,0,8,2) = [ [ f(x:6,00, 8,

T

2

where a, 8, 4, 6> 0, x, > 0,

Then, the corresponding log-likelihood is

K=nlog(%]+(w€—1)glog(1+%J+gi{1_(1+%j} } (19)

i=1

The MLE involves a differentiation of the log-likelihood Eq. (19) with respect to each parameter

A sl N Al el x Ve, x Y x,
£=9210g(1+z’J—d2[n—2[1+?] ]72(1+E] log[1+z‘]:0 (20)

i=1 i=1

@b -1) a 16 & 01

ali :_E—( r ) xi + ﬂ:? xL 1+x—,\l =0 (21)
s p B Fasty BE B

Yl 1 n &é

P L P o I T [ (22)
oA A &l <Z B

By, " N 40

="ia log 1+5% —iz 1+5% log 1+% |=0 (23)
0 60 = B B B

Equations Eq.(20), Eq.(21), Eq.(24), and Eq.(23) represented a system of non-linear equations that
can only be solved numerically. A modified Newton-Raphson method is employed to estimate the
parameters of the GOLD distribution, utilizing suitable initial values for each parameter in the first
step and refining these values to achieve an accurate estimate.
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A modification of the Newton-Raphson method involves a recurrence formula for updating each esti-
mated parameter at the (s + 1)”* iteration. Mathematically, the update equations are given by:

OA{(sH) — OA{(S) + },1,

Q(s+1) _ [(s)

ﬂer _ﬁs + 7/2’
/’L(sﬂ) = /1(3) + ]/3,
6 =6 +7,.

where y=-I"f"(&,5,4),

I'1is the inverse of the Fisher information matrix.
B 2 2 2 2 ]
E 8}; K BA(A E BAZA E BAEA

o 0003 dooA 0000

2 2 2 2
gl 2L _p[2L] g2l gl 2L
opoc of 0o 006

2 2 2 2
)] BRI ] A [ ) I
2406 040 o1 2406

I—l

i o 06
and
f.(6.3,4.0)]
pffsio
5@, 5,4,0)
1,6, ,4,6)
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9 (G0-1) & x,2B+x) A0 x V"
2~ e A4 2 Aszll—i__A
p" B ) A X, B = B
1+—
B
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16060 -1) -~ 145
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Now construct the MPS which is based on estimating the variance by maximizing the variance of the
ordinal values of the cumulative distribution function (CDF) [20].

Let X(D < X(z) << X(n) be the ordered sample from a continuous distribution with (CDF) F(x; j), where
0 is a vector of parameters. Define the spacings

D.(x;a, B,4,0) = F(X ,;, B, 4,0) = F(X

13 B0, ont1

where X = —c0 and X

n+1)

Then, the MPS aims to maximize

S (a,5,4,0) = [ﬁD(a B, A 49)]

|:ﬁ(F( (),0( ﬁ’ﬁ“’e)_F(X(i—l);aaﬂ’;tae))}nﬂ

1=1

Equivalently, one may maximize the logarithmic form:

n+l

e, B, 1,0) =log S, (a, B, 1,6) = —ng e
n+

(24)

The MPS involves a differentiation of the Eq. (24) with respect to each parameter
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4.2. Simulation Technique

A simulation technique is one of the powerful tools that can be used to ensure the quality of the esti-
mation method [21]. To show the efficacy of the estimation method, we compute the mean square
error and the bias of each parameter within their forms given by.

MSE(a) = %2((1 _ &), MSE(B) = %Z(ﬁ _ B)*, MSE(J) = %2(/1 _ A", MSE(6) = %i(é _0¢ (29)

Bias(cr) = %2 (@ - ), Bias(f) = %Z (3. - B), Bias(A) = %Z (4 = A), Bias(6) = %Z 6. -0) (30)

In Table 4, the simulation results with N = 1000 were obtained from random data using the (MLE)
method using the R programming language.

The MSE results in Tables 4, 5, and 6 show that as the sample size increases, the MSE values for
all parameters o, B, A and 0 decrease, indicating that the accuracy of the estimates improves with
increasing data size. For example, at o= 1.5 in Table 4, the MSE for o decreases from approximately
0.00297 at (n = 30) to 0.00276 at (n = 500), with similarly significant improvements for the other
parameters.

For Bias, the results show fluctuations in bias values across different sample sizes, but it generally
remains close to zero, indicating that the estimates are largely unbiased, especially at larger sample
sizes. We observe some slight negative or positive bias values for some parameters at small sample
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sizes (such as the bias of o at (n = 50) in some tables), indicating a slight tendency toward over- or
underestimation. However, these values tend to converge toward zero as the sample size increases.

Table 4: Mean, MSE, and Bias for GOLD distribution with a=1.5, =0.5,A=2,0=1.5

n Mean (o) MSE (o) Bias () Mean () MSE (p) Bias (p)
30 1.4674 0.00297 —0.03257 0.5299 0.00410 0.02992
50 1.4272 0.00767 —0.07280 0.4871 0.00408 —0.01287
100 1.4867 0.00330 -0.01332 0.4870 0.00330 -0.01303
300 1.4719 0.00324 —0.02808 0.5353 0.00316 0.03527
500 1.4923 0.00276 —0.00767 0.4160 0.00930 —0.08396

n Mean (1) MSE (1) Bias (1) Mean (6) MSE (6) Bias (6)
30 1.9826 0.00522 —0.01736 1.5495 0.00619 0.04954
50 1.9796 0.00301 —-0.02037 1.4972 0.00396 —-0.00284
100 2.0301 0.00481 0.03012 1.5116 0.00358 0.01159
300 2.0272 0.00211 0.02721 1.4571 0.00457 —0.04286
500 2.0278 0.00555 0.02782 1.4948 0.00303 —0.00521

Table 5: Mean, MSE, and Bias for GOLD distribution with =2, §=0.5,1=2,0=1.5

n Mean (o) MSE () Bias () Mean () MSE (p) Bias (p)
30 1.9736 0.00297 —0.02639 0.5085 0.00273 0.00851
50 2.0718 0.00663 0.07177 0.5124 0.00446 0.01239
100 2.0523 0.00724 0.05231 0.4761 0.00361 —-0.02394
300 1.9768 0.00231 —0.02318 0.5238 0.00386 0.02385
500 1.9641 0.00290 —0.03595 0.5060 0.00382 0.00599

n Mean (1) MSE (1) Bias (1) Mean (6) MSE (6) Bias (6)
30 1.9883 0.00307 —0.01173 1.5172 0.00524 0.01721
50 2.0294 0.00323 0.02936 1.5671 0.00672 0.06714
100 2.0267 0.00421 0.02672 1.5526 0.00647 0.05265
300 2.0425 0.00287 0.04252 1.5242 0.00396 0.02422
500 2.0349 0.00443 0.03487 1.4671 0.00364 —0.03292

Table 6: Mean, MSE, and Bias for GOLD distribution with a=2.5, §=0.5,1=2,60=1.5

n Mean (o) MSE (o) Bias () Mean () MSE (p) Bias (p)
30 2.4879 0.00237 —0.01210 0.4962 0.00261 —0.00378
50 2.4906 0.00205 —0.00944 0.4674 0.00344 —0.03258
100 2.5345 0.00558 0.03451 0.4620 0.00466 —-0.03802
300 2.56114 0.00248 0.01138 0.4886 0.00334 —0.01138
500 2.4993 0.00217 —0.00074 0.5010 0.00308 0.00102

n Mean (1) MSE (1) Bias (1) Mean (6) MSE (6) Bias (6)
30 2.0377 0.00479 0.03766 1.4793 0.00419 —0.02067
50 2.0626 0.00534 0.06261 1.5049 0.00155 0.00493
100 1.9899 0.00237 —0.01005 1.5309 0.00337 0.03093
300 2.0214 0.00147 0.02137 1.5779 0.01103 0.07795

500 2.0128 0.00439 0.01278 1.4518 0.00490 —0.04816
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These results reinforce the ability of the maximum likelihood estimation (MLE) method to provide
accurate and reliable estimates of the parameters of the GOLD distribution, with a clear improve-
ment in the quality of the estimate as the sample size increases. This simulation study also confirms
that the GOLD distribution can be used with confidence in practical applications that require model-
ing data that fit this distribution.

In Table 7 shows the simulation results for NV = 1000, generated using the (MPS) method pro-
grammed in R.

Tables 7-9 present simulation results using the (MPS) estimation method for the GOLD distribu-
tion for various values of the shape parameter  and o, with a fixed set of residual parameters oc= 1.5,
B=15,A=1,and 6=1.5.

The simulation results demonstrate that the estimator’s performance improves with increasing
sample size for all parameters. MPS estimation values tend to decrease with increasing sample size,
demonstrating the consistency of the MPS estimators. However, bias decreases with sample size, as
1t is observed that bias tends to decrease in magnitude as n increases. This supports the asymptotic
unbiasedness of the MPS estimators.

MPS is a robust estimation method across different values of ¢, yielding relatively low MSE and
bias values. Especially for medium to large sample sizes, where the method performs consistently.

Table 7: Mean, MSE, and Bias for GOLD distribution with ae=0.5, f=1.5,A=1,60=1.5

n Mean (¢) MSE (o)  Bias (o) Mean (3) MSE () Bias ()
30 0.936714  0.004438  —0.036285  1.504844  0.000250  0.004844
50 1.052768  0.005987  0.052768  1.478743  0.002089  —0.021256
100 0.947603  0.005725  —0.052396  1.525059  0.003130  0.0250591
300 0.998868  0.001074  —0.001131  1.483375  0.004280  —0.016624
500 0.962606  0.005712  —0.037393  1.603625  0.012381  0.103625

n Mean (1)  MSE (1) Bias (1) Mean (§) MSE () Bias (6)
30 0.950603  0.005197  —0.049361  1.444594  0.007038  —0.055405
50 0.984073  0.002328  —0.015926  1.453411  0.005836  —0.046588
100 1.020748  0.004983  0.020748  1.513193  0.002026  0.013193
300 0.986052  0.004040  —0.013947  1.559249  0.007617  0.059249
500 0.968290  0.003966  —0.031709  1.533862  0.004849  0.033862

Table 8: Mean, MSE, and Bias for GOLD distribution with a=1, f=1.5,A=1,60=1.5

n Mean (¢) MSE (o)  Bias (o) Mean (3) MSE () Bias ()
30 0.912834  0.011548  0.087165  1.394019  0.011878  0.105980
50 1.090575  0.012028  0.090575  1.574653  0.006567  0.074653
100 1.074501  0.008967  0.074501  1.510395  0.000229  0.010395
300 1.002778  0.002460  0.002778  1.501680  0.001373  0.001680
500 1.954372  0.003870  0.045627  1.504478  0.004655  0.004478

n Mean (1)  MSE (1) Bias (1) Mean (§) MSE () Bias (6)
30 1.056928  0.007685  0.056928  1.531205  0.002133  0.031205
50 1.016459  0.004917  0.016459  1.496184  0.000148  0.003815
100 1.042265  0.003722  0.042265  1.507375  0.001103  0.007375
300 1.023903  0.004701  0.023903  1.551163  0.003529  0.051163

500 1.004198 0.003100 0.004198 1.490384 0.003065 0.009615
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Table 9: Mean, MSE, and Bias for GOLD distribution with aa=1.5, f=1.5,A=1,60=1.5

n Mean (o) MSE (o) Bias () Mean (p) MSE (p) Bias (p)
30 1.032907 0.002040 0.032907 1.494592 0.003886 0.005407
50 1.052535 0.004363 0.0562535 1.475126 0.002207 0.024873
100 1.075255 0.010394 0.075255 1.482142 0.004682 0.017857
300 0.908360 0.010252 0.091639 1.538891 0.005959 0.038891
500 1.065593 0.004674 0.065593 1.443371 0.005828 0.056628
n Mean (1) MSE (1) Bias (1) Mean (6) MSE (6) Bias (6)
30 1.008568 0.002579 0.008568 1.354338 0.024512 0.145661
50 1.008950 0.001577 0.008950 1.429360 0.008393 0.070639
100 1.008827 0.001169 0.008827 1.519715 0.002520 0.019715
300 1.093624 0.009309 0.093624 1.520396 0.005136 0.020396
500 0.973747 0.002113 0.026252 1.508713 0.003624 0.008713

Compared to MLE in Tables 4-6, MPS often provides similar, and sometimes better, performance
across biases for small sample sizes, particularly for the parameters A and 6. Although MLE typically
produces slightly lower average errors for large samples, reflecting its approximate efficiency, both
methods are feasible. While both methods are feasible, MPS is a powerful alternative, especially in
small-sample contexts or when MLE fails to converge.

4.3. Application of Real Data

Moreover, we demonstrate the applicability of the GOLD model using a real dataset used by previous
researchers. The dataset represents the failure times of 84 aircraft windshields. These failures do not
result in aircraft damage, but do require windshield replacement. We examine the data on failure
times for a specific windshield model presented in Table 10 from Murthy et al.’s study [17]. These
data were recently studied by Ramos et al. [15]. On the other hand, we used the following real-world
dataset (84) aircraft windshield failure times) to estimate the parameters of the golden model.

The visual fit, together with the superior performance in goodness-of-fit measures, supports the
suitability of the GOLD model for modeling the observed failure times.

Table 11 presents the values of the log-likelihood function and various goodness-of-fit criteria,
namely AIC, BIC, CAIC, and HOIC, for the proposed GOLD distribution and for other classical
baseline distributions (GL, BL, and Lomax) [15, 24]. Among all the models, the GOLD distribution
yields the highest (least negative) log-likelihood value (-126.8914), indicating a better fit to the data.
Furthermore, the GOLD model achieves the lowest values across all considered information criteria:

Table 10: Real Dataset of Failure Times of 84 Aircraft Windshields

0.040 1.866 2.385 3.443 0.301 1.876 2.481 3.467 0.309 1.899
2.610 3.478 0.557 1.911 2.625 3.578 0.943 1.912 2.632 3.595
1.070 1.914 2.646 3.699 1.124 1.981 2.661 3.779 1.248 2.010
2.688 3.924 1.281 2.038 2.823 4.035 1.281 2.085 2.890 4.121
1.303 2.089 2.902 4.167 1.432 2.097 2.934 4.240 1.480 2.135
2.962 4.255 1.505 2.154 2.964 4.278 1.506 2.190 3.000 4.305
1.568 2.194 3.103 4.376 1.615 2.223 3.114 4.449 1.619 2.224
3.117 4.485 1.652 2.229 3.166 4.570 1.652 2.300 3.344 4.602
1.757 2.324 3.376 4.663
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Table 11: MLE’s values of the baseline distribution parameter and the GOLD’s parameters

dist o B 0 A
GOLD 1.8658 1.6642 2.1613 0.0307
GL 1.8 2.2 - -
BL 2 1.5 - 0.8

Lomax 1.5 2 - -

Table 12: Values of the log-likelihood and measures of goodness-of-fit for the baseline distribution
and the GOLD distribution

dist 7 AIC BIC CAIC HOIC
GOLD -126.8914 261.782 271.506 275.506 265.691
GL —252.19 508.38 513.59 515.59 510,48
BL —224.0 454.0 461.8 464.8 457.2
Lomax —201.96 407.92 413.13 445.13 410.02
—— Fitted PDF.

Figure 5: The fitted Probability density function of the GOLD distribution to the desired dataset.

Table 13: MPS’s values of the baseline distribution parameter and the GOLD’s parameters

dist o B 0 A
GOLD 0.0384 12.0229 0.0504 0.9231

AIC (261.782), BIC (271.506), CAIC (275.506), and HOIC (265.691). These criteria penalize model
complexity in different ways but consistently favor models that balance goodness-of-fit and parsi-
mony. The consistent superiority of the GOLD distribution across these metrics confirms its ability
to capture the underlying structure of the data more effectively than the traditional distributions
considered. This suggests that the added flexibility of the GOLD model (via the additional shape and
scale parameters 6 and A contributes meaningfully to the model’s performance without overfitting.

The results in Table 12, compared to those in Table 13, show that the MPS method [16], is domi-
nated by the MLE method, which means that the MPS method is more efficient and yields a better
estimation. The plot in Figure.6 shows the comparison between the two methods that proves the
favorability of the MPS method.

The plot in Figure (6) shows the comparison between the two methods, which proves the favorabil-
ity of the MPS method.
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Table 14: Values of the log-likelihood and measures of goodness-of-fit for the baseline distribution
and the GOLD distribution

dist 7 AIC BIC CAIC HOIC

GOLD -126.8914 261.782 271.506 275.506 265.691

GL -252.19 508.38 513.59 515.59 510,48

BL —224.0 454.0 461.8 464.8 457.2

Lomax —201.96 407.92 413.13 445.13 410.02
Bl MPSE

300

250

AIC

Figure 6: Comparison of goodness-of-fit criteria (AIC, BIC, CAIC, HQIC) between MPSE and
MLE methods.

BIC CAIC HoIC

Conclusion

In this paper, we propose a new four-parameter distribution, called GOLD (Gompertz Extended
Lomax Distribution), as a flexible extension within the Gompertz-G distribution family. This new
model unifies and generalizes several classical distributions, providing improved flexibility in model-
ing lifespan and reliability data.

We derive the key statistical properties of the GOLD distribution, including its probability den-
sity function (PDF), cumulative distribution function (CDF), survival functions, and hazard rate.
Furthermore, analytical expressions for its moments, differential entropy, and rank statistics are
derived using rigorous mathematical proofs.

We compared the proposed GOLD distribution with some benchmark distributions (GL, BL, and
Lomax) using two different estimation methods: the maximum likelihood (MLE) method and the
cumulative spatial divergence (MPS) method. The reported results demonstrated the GOLD distri-
bution’s robust ability to fit data with high flexibility, outperforming the underlying distributions
in terms of both log-likelihood and log-product divergence values, and in the goodness-of-fit (MLE)
measures (AIC, BIC, CAIC, HQIC, and MPS methods). The MPS method performed better than MLE,
and the robustness of the distribution’s data fit is significantly reflected in the MPS method. This
demonstrates the effectiveness of the proposed distribution and its good generalization to represent
real-world data.

Given its high capacity to represent various forms of the hazard function and its superior perfor-
mance when applied to real-life problems, the GOLD distribution has significant flexibility in a family
of practical and real-life models. This reinforces its recommendation for use as an alternative or addi-
tion to traditional distributions
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