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Abstract

The article considers forced oscillations of elastic plates in the multilinked area. The surface of the
plate undergoes actions of the disturbing force directed along the normal. The task leads to solution
of different kinds of differential equations satisfying to initial and boundary conditions of various
type. These equations are solved by the Bessel functions and through the method of the theory of
functions with complex variables. Thus, the article offers the general methodology to the solutions of
the dynamics of the elastic plates that is under action of the disturbing force.
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1. Introduction

The relevance of the topic is unquestionable, since the study of the dynamics of the viewed plate is
of particular importance in many fields of modern technology, including in the development of space
engines. Also, solving this problem in a partially general form allows for easy solutions for special
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Figure 1. The multi-joint elliptical plate weakened by elliptical holes of different orientations

cases. On the other hand, the issue of finding the solution of the mathematical-physical equations
of the complex contour of the region with various boundary conditions in multi-connected regions is
always relevant. This research work can be useful for graduate and postgraduate students, teachers,
researchers and engineers

The question of constructing a methodology for finding a solution satisfying various boundary con-
ditions on the contours of the equation expressing the forced oscillations of the multi-joint ellipti-
cal plate weakened by elliptical holes of different orientations is considered. Assume that some of
the internal contours are free of any influence and others are elastically fixed. The outer contour is
immovably fixed.

Let’s attach a polar coordinate system to each of the elliptic contours (p,,0,) and to the outer contour
(p,0) and take the parallel and same direction of their polar axes. The equation of the forced oscilla-
tions of the plate in the polar coordinate system is as follows:

*W(p,0,t)

AW (p,0,t)+ A1

=q(p,0,t) @

Here, W(p,0,t) is the inclination of the plate from the starting plane; A - Laplace operator
o 1o .1

A= + +
op® pop p* oo

@)

At :% - h-plate thickness, y/g-mass density, (j(p,@,t)- exciting force to the plane of the plate,
g
t-time, D - is the cylindrical stiffness of the plate and
— E]I}-l3 (3)
12(1-v?)

calculated by the formula. Here, E, is the Young’s modulus of the plate material, v- Poisson’s coeffi-
cient, the condition imposed on the function q (p,0,t)- is that it can be divided into a series of functions
during the specific oscillations of the plate. Elastic reinforcement of internal contours can be homoge-
neous, elliptical tubes with cross-section thickness h, fixed at the other end.

In this case, the reaction force

q; =—CU(p,0,t) (4)

in the form of, where

1

1 .
C‘=Z—n[(ai+bi)hi+hi2]1,=1,m2 (5)
Here, C, —i- is the collapse coefficient of the i-th pipe, h,- i- is the thickness of the i-th support pipe,
m, is the number of elastic supports.

Let us denote the external contour L, and the internal contours free of load — L. il. Then a complex
outline
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L=L,+ iL, + iLr (6)
k=1 r=1

so that m +m,=m; m- is the number of all internal contours.
Let us write the following boundary condition:
a) In fixed external contour

oW (p,0,t)

W(p,@,t)LO o

=0 (7)

n

t

b) Since m1 internal contours are free from external influence, the bending and twisting moments
on them are equal to zero, 1.e.

M,| =-D

2 2 2
0 W(p,@,t) Y 16 W(p,@,t) +L6 W(p,@,t) 0
op® p 9p p? 86 t

O°W(p,0,t) 10°W(p,0,t) 1 oW(p,0,t) (2-v) 1 O°W(p,0,t)
+— -— +2-vV)——"—"7—
L 1M o p o’ p®  dp p?  9pob? o
’p o0 1 W (p.0.t) ®)
_(S_V)ET

t

n

Here, Mp is bending, Mp6 — twisting moments, Qp — shearing force.

¢) The shear force on elastically fixed contours must balance with the reaction force. Given the rigid
connection of the plate to the support, the angle between the support (in our example, the support
tube) and the external normals of the plate surfaces changes. If transverse and torsional oscillations
of the support are not taken into account, the following conditions must be satisfied on these contours:

O’W(p,0,t) 10°W(p,0,t) 1 °W(p,0,t) 2 °W(p,0,t)
+— +— -
(ap ~CW(p.0,t)) =D op° p op p*>  0poo* pP 80" | =0
-C.W(p,0,t),
6W(p,9,t) ~
Tltn—o )

Assume that at the beginning of the oscillation process, all points of the plate are not out of its
plane, but the initial velocities are a function of their positions in the plane, i.e., V(p,0)=0. In this case

oW(p,0,t)
the initial conditions W(p,0,0) =0 and T

sorted by eigenfunctions.

Thus, the problem of investigating forced oscillations of a plate with elliptical holes is brought to
the problem of finding a solution that satisfies the boundary conditions (7), (8), (9) and initial condi-
tions (10) in the multiple connection region of equation (6).

It should be noted that the goal is to provide a method for solving problems.

Finding custom dances. Arguments are not written for simplicity.

To study specific oscillations, we choose q (p,0,0)=0, then (1) corresponding to the following figure

=V(p,0) canere. The function V(p,0) can also be
1=0

-
W _o (11)

AW + 24 =
A ot?
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Here, W' - is an unknown function that characterizes the deviation of the plates from the plane
state during the specific oscillation. W

W W (p.0) not (12)
If we look for it in the picture, we get from (11):
AW ='W =0,beleki A' = 1"'n] (12)

(12) solution of the equation

W= i ' (p,0) no (13)

2 2\2 B
d2+li_n_ W, - AW, =0 (14)
dp® pdp p

Let E° be the unit differential operator. So E°*W, =W, . Then, by introducing the unit differentiation
operator, equation (14) can be separated into two second order ordinary differential equations:

d*W, 1dW, (n? =

At p dp _[?+%2JW":O 49

d*W, 1 dW 2 _

st ' pdp _[n_fﬂfjw" - 1o
74 P

Let's substitute p =% Then if we multiply (15) byﬂ,f2 , and (16) by -2{2 , we can get Bessel
equations: A

d°W, (a) 1 dW,(a) AN
e +; o —[1+?]Wn(a)—0 (17)
dZVT/n ((Z) 1 de ((X) n2 — B
do® @ da _(1_?JW"(O‘)_O (19

2. Preliminaries

It 1s known that each solution of equations (17) and (18) is also a solution of equation (14), and equa-
tions (17) and (18) have no common solutions that can satisfy both of them, except for the trivial solu-
tion. Therefore, the system of linearly independent fundamental solutions of equations (17) and (18)
should be built on the basis of the system of fundamental solutions of equation (14). Equation (17)
1s modified by the following cylindrical function, the fundamental solutions of which are not linearly
dependent on each other:

J, (4,p).N, (4,p).L,(%,p). K, (%.p) (19)

Note that n must be an integer to satisfy the continuity condition. So, the function W(p,0,t) should
take its previous value when it completes the closed circuit. Let's formally look for the solution of
equation (12) in the following way:

e AT Gup) + CILL () | 0+ Y [ B, (A py) + + DK, (A py) | 6,
W — s =. S (20)

" + Z:*n:ll [BrfrJn (Aapr) + DWT'"K” (l’pr)]:‘): ner
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The formality of equation (20) is explained by the fact that the expression written inside the first
square brackets and its trigonometric multipliers are expressed in the (p,@) coordinate system, while
the remaining terms are expressed in the corresponding (p,,6, ) and (p,,6, ) polar coordinate systems.
Therefore, the expression for W* must be written in a specific coordinate system.

We apply the theorem of graphical addition. According to this theorem:

—Ip _ ol P _ ol
2, —z2.e " =re 2, — 2. =re (21)

the following equation is true if the conditions are satisfied and

1Z,|> |2,

Z,(r)e™ = 3 7, (2), (z)e™ ©2)

So, here Z, (z) - (2) and N, (z) can be any one of the functions. Z and Z, are two different points
of the complex plane. According to that theorem, if conditions (21) are met and 1z11 > 1z21

I(r)e™ =3 (-1°1,,(2)1,(z)e™ 23)
K, (r)e" = 3K, (), (2,)e™ 1)

In the matter under consideration
Z =z, +I ke’ k=2m,q=2,m, (25)

The distance between the centers of Iqgk -k and the g-th contours is the positive angle of the vector
pqw - 19k with respect to the polar axis of the kth system.

— — 0q
2k _pEch Rq = Pyt

Let us replace zq=e’9a)q in equation (25). Here 6, a-cu
The origin of the semi-axis of the ellipse is at the center of the outer ellipse located and polar axis
with its major semi-axis it is the smallest angle formed by the system with the polar axis.
Sign
T
+1,0<60, <— when
2

—1,—Z <60 <0 when
2 q

. . a_ -
w, =x, +1y, letit be x, gxa,ya =5, (26)

let's replace it. Then the canonical equation of the ellipse in the g-th system

Figure 2. The polar axis of the k-th system
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/ 7 tﬂ.;:frj‘ff r:ll:: X

%,

—t =1

aq bq
when (26) transforms (27) ellipse

52450 =

looks around.

(27)

(28)

z,=e Oq°wq the transformation Z,, the complex plane, 2 kg is a spiral 6, as much as the angle

t=xny, let’s say.

In the third figure, from the OCD triangl % =TG (Hq + 9% )

From here CD = ODTG (Qq +0, ) =X,l8 (9q +0,, )

From the triangle OAB AB =tg6
OA

q

From here AB =0Atg0, =xtg0,. AB=CD =y, =y, we can write because.

Rew,,
arctgb, =arctg Retq tg (Oq + 9%)

Rew, «a

el [ 2 g _“q

SRS
q

Thus, equation (25) can be written as

p,—€% =p qeie‘l +lqke™*
If we multiply both sides of this equation ﬂle’i“’qk by its expression, we get:

qukei(ek_%k) —2 lqE B (_ ip, )e—i(qu—eq)

Thus lgk > p,, and v=n expressions (21), (22) and (23) are written as follows:

2, (o)) =37, (k) T, (2., )

1 (op ) =3 () Ty (o dak) (2, )

p=—x0

K, (%,p;) el ow)

p=—x0

Kn+p (2’ lqk) ( ,pq) ip(94.~6,)

around the point, and then the post- rotatlon argument of Z is the argument of @,,0,+0, happens

(29)

(30)

(31)

(32)

(33)
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Multiplying e these equalities, we get:
Z, (A0 nbk = 2 " Z,.,(2lak)d, (4.p,) [(n+p)o, —po, ] (34)
Z,(Ap )0k =3" (1) Z,,,(21ak), (2.p,) [(n+ D)oy - 16, ] (35)
K, (2.p ) n0k=3"(-1) K,.,(41gk)L,(2.p,) . [(n+ D)oy - 10, | (36)

p——OO

When we move p,0, from one system pG_ to another, we act in the same way. Therefore, to obtain

the results of this trans1t10n in relatlons Ok to @q lgk to I, (34), (35) and (36),

It is enough to replace 6 q with 6 k, p q with p k, gk Wlth obk. Then we get the following relations:

Z, (2, p,) 500, = z<—1>Pzn+p<x,1kq>Jp<z,pk>§§; [(n+ D)oy, — PO, |

p=—x

1,2 p,)san0, = ZIM,,(&I@)qu,pk)z?z [(n+P)oy, — PB, ]

p=—x

K,(A,p,)5in0, = Z VP K, L), (Ao p ) [ (n+ D) @4y — PO |

p=—x

To change from the (p,0) system to the (pq,Oq) or (p,,0,) system, we write (20) as follows:

Z=z,+1e"
We perform transformations (25)-(30) on Z,. Then the equation
l,pem(e_(p) = 2,1, - (—i,ﬁk)e_l(eq)_ek

falls into the form of
Thus, according to the Graph theorem, we can accept v=n and write when Ak > pk.

Z,0.p)e" " = 3 (<17 2,0 L) ()"0

p=—20

If we multiply each side of this equation by e™?, (42) will look like this:
Z (% p)5an0 = Z (D Z,, (L), (o p )5 | (4 D) 01y — PO, |
If we perform a similar transformation for the functions I and K_

In(}“’pq)grjng - ZIer(l qu p(ﬂ“ pk)grj[(n—i_p)(pkq _pg_k

Kn(ﬂ“’pq)z(;;ne - Z( 1) n+p (A"qu)Jp(A”pk)gfrj |:(n+p)(qu _pe_k]

we get the relationships.

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

To switch from (p, 0) system to (pq, E)q) system, it is enough to replace <<k>> index with <<g>> index

in relations (43), (44) and (45).
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When switching from (p,, 6,) or (pq,@q) system to (p,0) system, two cases are considered:

Case I — the center of the outer contour has a central elliptical hole that coincides with the center,
but is not similar to it, that is, the major semi-axes are not equal to the minor semi-axes, or the major
semi-axis does not coincide with the major semi-axis of the outer ellipse.

Case II — The elliptical hole considered in case I is not present.

Let's look at the transitive relations for each of these cases.

1-In the third case, to move from the (p,, 0,) system to the (p, 0) system, we write (20) as follows:

Z, =z+1, " (46)

we substitute in the z = e "?equation. After that, we subject the W complex plane along the polar
3 ar : 3 _ l(ero 90)
axis B to - coefficient compression.z = p e then it becomes and (46) equation

' (6,00,

e’ = p; +1,,e or
hpye® ) =L, (~2p,)e @7
falls into the form of.
Applying the Graph theorem to (47), we get:
— | m(0-p. = _ <\ P(0r,+0p 0,
2, (000" ) = 3 (A1) 2, (o) ], G2 ) (49)

p=—x0

We multiply this equation by e™”' and get: 3
hppnnby = 3 (1) Z,., (Mlgy ), (15,5 [ (n+ P) o — PO~ PG, |

In()vlpk )?L)rsz T’LG - Z In+p (Alllgo)‘[p (/’Lllsr)z(;; I:(n + p)q)IEO + pQrO - pér:' (49)
K,(up)5in0; = Y (-1Y K, (Al ) I, (b )% [(n+ P) gy, + PO - 10, | (50)

p=—0

we also get their relations.

When the center coincides with the semi-major axis of the elliptical hole, 6k —0=0 is taken in equa-
tions (48)-(50).

Let's again use the relationship z; =z + lEeiw to switch to the (p,0) system connected to the external
contour. In this case, since the polar axis coincides with the semi-major axis of the outer ellipse, we
subject the transformation z = e to compression along the axis. Then p,;eig1 = ﬁr’igl + lklei“’ and as a
result

Alpkei(ek—wks) — A’lpka ( }ﬁp ) i(Prs=0r)

1s taken. Then the expressions (48), (49) and (50) for the system related to the outer contour are as
follows:

o0

Zn()'lﬁlg)gfrfnglg = Z (_l)p Zn+p (A'IZEO)J/) (A’llsr)?;; I:(n + p) pQrO pér:l (51)

p=—0

Lup)ent; = D L, (Mg ) 1, (up )5 [ (n+ P) @y + PO, — PO, | (52)
=
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00

Kn(ﬂ”lﬁl;)gfznefe = Z (_1)p Kn+p (All]go)lp(zlﬁr Z(L); ':(n’—i_p)q)];o +p6r0 _pér:l (53)

p=—©

When p, >, these relations are as follows:

o0

Zn()‘lﬁ};)gfringk = Z (_1)p Zn+p (illﬁo)Jp(/’Ll/Sr)z(l)j [(n+p)9]€ _p0r1 _pékl] (54)
In()‘lﬁlg)?;snefe = Z In+p (z’lllgo)lp(z’l[jr ;frsl |:(n + p)(pfgo + perl - pékl] (55)
Kn ()’15%)?1)2 n’QE = Z (_l)p Kn+p (Alllgo)[p (Allsr)zf; I:(n + p)GEO + p0k1 - pér:| (56)

let's assume that the first of the double indices indicates the system to which the expression was
imported, and the second indicates the system from which it was imported.

Note that lezlkq h_.

Let's put the expression we received into a more convenient form. First, let's denote the coefficients
B?, and D?, asB” and D? for the case where k=1 in the expression of the eigenfunction in the system
(p1,62) and include them in the first infinite sum and k from 2 to m combine the second and third
sums by changing.

cos

[A,fJn (A51)+ C21, (2 5,)+ BEN, (2., ) + D,kan} né

sin

W= Z; kZ; B Y. (-1)" Ny (210 ), (251 )] [(” +P) oy _pél] (567)
n= = p==® sin
+ D5 > (A1) [ Ky (k) T, (5] [ (04 ) oy 0 |

p=—0
Let us change the sums taken in the integral (-00,00) and take into account the following property of
cylindrical functions:

o0

Iop (21)9, (22) (58)

p=—o

z (_1)17 Nn+p (ﬂ“’lkl)’]p (ﬂ“’ﬁl ):(:L |:(n + p)(pﬁlpélJ

2 () Ny (21) 7, (257 ) (2 2) s, — 0]
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= (_1)17 Nn—p (l’lkl)Jp (;t’ﬁl )Zj: [(n’ - p)(plh + pél]
If we open and regroup the brackets included in the trigonometric functions, we get:
0
Z (_1)P gnNn+p (ﬂ“’lkl )Jp (A”ﬁl ):j |:(n + p)(pih N p01:|
p=—x
Here
N11 on = Nmp cos(n + p)gp}gl + (—1)p anp cos(n - p)go,;l
N! ~
N; on = —Nn+p sin(n + p)(p};1 + (—1)p %sinp@an_p sin(n - p)(p,;1
2 pn
N; ,,=-N,,  cos(n+p)o;, + (-1)° N, ,cos(n—p)o, (59)
Ni on = Nmp sin(n + p)qo};1 + (—l)p anp sin(n —p)(p};1
marked. We will buy in a similar way
0
> () K,y (b)) 1, (250 ) [ (n+ ) o, — 6]
p=—x
K! . K -
“1)" e, , (2,5, ) | 2 cos pb; £ —L" sin pd
p_o( ) &, ( oA )Sm Ki - cos pb, K; . sin pb, (60)
and here
K11 on = Kn+p cos(n + p)(p};1 + (—1)p Kn_p cos(n - p)(p};1
K; om =K., sin(n + p)(p,;1 + (—l)p K, , sin(n _p)‘/’m
K?1> pn _Kn+p cos(n + p)(pfel + (_1)17 Kn—p cos(n - p)(pﬁl (61)
Ki o =K., sin(n + p)go,;1 + (—l)p K, , sin(n —p)(p,;1
Thus, the expression of the characteristic function for the case p, </, is:
W z{[A;Jn (4:5)+Ci1, (25 + BN, (2.5,)+ DK, (2,5,) | n0
n=0
_ e ) X ) -
o B, (/’L,ﬁl)(Nll P:_cos pO, + 11 pn cosp@lJ (62)
n 4 pn 4 pn
+ZZ(—1) £, ) X
Frape + D3, (ﬂ,,ﬁl)[ P cos pf, + ——L"sin pélj
B 4  pn 2 pn |

And when p, > 1,
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W3 40,05+ CL (13) BN, (15) + DK, (1.5
n=0
g ! .
0 B,kap(/l,pl){ "_cos pO, + —2"gsin pQIJ
n n 4 pn 4 pn
+;Z(_1) 8n Il Il
“2p0 + D7, (1,151) —"—cos pél + T sin p9~1
i i Ii pn 2 pn i

in expressions (61), (62) k =2,3,...m; and g, 1s the Neumann factor.

0,5 n=0 when
g =
" n=0 when

(63)

In order to obtain the expression of the eigenfunction in the system connected to the central hole
whose contour i1s an ellipse, the expression (n+p)(pl_{1 in the expressions (59) and (60) is changed to
(n+p) (pl_§1+p0~ r0, and 01 to Or need to be replaced. Then, taking into account the appropriate changes,
the expression (61) is considered to be p1> 1k1 on the contour of the central hole, and p1>0 on the

contour of the ellipse in the center, since 1k1=0.

By means of similar mathematical operations, we can show that (pq, 0q) (as well as the expression

of the eigenfunction in the (pk, 6k) system (p, <[ ,,p, <[,,) 1s as follows:

[BIN, (2.5,)+ DiK, (2.5,) | nf+ S (1) e, (2.5,)

J! 1 Nt N!
1 pn A 1 pn A 1 pn ~ 1 pn . ~ ~
A; i P _cos po, £ — Ph_cin po, |+ B Nl—pcos po, + ~ P din po, |+ I (l,pq)
4 pn 4 pn 4 pn 4 pn
. © Jl . 1 N N Kl N B Kl - 5
W = Z [( Jll P cos pf, + " sin qu}C; + Dy, [Kll P cos pf, + Ki P~ sin po,
n=0 4 pn 4 pn 4 pn 2 pn
0 1 N 1 _
+ZJ§(/1,/3q) ;( —F"cos pO, + —~ s1np0qJ
k=2 4 pn 4 pn
K, 3
+ ~ n ~
+ D3I, (ﬂt,pq) Kl—pcos pl, + —""sin po,
4 pn 2 pn

(64)

The expression (63) is used only to satisfy the rigidities on the internal contours. Therefore, we do
not formulate the expression of the eigenfunction for the cases p, >1, and g, > 1.
Note that the following signs are used in (63).

0k
lek

Z3k

4 pk

Z4k

Spk

Z2k

3 pk
4 k
Z3pk

Z2k

3 pk

-2 (o o

=Z ()L lqk)sm(n +D)0s

(U Ly (RlaR) (b )0y 2

sin

+ (—1)” Z (l,lqlg)cos (p - n)%;g
+(-1)"' 2, (A.lqk)sin(p-n)o,;

(l lqk)_ (p n)<p }

(65)

(66)

(67)
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gak
Z?]p: :(—1)¢[Ip+n(/1 lqk)i (p+n)<pk+I (l lqk)l (p n)(p k} (68)
2 pk

) {p q=0,1 when}

ip =

n q>2 when

KOk
7t = Kon (1aR) (2 P)o £ K, (Rlk) | cos(p=n)os ©9
K4k 08
= K () (15 o K, (110F) s - 9

o ; . (71)
+k21:zo( 1) ¢ [Bpan (2.b,) 1k + DK, (2.b )Jlllj;]:
—~
Y3 (-1) e BiN, (Ab)Tip, + DK, (2.5,) 3%, | =0 (72)
k=2p=0
A, (A,b)+CI L, (2,b,)+ BIN, (A,b )+ DK, (1,b,)
PN (1) e, [ BN, (2.5) 5 + DK, (3.) 9 =0 (73)
k=2p=0
> (1) &, By, (Ab) 5, + DK, (2.b,) I35, | =0 (74)
k=2p=0

The central ellipse is considered load-free. Therefore, we get the following equations on that con-
tour p, =b,:

A7, (,0,)+C T, (A,b,)+ BIN, (1,b,)+ DK, (2,b,)

Y1) 6, [ BN, (b)) T2 + DK, (2,6,) T2 ] =0 7
k=2p=0

Y (1) &, [ BN, (A.b,) Tk + DK, (A,b) I3 | =0 (76)

k=2p=0

AT M, [, (2.b,) |+ CyM, [ 1, (A,b,) ]+ By M,[ N, (A.b,) ]+ D; M, [ K, (.b,)]

+ii(-1)“ e, [B;EMI [, (2.b,) | N2E + D M, [ I, (2,b )]Kgpkn] T
k=2p=0
ii(—m" &0 | BipM, [, (2.b,) [ N3, + DM, [, (2,6,) K3k =0 (78)
k=2p=0

Boundary conditions on elastically fixed contours (p, = b,) are expressed by the following equations:
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1pn

BN, (A,b,)+ D K, (L,b > (1)’ n
Dk n( 2)+ pk ( 1)+Z( )8 +B;Jn(l,b)Nq1 +D+ (ﬂ“’b)qu

AT (2,08 + CoL (2,b)) 8, }

p=0 3pn 1pn (79)
LD IR C VS | B, (2.b)Ni, + DI (2,5 Kgp, | =0
i(-1)“ e, [A;Jn( b))+ Co L (2,b)) T8 + Bid, (A.b, ) NEL + DT, (2,b, )Kfpln]
p=0 (80)
3 S Ve, [ B, (28 Ni, + DI (A5 K, | =0
- AT (2,08 + CoL (2,b)) T2 +
ATM [N, (A,b) ]+ DM, [ K, (2,6,) ]+ (-1)"e,| * (0) T + Gl (181) Iy, +
pord + B, (Ab) Ny, + DL (Ab) K | (g1
" 12 (e [B+J (2.b)Ni: ++D' (x,b)Kgpln}o
i(—1)” e, [A;Jn (A.by) T, +CoI, (A.by) T8 + Bid, (2,6, ) N&2, + DL (A, )Kfpﬂ
p=0 (82)
H Y S Ve, [ B, (A N + Dy (4,5 Ky, =0
Here
~ B Y A s on? C.
M, [zn(/l,br)]_;113zn(;t,b,)+b—rz()L,br)—E@_nz)z(,l,b,)+[ b —3] . (4,0,) (83)

Thus, z (ALb_r) can be any one of the four cylindrical functions. On internal contours free of load,
we get:

B;,M,[N,(2,b,)]+ D, M,[K,(2.b,)]

S 6, A1, () BT (2 NG, D, (1) K, e

1pn 3pn
p=

" 12 (D' [B*J (2.b, ) NEL + DI (2, b)Kg;n]

i(—l)"sn[A;J (A.by) it + Co L, (2,0, )i + By, (4,0, ) Nyt + D1 (2, b)K’ﬂ

1pn 1pn 3pn 1pn

e (85)
ey S Ve, [ Bid, (RN + Dl (b ) K, | =0
B ,M,[N,(%.b,)]+ D, M;[ K, (%,b,)]

3 (1) 6, A1 M, [ 1, (2,58, + B M, (2.5, ) NG, + D3 M, (2.5 K| 56)
p=0

1pn 3pn

+2;”=12::0(—1)"8n [B; 3 (2,6 ) N&L + D* M, (A,b )Kg;n}
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i(—l g, (Ab) )W, + Co My [ I, (A,b) | J7, + By M, [ J,, (2.b,) [ NS,
p=0 ’ +D;EM3 I:Jn (A’bl ):I Klqpln (87)

+Z:=1Z:=o(‘1)”€n | BiM, [, (2,,) | N, + DM, (2.6)IKS, |

Here

2

M, [z, (b,)| = 422, (A.b,) + %é(l,bk )- %én (2,,) (88)

k k

M2 (20)] =22, () + 2220 - [,;—@]m(mﬁ%zm,m 9

k k

To obtain an infinite system of linear algebraic equations including unknown coefficients with a
minus sign on them, in the system (70) - (86) you can compare the (+) sign above the unknowns with
the (-) sig

zi nzz2 forz —mz4 forz —nizg" forz —msz

90
for, 2 k.q-ni 22q for, z ¢ —ni zl;n (90)

can be replaced by -. Let's call that system (89) as a whole. Systems (70) - (86) and (89) are indepen-
dent systems and can be solved separately. If (70) - (86) and (89) if the systems are regular systems
(the regularity of the analogous system is partially shown in (2)), then they can be brought to a "cut"
finite system and solved in EHM.

3. Main Results

Finding mandatory dances L

Let's point out the special functions W (q 1 oo) To solve the problem of forced dance, let's make a
system of orthonormahzed functlons from elgenfunctlons as follows, let y =W/, then be a normalized
function. ® =

o
reader can understand everything himself:

v =W, —(W, )¢ ¢, =

Yy
Vs = VV; _(V[/::d’z)% _(VV3*¢1)¢1 ¢3 = v (91)
3
if .
vy =W, _Z(Wlf _¢1) 0y = o
= Vir

Here(W{;,(/)j) 1s the scalar product of functions. v, denotes the norm of the function y, in L2
space.

- H v, ['ds
S ARXs

(92)
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7% -1
a; = ! ( ¢) q q#]J when,
v
a; = Vs o q=J when
=yt LS ) g (W) [ (W) (W,18))
' IIWkII S vl el Soasia (93)
G=1lm, j=lg
in the form of
Let's write the expression (90) as follows:
1 %!
4, 7{% > (W4, )9, ] ©4)
k gy=1
In (93), let's write the following expression in place of the ¢q word outside the scalar product:
1], % .
¢‘12 :l//_ VVE - 2(%¢Q2)¢Q2
k gy=1
The we buy
W* Wf q-1 . . q, -2 . 1
$q: wq N v/ci [Z(%1$Q1)W11_Z(W12$%)$qz] l/,*
q aq q5=1 q,-1 q (95)
W, 1 &y 1 1 (W, a2,
= - W, § + G W' )$
Vg Vg qlz—;( B ql) Vg Va qlz—;{ Vaq J;( * qz) *

Now, under the last sum sign, in place of the product ®q, outside the scalar product, we write its

analogous expressions and continue the process until g, =1 (i =1,q ) After that, regrouping the expres-
sions, we get:

wooows | a (WS, )8,
$,= W; - W; W, $ l—q;(mﬁ%)%Jr

* _ * q - * * (96)
SIS e s )5 ()
2

w1 Ya g1 Vg = Va

From here, the truth of statement (92) is evident. Considering the properties of multilayer sums,
let's consider special cases, for example «<q =4, j=3>; Let's look at the cases «q =4, j=2>» and «q =4,

q-2
j=1>, when j>q -2 the sum Za; does not exist and when q =4, j=3 we get:
J=j
1 1 (W8 5)
°C43={_ (W $ 2)} =- "
Y, Vs Y, Vs

By the same rule
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1 32w*$
(

Cyg= |~ ! ( s q) za42 O‘zz:(_l)4 ZZ o

v, Vo 53 Vg

W, $.,)

qy qy

And finally
(Wiss)  (Wiss)(Wss,)
43~ * + * *
lwall*lwall - wal* sl ™ e

When g =4,j=1q —2=2, j=1. Therefore, if the straight sum g;_, =1

2
oc43:+wz[(W*$l)J_ Z ot

J-1
happens.
e 35 S )(8) (RS (s ) )
4 =2¢,=1 41 Vs W
o ot (W8 W08 o )W o) (W03 1) (%) (W8 )
DN P T
Thus,
L (wsa)  (wsg)ws) (W) (Wsy)
41 l//4*v/1 ‘//4*‘//3*‘//2 W4*‘//3*V/2
IRUABUABIUAN
v, Fyg Ty, oy

97)

It has been verified that the coefficients are obtained in a sufficiently large amount. It is clear from
expressions (56) and (58) that all dbq_functions satisfy all the boundary conditions that the eigenfunc-

tions satisfy. Therefore q q p,0, t ZT
So, here

T, (t)=

[G(p.0,t)¢,ds

-Qu._,

D is the solution of (1) when the solution we are looking for is multi-connected

W:iﬁq (t)%

If we search in the picture, the border conditions will be automatically paid. Here, ; (t) is an

unknown function.
Thus, if we write (94) and (96) in (1), we get:

) q-1 g-1
Z{ +n0q ( )_2’_4Tq - ﬂq (T)Zaqingjvvj +ﬁq ZaquVj _)“_4Tq (t)}}zO
j=1 J=1

(98)
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By equating the coefficients of the same eigenfunctions, we get an infinite system of linear differ-
ential equations with inhomogeneous constant coefficients in which the functionsf;(¢) are internal:

a,. [ Bo(t) +n2 B, (t) — 27T, (z:)] - i [ B, (t)+nZ B,(t) - 27T, (z:)] oy =0 (99)

If we denote here y, (t) = ,Bt" (t)+n§ B @) - /’L‘47} (t) we will arrive at the following system of algebraic
equations:

a vz = D o7 =0 (100)
j=8+1
or if we write openly
ally—aﬁyz—al—ayg—aﬁyz—...—...zo (101)
A5V — sV —Ogp¥g — o= =0
Ags¥5 —Qg3V7 — gV —---—-..=0
AV~ Ogpls —--—--=0

If we cut and solve the system (70)-(86), we will find functions belonging to a finite number, then
the system (100) becomes a finite system. In this case, the last equation of the system, let's call it the
N - th, takes the formoi,,y,=0 and we can determine all y,(i=1, N) starting from that equation. That
1s, in this case, we

) (0) + ng; B () = A7 T (8) (102)

we have to solve the independent equations of the form (100) If we find the non-trivial solution
(101), 1t is obtained as follows:

B, (t)+ng.Bi() = A T.(t) +7,(t) (103)

The general solutions of equations (101) and (102) are, respectively:

B.(t) = C,; cosny;t + C,; sinng,tn,; j./'L_‘lTj (&)sinny, (t-¢&)dé (104)
0
B (t) =C,; cosnyt + C,, sinnt + ngil‘[i 7i (5) sin(t - é)dé (105)
|2, ¢)

To find the arbitrary constants C,;. and C,; we also divide the function V(p, 6) into series by means
of the function ®_:

V(p.0)=2 Hy®, (106)

so that,

H, - j j W(p,0)®,ds (107)
D
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Then (10) initial conditions
B, (0)=0:5,(0)=H, (108)

they fall into the picture. We solve them and find:C,; =0;C,; = naéH 7
Thus,

B; (t) = ngéHa sinnt + ngil J-Ol[yi (5) + 1_4Tj (5)] sinn, (t - §)d§

1
B; (t)= n(;;Ha sinng;t +ng! J‘l"‘Tj (J)sin nog (t—&)dé
0

After that, the law of departure of each point of the board from the plane position at the desired
moment during the forced dance is known to us

N W:‘ q-1 .
W= 34, )| S,
-1 Vg =

Now we can determine the laws of change of the bending and twisting moments Mp, M6 and M o0 a8
well as the cutting force in the oscillation process with the following well-known formulas:

o*wW 10W 1 &*W 1oW 1 *W  *W
stV ot o (M=t TV
op pop p- 00 p op p- 00 op

M, =—D[

2
M =(1—v)D 10w 1w :Q :—DiAW;ng—lDiAW
r op p 00

Considering (101), these formulas can be written as follows:

N N B Wj q-1 . ]

M, = _DZﬁq (¢)L, i — Zaq/-VVj ;
=1 L l//q i=1 ]
N N i Wj’ q-1 . ]

M, ==D} B; () Lo| —*—=> oW} |;
g=1 L Ya = i

o
Il
|
)
K
5
|
;7
<
=

)
|
|
)
[\Q >
QY
5
|
L4
QI
=

Here the following differential operators are denoted by L, (i = 1_5)

~ 0 10 1 &
L1:—2+V ——+—2—2,
op pop p° 00
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p.lo 190 o

L + +vV—s;
 pop p*oo®  op’
1o 10,
° popod p?op’

—~ o 1 & 1 &
5~ 2 T s
opob*  p opdd  p? 00

As a result, it turns out that when a; =0b; (k = 1,_n) the problem of investigating the forced oscilla-

tions of a circular plate with circular holes and its solution is taken as a special case of this problem.
This method can be applied to all cases where contours can be projected onto a circle.
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