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Abstract

This article pioneers the study of a highly intricate nonlocal boundary value problem within the
framework of fractional symmetric Hahn integro-difference calculus. The novel formulation is
defined by an unprecedented structure, simultaneously incorporating four fractional symmetric
Hahn difference operators of distinct orders alongside an auxiliary fractional symmetric Hahn
integral. This unique configuration presents significant structural challenges that necessitate
advanced analytical techniques. We establish rigorous existence and uniqueness results for the
proposed problem by effectively leveraging the Banach contraction principle and Schauder’s fixed
point theorem. Furthermore, the robustness of the derived solutions is thoroughly investigated via a
comprehensive Hyers—Ulam stability analysis. To support this analysis, several essential, previously
underexplored properties of the fractional symmetric Hahn integral are established and meticulously
applied. Our findings not only represent a substantial contribution to the nascent field of fractional
discrete calculus but also provide a crucial theoretical foundation for the modeling and analysis of
complex, nonlocal dynamical systems.
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1. Introduction

Over the past few decades, quantum calculus, a generalization of the classical differential and inte-
gral calculus has become an important field of mathematical research due to its wide-ranging appli-
cations in physics, engineering, and applied sciences. Among its several formulations, the framework
of g-calculus originally formulated by Jackson [1, 2] has gained particular prominence owing to its
applications in quantum mechanics, the calculus of variations, and particle physics [3—13].

In 1949, Hahn [14] extended the framework of quantum calculus by introducing a two-parameter
generalization governed by ¢ and o, which is now known as the Hahn calculus. By means of the Hahn
difference operator, this formulation establishes a comprehensive unification of the forward differ-
ence and the g-difference operators, thereby extending their applicability within a broader analytical
context,

B

Dq,wf(t) = f(qt + (0) B f(t) , t# wo = )
tlg-+w 1-¢q

The analytical properties and right inverse of this operator have been thoroughly studied in the

literature (see [15,16]). The Hahn operator has become a central analytical tool in various contexts,

including Hahn quantum variational calculus [17,19], initial and boundary value problems [20-23],

and the theory of orthogonal polynomial families [24, 25].

A notable advancement was made by Brikshavana and Sitthiwirattham [26], who presented the
concept of fractional Hahn difference operators, leading to numerous investigations into boundary
value problems for fractional Hahn difference equations (see [27-29]). Subsequently, Artur et al. [30]
proposed the symmetric Hahn difference operator D, ,, defined as

b, o f@ro-ra o)

(@-gt+0+qg N
This symmetric version provides a balanced structure suitable for modeling discrete systems exhibit-
ing reflectional or symmetric behavior.

In a recent contribution, Patanarapeelert and Sitthiwirattham [31] developed the concept of the
fractional symmetric Hahn integral in conjunction with the Riemann—Liouville and Caputo types of
fractional symmetric Hahn difference operators, thereby formulating their fundamental analytical
characteristics and structural properties. These generalized operators provide a powerful framework
for analyzing fractional discrete systems within the symmetric Hahn setting. Although remarkable
progress has been made in fractional calculus, the exploration of boundary value problems governed
by fractional symmetric Hahn operators is still in its infancy.

Only a few works, such as [32, 34], have explored such problems, indicating that further research
is needed to deepen the theoretical and practical understanding of this topic.

Motivated by these developments, the present study focuses on a boundary value problem involv-
ing the Riemann—Liouville type fractional symmetric Hahn difference operator. This problem incor-
porates a nonlocal boundary condition defined in terms of a fractional symmetric Hahn operator and
an associated integral operator. The motivation arises from the growing role of fractional calculus in
modeling complex, memory-dependent, and nonlocal processes, particularly those governed by sym-
metry or self-similar structures.

In this paper, we investigate the following nonlinear boundary value problem:

Dz u(t) = F[ t,u(®), ] u(®), D; u(®) ], te I’

q,0’

Aum) + 4D um) =g ), nel’, ~{a,T}, (1)
wu(T)+ 1, D’ u(T) = ¢, (w),
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where Iiw ={q"T + olk], ke Nj}ulw},0<g<l,ae 1,2],8,7,ve(0,1], and A ,A,,u,u, € R". Here,
Fe C(I;,xRxRxR,R) is a given continuous function, while ¢4, : C(I, ,,R) — R are given function-
als. Moreover, for pe C(Izw X IZw,[O,oo)), the symmetric Hahn-integral operator of the product of ¢ and
u is defined as

Y
2
77 1u(t) = (L upu)(t) = f’LJ‘ (L= )2t 0 2 Nu(o7 (9))d, .
’ F ()~ 700 S

The nonlinear problem (1) is first reformulated as a fixed-point equation by introducing an equiv-
alent linearized operator. Classical fixed-point theorems are then applied to establish the existence
and uniqueness of solutions.

The structure of this article is outlined as follows. Section 2 revisits essential notions and pre-
liminary lemmas within the framework of the fractional symmetric Hahn calculus, where we also
establish several new and insightful characteristics associated with the fractional symmetric Hahn
integral. Section 3 is dedicated to the investigation of lemmas concerning the linear variant form
of problem (1). In Section 4, we undertake a comprehensive investigation into the solvability and
uniqueness of problem (1) by leveraging the Banach fixed point theorem. Additionally, we establish
the existence of at least one solution through the application of Schauder’s fixed point theorem, high-
lighting the robustness of the solution framework. Section 5 addresses the Hyers—Ulam stability of
the solutions obtained. Finally, Section 6 illustrates the theoretical results through a concrete exam-
ple, highlighting the applicability of our findings.

2. Preliminaries

This section is devoted to outlining essential constructs and definitions within the realm of fractional
symmetric Hahn difference calculus, which serves as the foundational apparatus for establishing our
main theoretical contributions. The notations and properties are mainly adapted from [30, 31, 35] and
other related works.

2.1. Basic Knowledge

k

D and [k], =="4
-q I-q

For 0<g<l,0>0,0, = 1 , we first introduce the following notations:

_|lzg =[k],. ifkeN,

[k], =1 1-¢’
1, if k=0,
e .y k 1_q2i .
@Lh:[mAk—ufnuLzlll_f, if ke N,
1, if k=0.

Let & be a natural number. We define the k,o-forward and backward jump operators as the mappings
given by

—afk
o' O=gtralkl, pb )=

The power functions are introduced as follows.

Power function in the g-calculus framework:

(a-b)7=1, (a—b)%zﬁ(a—bqk).



Patanarapeelert N et al., Results in Nonlinear Anal. 9 (2026), 161-182 164

Symmetrized g-power function:
o o n-1
(@-b)p=1, (a-b2=]](@-bg™").
k=0

(q, o-symmetric extension of the power function:

n—1

(@-b,=1,  (a-bp,=[]le-ac2"®)

k=0

For e R, we extend these definitions to real orders as follows:

b
. 1= a q
(a-b); =a” 5 , a#0,
i=0 1_[)qa+i
a
1_ Z q2i+l
az0,

(@-b) =a"[[—5——
i=0 1-— [ Jq2(a+z)+1
a

1_ b a)() 2i+1
a o a = a_a)O
(@-b),=(a-a)-b-a))=(a-a)]] , A%,
=09 _ b_a)o q2(a+i)+1
a-o,

When b = 0, it follows that a% =a, =a” and (a— @)%, =(a—@,)". If a = b, then (0)¢ =(0), =(@,), , =0
for a> 0.

2.2. q-Symmetric Gamma and Beta Functions

Let us consider the g-symmetric extensions of the traditional Gamma and Beta functions, which are
formally defined as

(1-¢");7 _ A-g9)"
Fx)=40-¢*y" Q-¢*)’
[x-1],!, xeN,

8 ! — .~ (0l

xe R\ {0,-1,-2,...},

2.8. Symmetric Hahn Difference and Integral Operators

The symmetric Hahn difference operator l~)q’w and integral Z 4.0 were introduced in [30] as generaliza-
tions of classical finite differences and integrals within the framework of symmetric g-calculus.

Definition 2.1. For ge (0,1), >0, and f: I;w c R > R, the symmetric Hahn difference operator is
defined as

f(0,.,®)-1(p,.,®)
G0 =P, ()

and Dq,wf(a)o) =f'(@,) when f1is differentiable at w,.

D, f@) =

) 02
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By iteration, we define DO J(x)=f(x) and DN f(x)=D_ D f(x).

q,.0"" q,0

Definition 2.2. Let f : I - R and a,b,m,€ I c R. The symmetric Hahn integral of f from a to b is given
by

J: f@d, t = L: f@d, t- L: fd, t,

where

Toof(0) = (1 -g")x - )Y ¢*F(02 (x), xel.

2.4. Fractional Symmetric Hahn Calculus
The Riemann—Liouville type fractional symmetric Hahn integral and derivative are defined as follows.

Definition 2.3. Let o, >0 and fix q such that 0 <q < 1. For any function f defined over the interval

I7, we formulate the fractional symmetric Hahn integral via

F()

7. /@)= (= 9)E (08 (9)d, 5

2 (2) a e
_ (l_q )q (t_wo) 2k (1 _ 2htlya-l 2ktar
= I (@ kz:;‘q 1-qg""); f(o,, @),

and Teof (t) = £(2).

Definition 2.4. Consider positive parameters o.and o, with a base q constrained by 0 <q <1. We define
the fractional symmetric Hahn difference operator of Riemann—Liouville type, of order o, as

o

Diof @)= DiwZoa f(t) = [ (=035 oy (50)d, s,

q( —o
where N-1<a<N,NeN, and D f(t)=f(t).
2.5. Auxiliary Lemmas

We now recall several important lemmas that will be used in the proofs of our main theorems.

Lemma 2.5. [31] Let us fix a,we R* and a deformation parameter q such that 0 < g < 1, and consider
a function f: Izw — R. Then the action of the fractional q, w-integral on the corresponding fractional
q, o-derivative yields

ZooD? fO) =)+, C,t - @)™,

where the constants C, € R,N € N, and the order satisfies N-1<a < N.

Lemma 2.6. [36] (Arzela—Ascoli Theorem) A collection of functions belonging to Cla,b], when equipped
with the supremum norm, exhibits relative compactness precisely when it satisfies both uniform bound-
edness and equicontinuity across the interval [a,b].

Lemma 2.7. [37] It follows that any set which is both closed and relatively compact must, in conse-
quence, be compact.
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Lemma 2.8. [37] (Schauder’s Fixed Point Theorem) Consider a complete metric space (D,d) and let

U < D be a closed convex set. Suppose T : D — D is a continuous mapping with the property that T(U)

is relatively compact in D. Under these circumstances, there exists at least one point u" € U such that
* is invariant under T, namely,

* *

Tu =u .

Lemma 2.9. [32] Consider the parameters a > 0,q € (0,1),® >0, and a natural number ne N. Under
these settings, we have

i) [ dus=t-a,

(i) L; (s-w,)'d, s=——(t-a,)",

N

(”L) J-:lo (t B S)Za}dq ws_%a

(iv) Lb (t-9)2 (") - @) d, 5 =4 (t-@,)"” B,(B+1,0).

We now present several auxiliary lemmas that are instrumental in the proof of our main results.

Lemma 2.10. [33] Let o, >0,q9€ (0,1),0>0 and ne N. Then,

j t—9)2 o s)-w,) ' d, s

(l) _(t_wo)a p-n

77 B, (a-n+1,-p),

o-n

j(t—s)“a“(s) o)"d, s

q,0

(”) ( _wo)m—e n

T B (a-n+1,0),
t o‘t;g,_l(x) . _pa f/?/ a-1 _ ~
L}O j% O e (x)—s)w d, sd x
(iii) ap
wB (0(4_1 _ﬂ)
[a],q

J qu o) = x)ﬁ (O‘% - 3)(1 c? &p,wx

) _- “’)MB(aH 0)
[,

3. On the Linearized Representation

The forthcoming lemmas are dedicated to establishing the explicit solution to a linear counterpart of
problem (1). This particular solution is a pivotal component, serving as an essential analytical tool
throughout the remainder of this study.
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Lemma 3.1. Let 2 #0, and let the parameters qe (0,1),xe (1,2], and S e (0,1] be fixed. Assume that
AL A, 1,1, € RT denote positive real constants, he C(IZW,R) represents a given continuous function,
and ¢,,9, : C(I;M,R) — R are specified functionals associated with the boundary conditions. Under these
assumptions, the **linear variant®* corresponding to equation (1) takes the following general form:

Df ut)=h@), tel, @)
Au(m)+ 4D’ u(m) = ¢,(w) (3)
(T + 11, DF u(T) = ¢, (u) (4)

has the unique solution

5

u(t) = ]:('I(O{) J:U (t— S)Zi}h(o‘j’;} (3))&(;,@8
—%{Bﬂ%[%h] - B @,[¢,,h]} ®
_%{A@n[@,h] ~ A ®,[9,,h]}

where the functionals @, [¢,,h] and @,[@,,h] are suitably defined functionals associated with the
boundary conditions. Consequently, the corresponding linearized form of problem (1) can be expressed
as follows:

5

2,10, h= 0@ ~ 4 [ (13)) hor(9)d, 5
(£)+(5) . S (6)
A Y T (6P (x) — 5)
A F AT @ LI -0fien -95
h(o* (s)d, ,sd,

2

R i
@10, 1]= 0, ~ py = — [ (T=s) " h(oy ) (s)d, s

(@)
(£)+(2) . - .
q— T 9.0 (x) /\_./ ﬂ e, _ ot
fq(_ﬂ)fq(a) J‘wo J.a)o (T x)q,a) (O.q,a) (.’X,‘) S)q,w X

ho ) (s)d, 5d, x,

—H,

and the constants A,,B,,A,, B, and Q are defined by

(_f)fﬂ(“fl)fq (05)

I (a-p)

4,9

A =M-a) 7| A+ n-a)”’ ®)

R Y

_ -B
Fa—1-p @

B, =(n-a) | A+
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(}ﬂ)—ﬂ(a—l) ~
o— _ a-1 ll't2q Fq (a) _ -B
A, =T-w)" " |1+ Fa-p T - w,) (10)
(f)-pa-2 ~
o— _ a-2 lLqu F (a 1) _ -B
B, =(T-w)"" |1 Fa-1-p) T -aw,) (11)
Q2=BA,-AB,. (12)

Proof. Applying the fractional symmetric Hahn integral of order o to equation (2) and invoking
Lemma 2.5, we obtain that

o9

le) r()

j (t-9)=2h (0“1 ())d, 5+ C,(t - @) + Cyt - @) (13)

Applying the fractional symmetric Hahn difference of order 8 to equation (9) yields

~ %ﬁ Tx) ——o 1 5 a-1
D’ u) = 7 ( ﬁ)F o j R (07 (- s)w x
h(O'“ 1(s)) sd X
) (14)
+—1%‘(J_ﬂ) LO (t=9)5 (0,0 ()~ @) d, s
Cq—(f)j =807 (s) - )" d, 5.
I(=p) e
Upon substituting ¢ = n into (13—14) and applying the primary condition stated in (3), it follows that
_ o o N
A —-a) " + 4, #_ﬁ) L@ =820, " () - ) d, 5 |C, +
‘ (f) 1 ~
A - o) + j =950, () - @) *d, 5 |C,
' 9 (2) o
_ q T ae-l a-1 el q9 4q
=4, f @) 3 8)go Moy, (), ,5— 4, F - ﬁ)F (0:)

[ R e ) - b (0, 5,
or

A C +B,C, =9 [4,h], (15)
where @ ,A and B, are defined as (6), (8) and (9) respectively.

By substituting ¢ = T into equations (13—14) and utilizing the secondary condition from (3), we obtain
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(T -0) "+, fiiﬂ)ﬂ) [ @-95 0 &-0)"d,,5|C +
: a-2 q(_zﬂ) T —B-1, __-p a-2 3
wT=a) ], T o @ @), s |G,
_ Mo S
=0T s s [, =2 h(or 0, s~ FOArE@

T ro 7 (x) e . ~ ~ ~ ~
I%Lb (T - )2 (0,7 (x) - 8) 2 h(o“ M (s))d, 5d, i,
or
A,C +B,C,=2,[9,,h], (16)
where @,,A, and B, are defined as (7), (10) and (11) respectively.
Upon analyzing and solving the system of equations (15) and (16), it follows that

_B,®.-B,, A,®, - A,

G
Q Q

and C,=

By inserting the constants C, and C, into equation (13), we arrive at the solution corresponding to the
linear variant described in (5). Conversely, one can confirm the reverse direction via direct calcula-
tion. This concludes our proof. O

4. Main Results

In the present section, we investigate both the existence and uniqueness of solutions to problem (1),
and also establish the existence of at least one solution.

4.1. Existence and Uniqueness Result

To initiate our investigation, we establish the existence and uniqueness of solutions for the problem
(1) by leveraging the Banach fixed-point theorem as our principal analytical apparatus. Consider the
space

C:= C(I;ﬁw,R),
constituting a Banach space of all functions u endowed with the norm

ryv
Dq,wu ,

el = e+
C

where

. ryv
||u|| =max _, D; u

q.0

u(t)| and ‘

(D W)

=max .
telq'm

According to the framework established in Lemma 3.1, we proceed by substituting A(f) with
F[t,u(t),?q{wu(t),qu,wu(t)], te I;w, we define an operator A :C — C as
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.
(Au)(t)= -2 j%(t

=s) Flor6).u(02 ). (002 ). Dyu(02 () | d, s

fq(a) q,0

_t-a)" . ~ . an
o {B,,14.F,1-B,#;[9, F.]}

AN 01012010, E]).

Let us consider the quantities A, ,B, ,A,,B,, along with Q, as introduced in (8)—(12). Correspondingly,
the functionals @,[¢,,F,] and @,[¢,,F,] are specified by

(g) n 1 o7 r 3
@'[6,,F,1:= ¢,(u(m) - 4 = Lh (n-5)" F[ o} 9),u(0219)), P2 u(0219)). D, u(02())|d, 8

I (@)
q(72ﬂ)+(g) n Jgﬁ’l(x) g o o
_22 fq(_ﬂ)fq(a) j% Jﬂ’o (n_x)qvw <O-q"0 (x)_s)q,w X

F[O'Z;l(s),u(az;l(s)),?qy,wu(O'Z;l(s)),f);,wu(oﬁj(s))]&q,wsc}q’wx,
- ) 3 .
@0, F | :=,(u(T)) - 1, fq @ j% (T- s)q: Flor)(s).u(05(9)), #1,u(02()). Dl u(07.9) |d, 5
q(*f)+(g) R == e wan A
S cpr@ e (T (@)

q,0

Floy)(9).u(0](9). 2] u(0;,(s)).D; (o)) ]d, ,sd, x.

(18)

(19)

A solution to problem (1) exists precisely when the operator A satisfies the conditions of a fixed point
theorem.

Theorem 4.1. Assume a continuous function F:I' xR*—R and a continuous function
@I, xI] —[0,0), with ¢, :max{(p(t,s) :@t,s)e I, xI t. Suppose further that the following con-
ditions hold:

(H ) There exist uniquely determined constants ¢, >0 (i =1,2,3) such that, for each t drawn from Iiw
and any pair of real values u,,v, € R, the ensuing relations are satisfied,

‘F[t,ul,uz,us,]—F[t,vl,UQ,US] S£1|u1 —v1|+£2|u2 —vz|+€3|u3 —03|.

(H,) There exist strictly positive constants @, and @, such that every pair (u,v) drawn from C satisfies
the ensuing conditions,

6, - )| <@ u-1|,.

q(g) (T -, )a .\ q(g)*—(})(T o, )a—v
I (a+1) q“ T (a-1+V)

(H) x=L +0,0,+ 6,0, |+ 6,0, + O, 0,<1,

where

_ V4
 2T-a)

L=0 + _
L L +y) ’

(20)
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(g)(ﬂ—wo)“JHlz (zﬁ)()(n @,)"”’
I (a+1) QT (a+1- )

q
O:=4

q(g)(T — o, ) q(_2ﬁ)+(g) (T - o, )afﬂ

AT @y T (a1 B)
@Fﬁ{IBTI(T—wo)“1+IAT|<T—wo>“}

6, |Q|{\B\(T @) + \A \(T a))“}

(71/) a-v-1 _ a-v-2 F- _
é _q |B |(T 60) r(a)+|AT|(T 6_00)~ Fq(O( 1)
2| g (V) ¢ (a-1-v)
(_V) a-v-1 _ a-v-2 F- _
5 - q ‘ ‘(T @,) F(a)+‘A‘(T {()0)~ I'(a-1)
|.Q| v 1)I“q(()t V) g (a-1-v)
6,:=6, +06,
O,=06, + é

It follows that equation (1) possesses a unique solution within the domain I;w

(21)

(22)

(23)

(24)

(25)

(26)

(27)
(28)

Proof. Let ¢ traverse the interval I;w and let u, v be any members of the space C, then one obtains

@ .
7 ’ (oq At
5" RIS 5" (7)1“_8)%&)
J .
1_(7)||u v|| Jt—s WS
¢0 T a)
e allal), .

Let

Flu—v]@ = |F [, 2] 2@, D, u®) |- F[ 00,27 00, D, 0) |

Then, we have

‘¢;[¢1’Fu]_¢;[¢1’}%]

<|¢1(u) @ (v )|

F()

5/3 (x) B-1

77 x (O'ﬂl(x) s);x

F(a)F( ﬁ)'[ J- .o
Flu- UI(O"“(s)) sd X

u (oj;j(s)) -0 (0';;} (s)) c;lq S

(77 s) .’F|u v|(oﬁj(s))c?qws
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)x

Sa)1||u—v||c +(€l |u—v|+€2 Dg’wu—f);wv

784 784
V7= |+ L

)"

lﬂiq(g) .(77 -, )a +A, (£)) (77 )

I (or+1) q”T (a+1-p)

/ T-w)
saa||u—v||c+{a+%”“’;>+a]a -
q

< (0 +LO)|u-v],
Similarly,
‘dj;[%aFu] _¢;[¢2’E)]‘ < (a)Z +£02)||u _U”C :

In addition,

|(Aw)(t) = (Av)(@)|

(I - T
Sfi(a) [ (T=s) flu—vl(ajj(s))dq,ws+%x
{IB,||®;16,.F,1- @,14,.F,)| +|B,||@;1¢,. F,] - @;[6,.F, ]|}
+(T—coo)‘H><
2
A ||@;10, F.1- @10, F ]+ |A,||@;10,, F,1- @;[0,, F, 1} (29)

02[ (T - a)o )a + ‘CO1 a-1 a-2
S{ﬁq()fq(a+1)+wllgl [[B, (T = @)™ +|A| (T - )]

+a)2+£(92
| 2|

eI 60100,
I'(ax+1)

(1B, = @) +|A, (T = )" J{u=1,

+ w0, + a)ZQU}”u — v||C .

By taking the fractional symmetric Hahn difference of order v on equation (17), one arrives at

D! Aw)@) =
q(g%(é‘/) tpogtat(x) f———\ vl SO a-1
fq(a fq(—V) th% (t_x)q,w (O-q’w (X)—S)q’w X
F [a;;} (s),u (07 ()), 27 u(0)(s)), D! ju (o) (s))}&qwsc}q’wx
(3)
~{B.2]l0. F1- B2} 10, F 1} 2 o (30)
J-% (t - s)i (0';;)’ (s)- a)o) d, s

| (%)
. A q
HAr 0 1= Arlo. Bl o

q,0

(=) (o @) -a) " d,,
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and

Dy, Av)(t) =

(a)+(év) ot (x) f———\ vl
(

Farenhl

F[ag;(s),u(a;;j (8)), 7 v(07X(s)), D! (0] (s))}&q’wsdq,wx

(o0 (x) - s)j;; X

q,0

{&@%EP@@%J&E%%V o
L) (o e-a) ds

+{A, )[4, F,]- A, 2,9, F,] %()_V)x

() 0@ -a) s

Similary, we have

‘(f);wAu)(t) - (f);wAv)(t)\

S{g[qum 0+0
I (a+1-v) "1

(32)

+ @0, + a)2é,]}||u ~v],-

From (29) and (32), we get
[ Au = Av], < 2w -,

Under the assumption (H,), this inequality establishes that A is a contraction mapping on the space
C. Therefore, the Banach fixed-point theorem guarantees the existence of a unique fixed point of A.
This fixed point, in turn, represents the unique solution of problem (1) on the interval Iliw. [l

4.2. Existence of at Least One Solution

We now turn to proving that equation (1) admits at least one solution, utilizing Schauder’s fixed point
theorem in the manner described in the following.

Theorem 4.2. Provided that (H)) and (H,) hold true, it can be asserted that the problem (1) possesses
at least one solution over the domain I .

Proof. We organize the proof according to the steps outlined below.

Step I. One can readily verify that the operator A sends bounded sets to bounded sets within
B, :{ue C: ||u||c < R}. Let max _, |F[t,u1,u2,u3]| < M,sup|¢1(u)| = Nl,sup|¢2(u)| =N, and choose a
constant " uee uee
q(Z)(T _ a)o)a N q(z) (2 )(T _ a)o)afv

r(1+a) ¢TI A+a-v)

S=M +0,0,+ 6,0,

+O,N, +O N,.
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For each te I],, and ue B,, we have

¢; [¢1’Fu] =
8 e
6, () - 4 Fq e [ (n=s)" x
F [oﬁj(s),u(oﬁj (s)) P u (O'Z;l(s)) ,D;wu(a;’f;l (s))] dq!ws
EFE o et v
e vor S A G D G R M
F[a;;l(s),u(a;; (s)),‘l;qy’wu(ai;l(s)),E;’wu(aq“;(s))} d, sd, x.

Hence

Ya-aym, o Ma-aym
r,1+a) ¢’ 1+a-p) (33)

@:10,,F,]| <N, + 2,2
<N, +OM.

Since
¢T* [¢2 s Fu] =
5
0.(uT) ~ = — @) (T3),,
F [a;;} (s),u(071()), 27 u(0)(s)), D! ju (o) (s))}c;fqyws

S
ﬂQmLL (7

q

Flo2,)(9),u(00,)(9)).2] u(00,)(9), D, u(00,) () ]d, 5d, 5,

—

—p-1 —_—
S e P L —
x)q’w (O'q’w (x) s) X

q,0

we have

ooy M ayu
Fava) T ¢ Ara-p)

<N, +4 (34)

@,'[4,.F,]
<N,+O,M,

and

-
|(Au)(t)| Sfcj o LO (T - s)q,w X
‘F[O'Zj(s),u(az;l (s)),ﬁq”wu(ag’j (s)),f);’wu(ajj(s))] dqvws
(T -aw)""
L

IB,||;14,.F,]+|B,|@;[0,, F,]

} (35)

i

PO A 10, 5] + A 516, )

a

- a)

fq(1+a) +60,0,+6,0,|+O,N, +O N,.
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Similary, we have

(D;,4u)®

M-y
¢TI A+a-v)

+0,0,+6,0, |+O,N, +6,N,.

From (35) and (36), we get
(Au) @)+ |( Dy ) 0)

R G
r,d+a) "I ,A+a-v)

+0,0,+ 6,0,

+O,N, +O N,.
From (37), we get
| Au],< S <eo.

Hence, A is uniformly bounded.

Step II. The continuity of F'immediately implies that the operator A is continuous on B,,.

Step III. Let us confirm that A is equicontinuous on B,,.

For arbitrary ¢,,t, € I, satisfying ¢, <t,, we obtain

(Aw)(t,) - (Aw)(®,)
e
T (a+1)
‘(tz _ a)o)a—l _(tl _ a)o)a—l
[
‘(tz _ a)o )a—Z _ (tl _ a)o )a—2

[

t, - o) -, - @)

{|BT| ‘dj; [¢1 ’ Fu]

+|B,|[@;10,. F,]

}

A 1216 F11+1A, 112516, F,11},

(D, Au),) - (D}, Au)t,)

GXE
ST (@ 1-v)

‘(tz _ wo)a—v _(tl _ wo)a—v

q(_zv)f (o)
\Q|q"“ T (a—v)
[B,||2;14,. F,]+ B, ||2; [0, F.]

‘(tz _ a)o)a—v—l _ (tl _ a)o)a—v—l X

}

‘(t2 _ a)o )a—v—2 _ (tl _ wo )a—v—2

1.

. dire
|2|q"“ T (@ -1-v)
1A, |2;14.F,]+|A,|@;10,.F,]

X

(36)

(37)

(38)

(39)

(40)
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Since the right-hand side of (39) and (40) tends to be zero when ¢, — ¢, it follows that A is relatively
compact in B,. Consequently, the set A(B,) is equicontinuous. By synthesizing the findings from
Steps I-III and invoking the Arzela—Ascoli theorem, we establish that the operator A :C — C pos-
sesses complete continuity. Consequently, an application of the Schauder fixed point theorem guar-
antees the existence of at least one solution to problem (1). ]

5. Hyers-Ulam Stability Analysis Result

This section 1s devoted to examining the Hyers-Ulam stability of problem (1) (see [38]). Consider a
fixed >0 and let §: I, - R be a continuous function.

Dy u() - F [t,u@®), ] u(®), D, u(®) | < £60), te I,

17 ,8,.(mum) =¢,w), nel;,—{a,T}, (41)
70,8, (T)u(T)=¢,(w).

We now turn to the formal definition of Hyers-Ulam stability for the problem described in (1).

Definition 5.1. We say that problem (1) exhibits Hyers-Ulam stability with respect to (41) provided
there exists a constant A,> 0 satisfying

|L7 - d| <EA,,
forall te I;w, where 1 is the solution of (41) and i is the solution for problem (1)

Theorem 5.2. Assuming that hypotheses (H )—(H,) are satisfied and that

max _ o(t) <1,

it follows that the problem (1) is Hyers-Ulam stable with respect to (41).

Proof. Let D, u(t) = F|t,i(t), ¥} u(t), D, ji(t) |+ k(t). Consider

De () = F[t,a(t),aﬂq{wa(t),D;,wa(t)] +R@), tel”

Au(m) +ADP @) =¢@), nel’, ~{a,T}, (42)
wi(T)+u,D’ u(T)=¢,(@).

In a manner similar to Theorem 4.1, problem (42) is equivalently expressed by the equation given in
Lemma 3.1.
i

0 F o j% (t= )2 | F[[s.().27 7). D) 7(s) | + k(s)} d, 5

_%{BT@*[@ F, +k]-B &,[¢, F, +kl} (43)

+W{AT@’ 6, F, + k] - A, ®,[9,, F, +kl}.

Let A,,B,,A,,B,, and Q be as specified in (8)—(12), while the associated functionals
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(5;[¢1,Fﬁ+k] and @,[¢,,F, +k]

are introduced by

D,[¢,, F, + k]

><

=0

{7[s, a(s),yfq{wu(s),p;wu(s)] +k(s)}d, 5

(_Z‘ﬁ (5] o b (x) _ -1

}‘21*( ,B)F(a)-[ J 77 x)i;(o-i%—s);x
{F 5.2, (), D, ji(s) | + k(s)}d, 5, 1,

D,[9,,F, + k]

a-1
X

=9, F( )

{F[s.a),9] j(s), D;wu(s)} + k(s)}&q_ws
e ot l(x)

r, ( -Pr, (0!)-[ I

{ [s u(s), ?’7 LU(8), DV u(s)]+k(s)} sd x.

q,0 q,0

RN a1
x)q,w (O'M (x)—s) X

q,0

— M,

Now, we define the operator as
(Au)() = (Au)(@) + K@),

where

o

F()

_(t-a)” B
0
N (t- a)o)"’"2

K@) =

t—38)2k(07)(s))d,
{B,®,[k]-B,@,[k]}

{A,@,[k]- A, [R]},
where the functionals are defined by
o
F ( )
e At
A Fcpr@h
k(o (s)d, sd_x,

q,0° " q,0

D, [F] k(O'” 1(s))d s

B 5B () — g )
n-x)5 (O'q,w (x) s)q,wx

(44)

(45)

(46)

(47)

(48)
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a

L .
@, [k] = k(T) - 1, [ (1-9)%, ko2 (5D, 5

fq (o) dm
R s . (49)
q % (%) —p-1 “p a-1
= (T-x) " |ol, (x)-s] X
2 r,-pr () on J.wo @ ( ‘ )q,w
k(o (s)d, sd, x.
Note that
|oAze = Av] = [ Au - Av]. (50)

Consequently, the presence of a solution to (1) inherently implies the existence of a corresponding
solution to (42). Leveraging Theorem 4.1, we observe that the operator A constitutes a contraction
mapping, thereby guaranteeing the existence of a unique fixed point @ associated with A, as well as
2 linked to A.

Furthermore, since te I, and max,_ O(t) <1, we deduce

[K)=max_, [K@®)|<et, (51)

where

0@ -ay|da-ay HMa-ayr
ra+y | I(a+)) @I (a-1+v) T 77 (52)

7=
+O, +6,,

and 0,,0,,0, and @, are defined by (21), (22), (27) and (28), respectively.

Hence, we get

|z -2 = HZE - Au” = Az - Az + K@) = Az - Aa| + |K@)|

. (53)
= 7|z - a|+ et
By condition (H), we obtain
lo-a|= . (54)
Letting A, = Z , we obtain
1-x
|z -] <ea,. (55)
This completes the proof. O

6. Example

We put forward a novel perspective by presenting the fractional symmetric Hahn integrodifference
equation in the form
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4
= 1
D3 u(t) = X
v (£ +2007 ) 1+ u(®) )
(56)
1 oo | -1
|:e—3t (uZ +2|u|)+e—(3/r+sin2;rt) y}f§u(t) +e—(27z+cos t) Dfu(t):la te Ii53
2°4 2°4 2°4

with nonlocal fractional Hahn-integrodifferene boundary condition

(123 1000 D33 123 :zci|“(ti)|, t =o' (15)
30e | 64 T 64 I+ u(@) | B

2’ i=1 g (57)
= D. | u(t.
2007u(15) + —— Dy u(15)= 3 PIUWL 51 5
207 1 i=1 1+|u(ti)| 24
sl o

where t,s) = <

s (t+n) 2{ 100t 200t
Z‘ ~ 200"
We let

4 1 1 1 1 3 10 3 123

O=—y=—V=—",p=—,q=—,0=—,0, =_:_’T=157 o, ,(15 Y - 1006
V=gV = phEga=5.0=1.0 o 2 n= ég( )= =500k =

_ _ 1 C lu)l D, |u(t,) |
Hy = 2007, = 50 ) = ;m w) = ;1+|u(ti)|and

! X
(¢ +2007° ) 1+ u(®) |)

|

F[t,u(t),(?q{wu)(t),(ﬁgywu)(t)] =

svz u(t) + o e’y D4 Lu(t)

274

|:63t (u2 +9 | u |) —(37r+sm 7it)

For all te I)°, and u,ve R, we have

21
‘F[t,u,'f’;mu,ﬁg,wu] - F[t,v,ﬁq’,wv,ﬁgmv]‘ <— 5 1 lu—v
e? ( +2007° J
4
+ 1 ‘Sf” u—y’ v‘+ 1 D' u—-D" v
9 q,0 q,0 9 ) q,0 q,0
e’ (4 +2007° j e’" (4 +2007 J

Thus, (H,) holds with ¢, =5.6215x107°,/, =5.3691x10° and ¢, =9.4498x10™".

For all u,ve C, we have

|6, (w) — ¢, (V)| < ——|u—v|, and |g,(w)—-¢,()|<

ju o]

900| 675 |

Thus, (H,) holds with @, =0.01208,, =0.004654.
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After calculating, we obtain
¢, =0.00999998, |A,|=229.2621, |A,|=1496.09447,
|B,|=-543.3926, |B,|=110.8212 and |2|=838373.7649.
In addition, we find that
£=0.0000086479, O, =172.4915, O, =16244.9651,
6, =0.001592, O, =0.0006295, @, =0.0007476, &, =0.0001888,
@, =0.002339 and @, =0.0008183.

Therefore, (H,) holds with

¥ =0.000683403 <1.

It follows from Theorem 4.1 that problem (56—57) admits a unique solution; simultaneously, Theorem
4.2 asserts that at least one solution exists for this problem.
In view of Theorem 5.2, we have y =2.97354 and

A

A= £ 2975559,

Therefore, the problem (56-57) is Hyers-Ulam stable.
For the numerical simulations, we consider
F[t,u(t),(Wq{wu)(t),(ﬁ;wu)(t)] =1, ¢, =2, and ¢, =1000¢".

Figure 1 illustrates the solution of problem (1) for varying values of o. The results reveal that wu(f)
decreases as t decreases, while it increases as ¢ approaches @,. Nevertheless, from equation (5), we
observe that u(®,) = 0.

120 T T

100 -

80

60

40

20 1 1
0 5 10 15

t
Figure 1: The graph of the solution to problem (1), where the order of the fractional
difference is varied.
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Conclusion

In this work, we have investigated a class of boundary value problems characterized by the presence
of three fractional symmetric Hahn difference operators alongside a fractional symmetric Hahn inte-
gral of varying orders. By employing the latest theoretical advancements in fractional symmetric
Hahn calculus, we have rigorously analyzed the existence and stability of solutions for nonlocal frac-
tional symmetric Hahn integrodifference problems.

Our findings not only demonstrate the applicability of symmetric Hahn operators in addressing
complex boundary value problems but also contribute novel insights to the theoretical framework
underpinning such equations. The methods and results presented herein provide a foundation for
further exploration in the study of nonlocal and fractional difference equations.

Looking ahead, future research could aim to broaden this investigation by considering more gen-
eralized classes of boundary value problems, examining higher-order fractional operators, or explor-
ing applications to practical models in applied sciences. Such extensions are expected to deepen the
understanding of fractional symmetric Hahn systems and expand the scope of their potential applica-
tions in both theoretical and applied contexts.
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