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Abstract

After presenting some results and introducing a new definition of the higher-order conformable deriv-
ative, we discuss how these findings relate to a novel idea: The higher-order conformable Laplace
transform and the higher-order conformable Sumudu transform.
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1. Introduction

The fractional derivative [13, 15, 10] has attracted the interest of many researchers, each of whom
has given the concept of the fractional derivative according to their opinion, for example:

1. Caputo’s definition [6]

Drrty=— 1 [T g
Fl-a)o@t-s)*

With 0 <o <1.
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2. Riemann-Liouville definition [12]

Daf(t): 1 ( t T(S)

ds)'.
I'l-a) Jo(t-s)*

With 0<a <1.
3. Conformable derivative [13]
1 _
Dt(t) =lim —[r(¢t + ut“™") —z(@)].
u—0 U

With 0<a <1.
Conformable integral transforms are an important focus of this work, such as:
The conformable Fourier transform [2],

i
FIe@IR) =2 "e 7 @ dt. @)
D 0
and in the general case [3]
1 e —ikGL(TmGa o
Frlr@I(k) = ——— « () F(t,a)dt. 2)
" G,(p) o
The conformable Laplace transform [1]
ta
L, [t())(s) = jo e @r(t)dt. ®3)
and in the general case [4].
Ll =] "¢ 1O F o )
And the conformable Sumudo transforms [5].
tCl
SO = s "t Ve "« e (et ()

For more information on this field of research regarding fractional calculus and the conformable
derivatives approach, the interested reader can also consult [7, 8, 9, 11, 14, 16, 17].

In this paper, we give the concept of the highest derivative, where « is in the interval (n —1,n]
and n e N". Then we introduce the concept of the Higher-Order Conformable Laplace transform and
the Higher-Order Conformable Sumudu, similar to the concept of the Higher-Order conformable
derivative.

2. Higher-order derivative

Consider neN" and a e (n —1,n] throughout the paper.

Definition 2.1 Given a function 1 :[0,0) — R. Then the Higher-Order conformable derivative of t of
order o is defined by

T'o(t) = lim — [e(¢ + ut") — 7(2)]
u—0 U
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If limt 0+T:T(t) exists, then we define T 7(¢)(0) = limt 0+']I‘;r(t).

1. In case n =1, we obtain the derivative

T(t+ ut"™) —(t)

T z(¢) = 1lim
u—0

defined by Khalil et al. [13].
2. Incase n=a, we obtain, the classic derivative T, 7(t) =7'(¢).
As a consequence, we obtain the following result, similar to the one in the classical analysis.

Theorem 2.2 If a function t:[0,0) >R is Higher-Order conformable derivative at t,>0 for
a €(n—1,n], then t is continuous at t,.

Proof. Let t, be an arbitrary point greater than zero. Since

Tty + uty ™) —1(ty) e
0 no_a 0/ yn-at),
by M

limr(t, + pty ™) —1(ty) =lim
u—0 u—0

Let k=t;"u, then k>0 if u — 0, so we have

lim(ty ™ p)

u—0

ol oty +uty ) —(t,)
limr(t, + pty *) —7(ty) = (hm (4 :“no_a . ]
u—0 u—0 tO H

=T ¢ (t)limt) “ 1 = 0.
u—0

From this, we have the continuity of 7 at ¢,.
Theorem 2.3 Consider t,7,,7, be T, -differential at t >0. Then:

1. T (ar, +bry)(t) = aT 7, () + BT 7,(t).
2. T"(2)=0,1€R.
3. TV (r,7)(8) = 7, ()T, (1) + 7, () TLT, ().
4. T" (T_l)(t) T T, (t)z_ T, (DT, 7,(t) .
T2 75 (0)
5. For all f, which is differential, we have T z(t) =¢"“1'(t).

Proof. Let’s apply the definition 2.1
1.
1 n—-a
T (ar1 + br2)(t) = lin%; [(ar1 + er)(t + ut" ) — (cm'1 +br, )(t)]
u—

1 —a . 1 n-a
=alim —[r; (¢ + ut"™) =1, ()] + blim —[7, (¢ + ut"™) —7,(t)]
u—=0 U u—0 U

=aT 7, (¢) + BT 7,(2).

1
2. T;(A)= 1imwo;[/l -A]=0.
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3.
n . T t+ tnia T t+ tn—a -7 tf t
T, (z,7)(@) = lim 1L+ )Tyt + ) =1, (D)7, ()
u—0 u
. T, (E+ ") -7, (t) £t + 1) +7,(D)lim T, (t+ ut"™) —7,(t)
Ho0 H u—0 u
=Tz, ()7, (t) + 7, ()T, 7, (D).
4.

[ |0 = i 2ETHC) 0O
T, w0 T, (E+ ut"™)  1,(t)

T, O+ ") — 1 ()T, (™)
=lim -

10 Ty (t+ ut" )7, (t)
=1 T, (O ¢+ ") -1, O] -7, Ory € + " ™) —7,(9)]
=1lim -

10 To(t+ ut" )7y (t)
_OT, 7)) -7, T, 7, ()

73 (®) '

5. For t € (0,+x)

T'e(t) = Lim ~[e(t + ut") - 7(0)]
u—0 U

=t""7'(t).

Example 2.4 Let n=5 and a = g Then for all t >0

301
1. ']I‘O'f[t2 +sin(t)] = 2t2 + 12 cos(t).
1

2. T"(2t2)=1.
Higher-Order Conformable Derivatives of certain functions

Theorem 2.5 Let neN and n-1<a <n.

atin [toﬁ-l—nl
a+l-n
1. TV exln |=e .

a+l-n a+l-n
2. ']I‘g sin[——] [=cos| — |.
a+l—-n a+l-n
ta+1—n a+l-n
3. T| cos|l————] |=sin| —— |.
a+l—-n a+l-n

ta+1—n ta+1—n
4. T cosh[—]]Zsinh(—J.

a+l-n a+l-n

ta+1—n ta+1—n
5. TV sinh[—]} =cosh [—]

a+l—-n
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Proof. Using Theorem 2.3

aion [ta+1—n] [ta+1—n]
— _ _ a+l-n a+l-n
(1) T}|ealn [=¢t""t""e =e
ta+1—n

(2) T|sin[

a+l-n

]J =" cos(

ta+1—n
—— |=cos
a+l-n

ta+1—n
a+l-n/

toc+1—n toc+1—n ta+l—n
(3) T"| cos 1|=—t"t“" cos| ——— | = —sin| —— |.
a+l-n a+l-n a+l-n
ta+1—n ta+1—n
ta+1fn eatl-n 4 o a+l-n
T | cosh[———] =T
a+l-n 2
ta+17n ta+1—n
e a+l-n _ e a+l-n
) =
2
_ Sinh ta+1—n
a+l-n)
a+l-n ta+1‘n
1-n _ _
. ta+ e a+l-n __ e a+l-n
T? | sinh [— =T
a+l-n 2
ta+1—n ta+1—n
e a+l-n +e a+l-n
6)) =

2
a+l-n
=cosh [t—J
a+l-n
Theorem 2.6 Let 7 :[0,:0) > R be a given T, -differential. Then

T'z () = tT 2 (¢).

Proof. By Theorem 2.3
T z(t) =¢t"""7'(t)
and
T () =t""“2'(t)
then

T'z () = tT 2 (2).
Example 2.7 Let n=5 and a = % then for all t € (0,+0)

3
TV (¢%) = 2¢2
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and

1
T (%) = 242

then

T'z(t) = tT "z (¢).

Remark 2.8 In general
Ty, gt (@) = T Ty (2).

For a, be such that n—-1<a,B <n and 7 be a twice differential.

Example 2.9 Let n=1,a = = 1 and ©(t) =t>.
Then 2

']I‘;Lﬁr(t) =2t
and

']I‘;“]I‘gr(t) =3t
thus

']I‘;L+ﬂr(t) # T;Tgf(t).

Theorem 2.10 Let 7 :[0,0) - R be a given twice differential function and n—1<a,B <n. Then

T, Tz (@) =(n— BT 1z (t) + ']I‘ffﬁr'(t), t>0

a+p

where

T2 z(t) = t*"“¢'(t) and T>" ¢ (t) = > 7'(¢).

Proof. For t >0, we have
Ty Ty () =" (Tye ()’
=t"[(n - P (@) + " P (B)]
— (T’L _ ﬁ)th—l—(a+[3)Tr(t) + t2n—(a+[3)ru(t)
=(n— BT () + T 47'(2).

a+p

Example 2.11 Consider the function t(t)=t>*,n=2,a =2 and 8= g We have

3 9
TV () = TET2e () = 3t (Vi) = %t‘*
4 2

and

1
(n— BT, t(t) + T ,7'(t) = §T131t3 + Ty, (3t%)

T

9 9 9
=340 et =121
2 2
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thus

Ty Tpe(t) = (n— B)To 5w (t) + o4t (2).

a+p

Definition 2.12 Let 7 :[0,+0) > R and a € (n —1,n]. The higher-order conformable integral is defined
by

I"z(t) = J-:s“‘”r(s)ds,t € [0, +oo[

Example 2.13 For n=7 and a = %

3 7 5
I (¢ +3t+2)=ét2 20,8
3 7 5

Lemma 2.14 Let 7 :[0,0) > R. for all t >0
T I z(t) =7(t)

Proof. For all t € (0,+)

T (Ie)(t) =" “(I5t(t)
=" () = T (b).

Lemma 2.15 Let 7 :[0,+0) — R be a higher-order differential and a € (n—1,n]. Then
[T z(t) =7(t) — 7(0).
Proof. Let o € (n—1,n]. Then

LT = [57s"  (s)ds

=z(t) —7(0).
Example 2.16 Let consider t(t) =3t> + 2t +1,a = g and n=3. So
1. We have
6° 4°
I"r(t) = —£2 +—t2 + 24t
o7 = 3
and
3 11
T (I"2)(t) =t (3t2 + 262 +t 2) =3¢ +2t +1
then
T (IhT)(t) =(t)
2. We have

Tz (t) = i (6t + 2)
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and
I(T20)(®) = [ (65 +2)ds = 3¢ + 21
then
[T z(t) = 7(t) — 7(0).
Theorem 2.17 (Higher Roll’s theorem)

For a >0 and 7 :[a,b] - R be a given function that satisfies:

1. 7 is continuous on [a,b].
2. 71 1s a higher differential for some a e (n—1,n).
3. 7(a)=1(b).

We have, there exists ¢ € (a,b) such that T 7(c)=0.

Proof. Since t is continuous on [a, b] and z(a) =1(b), ¢ € (a,b) 1s a point of local extrema. Assume, for
example, that c is a local minimum point. Thus,

TD’:T(C) = lim T(C+8t"—a) —T(C) = lim T(C + gtn_a)_T(C)

e—0" e—>0" &

However, both the first and second limits are non-positive. Therefore,
T'7(c) =T "7(c) =T, 7(c) = 0.
Theorem 2.18 (Higher Mean Value Theorem)

Let a>0 and 7 :[a,b] > R be a given function that satisfies:

1. 7 is continuous on [a,b].
2. 71 1s a higher differential for some a e (n—1,n).

Then, there exists ¢ € (a,b) such that:

7(b) —t(a)

a—n+l oa-n+l *
b -a

T t(c)=(a—n+1)

Proof. Let consider

t(b)-7(a) (xa—n+1 _gem ) .

a-n+l a-n+l
b -a

g(x)=1(x)—(a) -
Then

g(a)=0, g(b)=1(b)-1(a) —M(ba—nﬂ _ aa—n+1) _o.

pentl _ ganil
Higher Roll’'s Theorem criteria are satisfied by the function g. Consequently, Jc € (a,b) such that:
Ty 8(c)=0
Using the knowledge that T, (x* ") =a -n+1, we have:

Tgr(c)—(a—nn)M:o

ba—n+1 _ aa—n+1
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Therefore:

7(b) —t(a)

ba—n+1 _ aa—n+1 :

T't(c)=(a—n+1)

Proposition 2.19 (Chain Rule). Assume that 7,7, :[0,+0) > R be higher-order differential functions.

For h(t) =7t o1,(t) = 7(7,(t)), we have h is higher-order differential with v, # 0 and

Proof. For t € (0,+0)

T h(t) =T, 7, () x T 7 (7, (£)) x (g, (£))“ .

T h(t) =t""*Rh'(¢)
=" @) (7,(2)
=Tz, (t)r'(r,(1))
=T, (O@ @) " [r, (O “'(z,(8)
=T, 7, () x Tye(z, () x (z, ().

Example 2.20 Let n=5,0 = %,r(t) =3t +1and 1,()=1> + 2 +1.

Then

and

Thus, by (6), (7), (8) and (9)

TV h(t) =t h'(t) = 64/t(t +1),

Tie, (1) =Vt 7,'(8) = 24t (t +1),

1

= 1
(Tl(t)) 2= i1

Tz (7, () = Tl ((t +1)%) = 3(¢t +1).

T h(t) = T, () < T2 (x, (1) % (1, ()" ™.

3. Higher laplace transform and higher sumudu transform

(6)

(7

®)

)

This section introduces, with proofs, a set of fundamental properties and rules for the higher-order
conformable Laplace and higher-order Sumudu transforms. We also prove the relationship between
the two transformations needed to solve the corresponding higher-order conformable differential

equations.

3.1 Higher Laplace transform

Definition 3.1 Let 7 :[0,0) > R be a given function and n—1<a <n. The higher-order conformable
Laplace transform of f is defined by

et -n+l

LR = e e @yde, e C
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Provided the integral exists.

Example 3.2 Let n=8 and a = % Then for A > a,
Qa\/; — 1
L35 (@) () = ——.
o5 /'L —-Q

Theorem 3.3 Let 7:[0,0) > R be a given function and n—-1<a <n. Then

L)) = L(el Y@ —n+Du1)(2), 2> 0.

a-n+l

Proof. Applying Definition 3.1 and letting u = —
a-n+1l

ta—n+1

Ll = [ e e e

— J:e—sur[a—n+m ]du
= z(f[wtl/(a “n+lu ])(/1).

Theorem 3.4 Let 7 :[0,00) > R be a continuously higher-order differential function and n—-1<a <n.
Then

LTI (O)(2) = AL () (2) ~7(0), 4> 0,

Proof. Applying Definition 3.1 and Theorem 2.3

LA = [ e T @t

Qo-n +1

+0 —A———
= —7(0) +ij e el g (t)e

= AL, [t (O1(A) = 7(0).

Theorem 3.5 Assume that t:[0,0) >R is a continuously higher-order differential function and
n—-1<a<n. Then

LTI @)(A) = AL (z()(A) — At(0) — TV'2(0),4 > 0.
Where *T'z(t) = T'T'z(¢).
Proof. Applying Theorem 3.4
CCTITO)(A) = ALL(TI2(1)(2) - T22(0)
= AL, (z()(A) —7(0)] - T, 7(0)
= A*L (z(t))(A) — A7(0) — Tz (0).

Theorem 3.6 Let f be a real function taking its values in [0,t] and

n-1<a<n

LB = %EZT(l)(A),i >0.
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Proof. We have
L (T TR (@)(A) = L, (z () (L)
and according to the theorem 3.4
Lo (T ()(A) = AL, (It @)(A) —107(0) = AL, (I (2))(A)

SO

LI () (A) = %Egr(t)(l),v/l >0.

Theorem 3.7 Let aeR and n—-1<a,p <n.

a+1 -n
1. L|e “arton ](/’L)—L A>a.
A—-a
ta+1—n
2. L] sinf[a——] [(4 )— ,A>0.
a+l-n Z 4 a2
a+l-n
3. L cos[at—]J( )— 2 5, A >0.
a+l-n “t+a
ta+1 n
4. . sinh[a—]}( )— S A>|al.
a+l-n -a?
ta+1—n )L
5. L | coshla———] [(4) = ,A>al.
a+l-n -a*
Proof. Using definition 3.1
(1)
toH—l n ta -n+1
£ [e a+l-n J(;L) J. a a-n+l t* " dt
= rwe’(’l’a)“du
0
1
A—a’
(2)
a+l-n _ a-ntl a+l-n
L, (sm[a j( )= .[ gr=xy sinfa ——t*"'dt
a+l-n a+l-n

= '[ M sin(au)du

= —I M cos(au)du

2

= ;% — Z—2j0+we"l” sin(au)du.
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Then
c sin[aﬂ] 1=—2
“ a+l-n 22 +a?
3)
ta+1—n o 71ta7n+1 ta+1—n
o — ]|V =] e <« cosla ——t* "'dt
a[cos[aa+1—n]j( ) J‘0 [ a+1—n]
= J.(:me"l“ cos(au)du
— 1 a [+ -Au
= 1'[0 e sin(au)du
_a a2 * u
= A_IO e " cos(au)du.
Then
ta+1—n A
C = .
“ (cos[aa +1—n]]( ) A2 +a?
(4)
ta+1—n ta+1—n
) a+l-n e a+l-n _ e a+l-n
L, | sinh[a 1A=L, 1)
a+l-n 2
_1p 1 1
20l—-a A+a
_a
- A2 —a?
5)
ta+1—n ta+l—n
a+l-n e a+l-n - a+l-n
o (cosh[a d ]J(;L) =r| ¢ e )
a+l-n 2
11
20—-a A+a
A
- 22 —a?

Theorem 3.8 Let 7,7, :[0,0) > R be two given functions and n-1<a <n.

L, [(r; * 75)(DNA) = L [, DN L [, (D1(A)

where

(Tl * 12)(15) = J.;TI (S)T2 (a—n+1 [ta—n+1 _ Sa—n+l )Sa—nds.
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Proof. By Definition 3.1

a-n+l
,lt

Lol * o)1) = [ e e 4 e o) (Bt

ta—n+1

o A — a-n t a-n+l _[ra—n+l a-n+l | .a-n
:.[o e ol Iorl(s)rz t -s s“"ds |dt

@ -n+l

+eo a-n o =4 1 a-n+l _[ra-n+l a-n+l | o-n
=J-0 7,(8)s .[ e omtlg, t -s t“"dt |ds.
s

a-n+l ta—n+1 _ e0—n+l

By changing the variable v = s

e —-n+l s —-n+l

Ll * )02 = [ Ty (s)s { [Te e fg(v)v“"dv]ds

= [J.Omn(s)s“”els"‘mds][ﬂwfl (v)v"‘”elv‘*”“dv}
=L, [t (DAL, [, (D](A).

3.2 Higher Sumudu transform

Definition 3.9 QOver the following set of functions:

a-n+l
53 |

(a—n+1)7 .

A (r)={r(x):3IM, 1,7, > 0,|7(x) | < Me Jif x g
(—1) x[0,+0),j =1,2}.

The Higher conformable Sumudu transform of f can be generalized by:

1 ta—n+1

S )W =2 [ e T dtu e
u Yo

The next theorem gives a relationship between the higher-order conformable Sumudu transform

and the higher-order conformable Laplace transform.

Theorem 3.10 Let 7:[0,00) > R be a given function and
n—-1<a<n.Then

S () (w) = %cz (r(t»(%).

Proof. Applying Definition 3.9, we get:
1 o _1enit
Sie@)@)==["e et (@)dtu e C
uJo

a-n+l

=of "¢ e eyt u < Co = 1
u
=vl, (z(E)(v)

=Lloemd.
u u
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which completes the proof of the Theorem 3.10.

Theorem 3.11 Let 7 :[0,00) - R be a given function and n—1<a <n.Then
Si @)@ =S (el Y@ —n+Ds 1)), u>0
Proof. Using Theorems 3.10 and Theorem 3.3, we get:
S, @) (W) ==L, @) (=)
u u
1 1
=-L (LY@ —n+Ds ])(Z)
= S(ele e —n+Ds 1) ).

Theorem 3.12 Let 7:[0,0) >R be a given continuously higher-order differential function and
n—-1<a<n. Then

ST ()] () > 0.

_ S [tOlw -0)
” ;

Proof. By Theorem 3.10 and Theorem 3.4

ST () (w) = iﬁz (T“”(i)

Lol -0
u u

u

_ SE®)w) ~(0)
: .

Theorem 3.13 Let 7:[0,0) >R be a given continuously higher-order differential function and
n—-1<a<n. Then

ST )W) = — S (tO)(w) -~ 7(0) — = T'(0), u > 0.
u u u
Where 2']1‘;’r(t) =T T z(¢).
Proof. By Theorem 3.10 and Theorem 3.5
ST )W) = = LT e ()W)
u

1

[

u
1

2

1
2

@) - Le0) -T2 (0))
u u u

S () w) - = 7(0) — - T (0).
u u

N

Theorem 3.14 For a continuous function 7 :[0,+0) - R,

S INr®)](w) =uS,t(t)(w),u>0.
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Proof. Using Theorems 3.10 and Theorem 3.6, we get:
n n 1 n n 1
S, [z (Ol (w) = ;Sa [Tz ()] (Z)

1 . 1
=—uS; [t@®](=)
u u
=uS,7(t)(u).
Which completes the proof of Theorem 3.14.
Theorem 3.15 Let aeR and n—-1<a,B<n.

ta+1—n 1 1
1. §|e «l ((u)= ,Uu>—,
l1-au a
a+l-n
2. S"| sin[a t ] = al; R —
oa+l-n 1+a’u la|
a+l-n
1 1
3. S8"| cosla u)= —
[ a+1—n]J() 1+ a’u® lal
ta+1—n au
4. S"| sinh[a u)= , —
[ a+1—n]J() 1-a*u® lal
ta+1—n 1 1
5. §&"|coshja——] (W) =———,u>—.
* [ a+1—n]J() 1-a’u? la|
Proof. Using Theorem 3.10 and Theorem 3.7
(1)
ta+1—n 1 ta+1—n 1
S;L e a+l-n (u):_‘CZ e a+l-n (_)
u u
_1p 1
ul 1
~—a
u
1
1-au
2)
a+l-n a+l-n
1
S, [sm[a t ]J(u)=—EZ (sm[a t
a+l-n u a+l-n
_1 au’
ul+a’u®
au
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3
ta+1—n a+l-n 1
S"| cos[a 1|(w)==7L| cosla (=)
a+l-n +1-n")u
S
u® 1+a’u’
_ 1
1+au?’
4
a+l-n a+l-n
5| sinhfa——|@) =L 2| sinhfa———1 |}
a+l-n u a+l-n")u
_1 au®
ul-a’u?
__au
1-a*u®
(5)
a+l-n a+l-n
S"| cosh[a ! ]|w)= lﬁg cosh[a ! (l)
a+l-n a+l-n")u
1w
u? 1-a’u?
_ 1
1-a%u?’

Theorem 3.16 Let 7,7, :[0,0) > R be two given functions and n-1<a <n.
Sy (T * 1) (O] (W) = uS; [r; O (W) S, [r4, ()] (w).
Proof. Using Theorem 3.8 and Theorem 3.10

$Wﬁammw=%qwﬁawm§

=L OO e 1Y
u u u

=uS, [(r; OIS, [(7, ()] (w).

4. Applications

Example 4.1 Let’s study the following differential equation:

1 1 L
w(t)+3t 2u(t) =t 2e*° (10)

where u(0)=0,t>0.
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So according to theorem 2.3, We replace the equation (10) with

T u(t) + 3y(t) = >

2

By utilizing the £ -Laplace transform and Theorem 3.4, we have for 1 >1

31 11
raey=>-t L 1
W)= et e

And by Theorem 3.7, we find

u(t) = 3 eV 1 2Vt
4 4

Example 4.2 We want to study the following higher-order harmonic oscillator equation.
*Tre(t) + 9t(t) = f(t), 7(0) = a,T't(0) = b (11)

By applying the higher-order Laplace transform to this equation and using the fact that it is a
linear operator

£, (P ®) () + 94 [ 0)(A) = L [F DA,
By Theorem 3.5

AL, (2 (@))(A) = Az(0) = T 7(0) + 9L, (x(t)(A) = L, (f(1)(A)

then

A 1 1
L It@®](A) =a + + LA
[T (1) P TR o L (](A)

And using Theorem 3.8 and Theorem 3.7
ta+1—n b . toc+1—n 1 t Sa+1—n
t)=acos[3——]+=sin[3 ——]+=| sin[3—— (“‘"*1 gl genl )s“’”ds.
T [ a+1—n] 3 [ a+1—n] 3-[0 [ a+1—n]f
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