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Abstract
The purpose of this paper is to use statistical estimating techniques to estimate the scale parameter 
of the Rayleigh distribution (maximum likelihood, rank set sampling, Bayes, and robust Bayes 
estimators) under complete data. A non-Bayes estimator is obtained by rank set sampling and 
maximum likelihood. The inverted gamma distribution and the inverted exponential distribution 
based on symmetric unbalanced (squared error) and balanced (quadratic) loss functions are used as 
Bayesian estimators. Robust Bayes analysis for the Rayleigh distribution depends on (unbalanced 
and balanced) loss functions based on ML-II-ϵ-contaminated class and derived under the prior 
contaminant distribution of the Frechet distribution. The estimators' performances are contrasted 
according to simulation experiments for different cases and sample sizes depending on the value for 
the mean squared error.
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1. Introduction

The Rayleigh distribution (RD) is credited with naming to John Baron Rayleigh (1842–1919) who 
introduced it in 1880 about the interference of random phase harmonic oscillations in a communica-
tion channel [1]. Furthermore, The Weibull-Rayleigh distribution, also known as the RD, is derived 
from the amplitude of sound that results from numerous significant sources. Life-testing experiments, 
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reliability analysis, applied statistics, and clinical research are just a few of the many uses for the 
RD with the shape parameter equal to (2), this distribution is a special instance of the two-parameter 
Weibull distribution [2]. Klivans et al. (2018) developed robust learning algorithms that succeed on 
a data set contaminated with adversarial corrupted outliers [3]. Al-Ani B. G. et al. (2019) introduced 
a robust Bayesian method to estimate the reliability function When the shape parameter β is known 
under the quadratic loss function, they use the initial distribution of the parameter θ with class 
(ML-Ⅱ-∈-Contaminated) and discover that the data follows the two-parameter Weibull distribution so 
that the prior distribution of the scale parameter is a Frechet distribution (FD) [4]. Slob and Burgess 
(2020) studied Tukey’s loss function combined with MM estimation to provide robustness against 
influential points [5]. Hussein et al. (2023) considered the exponential RD can be extracted mathe-
matically by combining the exponential distribution's cumulative distribution function with the RD's 
cumulative distribution function [6]. Abraheem S.K. et.al. (2024) used an approximate method to find 
the reliability function for inverse RD and compared it with two statistical estimation methods. In the 
approximate method, the reliability function was expanded by using Bernstein polynomials to find 
the approximate value [7].

This paper focuses on: deriving and estimating the unknown scale parameter of RD on complete 
data, using two methods maximum likelihood and rank set sampling as the traditional methods, and 
the Bayes method by assuming informative priors represented by (inverted gamma distribution and 
inverted exponential distribution) under symmetric loss function unbalanced (squared error) and bal-
anced (quadratic) loss functions. As well as, robust Bayesian estimation using the initial distribution 
of the scale parameter θ with class ML-II-ϵ-contaminated at the prior contaminant distribution for 
the FD under unbalanced and balanced loss functions. Finally, finding the best estimator for the scale 
parameter θ of RD by comparing the performance of those estimators using the Monte-Carlo experi-
ment was performed under a wide range of cases and sample sizes.

2. Rayleigh Distribution

One of the most popular distributions is the RD, which is a continuous probability family with a single 
scale parameter. The probability density function (p.d.f.) of a continuous random variable that is not 
negative of RD with scale parameter θ is given by [8]:
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and otherwise, it equals zero.

Figure 1: A plot of the p.d.f. for RD using various values θ.
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Figure 2: A plot of the CDF for the RD using various values θ.

The reliability function and the failure rate function for the RD as follows:

R t F t e tR

t

( �) � �;�� � ���;�� �,�� � � � � � � �
�

1 0 0
2

� �� (3)

h t t t� � � � �
2 0 0
�

�
�
� �;�� �,� (4)

3. Traditional Estimation Methods

The methods of maximum likelihood (ML) and rank set sampling (RSS) estimations are considered to 
estimate the parameter of RD with a complete sample.

3.1. Method of Estimation Maximum Likelihood

One such well-known technique is ML estimation, first presented by statistician Fisher in 1992. This 
approach aims to identify parameter estimators that maximize the likelihood function related to the 
observed data.

To find the estimate of the parameter, make the likelihood function's derivative for the parameter 
to be estimated as zero, and what distinguished the ML estimation has the property of non-variability 
(invariant), as well as the ML estimator have many properties that make it an appealing choice of 
estimator. It gives estimators that are often unbiased, least variance and sufficient [9].

The ML estimate ( Æθ ), where the likelihood function under complete samples � ,� , ., �t t tn1 2 �� �  with size 
n from the RD as follows [10][11]:
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The values for a parameter can be found by [9] as follows:

( )θ ==∑
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(6)

The function of cumulative distribution (CDF) for the RD is:
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3.2. Estimation Method of Rank Set Sampling

In order to estimate mean pasture yields more efficiently than simple random sampling, McIntyre 
(1952) proposed a sampling technique. Because only a small percentage of the randomly chosen units 
from the population are quantified after a preliminary ranking, this sampling technique has become 
known as RSS [12].

In term of estimation, the RD parameter utilizing RSS method, a procedure will go like this:
When increasing ordering random sampling t t t n1 2� � � � � ��� �,� , .,  is obtained the p.d.f. for the RD as [13]:
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By substitution of equations (1) and (2) in equation (7) and with simplifying, obtains:
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The complete data likelihood function L t RD
RSS( �|� �)θ  can be expressed by:
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Let the natural log for the both sides of equation (9), gets:
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Derived the above equation concerning unknown parameter θ  and equal it to zero then simplifying, 
yields:
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This can be obtained by the solution of equation (10) since this is no closed solution of this equation. 
Therefore, one iterative method is the Newton-Raphson method, which will be applied to determine 
the RSS estimator denoted by θ̂ RSS

RD .

4. Bayesian Analysis

In recent years, Bayesian analysis has gained popularity as a framework for practical problems. A 
crucial component of Bayesian inference is the prior distribution, which represents the information 
of an uncertain parameter θ and it is combining with the probability distribution of fresh data to 
produce the posterior distribution. There are two types of prior distribution depending on how much 
primary information (informative and non-informative priors).

Calculating the Bayes estimators of the RD with a single parameter θ involves multiple steps. 
Therefore, we need to be aware of the prior and posterior distributions are obtained as:
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The conditional p.d.f. for scale parameter θ, with the random variables t t tn1 2�,� �,� ,�…  is:
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where
L t t t tn( | )�:� � �,� �,� ,� �.� likelinood�function�for�sample 1 2 �
g �� ��:� .prior�distribution
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In this section, two informative prior distributions (inverted gamma and inverted exponentially) 

have been assumed in order to obtain the posterior distribution for the parameter θ. Two loss func-
tions are taken into consideration: the balanced quadratic loss function (BQLF) and the unbalanced 
squared error loss function (SELF).

The risk function is a mathematical exception to the loss function, and the standard Bayes estima-
tor ( )θ ˆB  for the parameter θ is the value that makes this risk function known as minimal as possible. 

θ̂  B Calculated as:
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4.1. Posterior Density Function Utilizing Invers Gamma Prior

The inverted gamma distribution is the most commonly used prior distribution of the parameter θ, 
denoted as InGa � �,� � which has the following from of the p.d.f. [14]: 
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To determine the first posterior density function for the scale parameter θ for the RD, substituting 
equations (5) and (13) in equation (11), gets:
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Equation (14) is similar to invers gamma distribution IG � �1 1,� � where � �1n � ���and � ( � �)� �1
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4.2. Posterior Density Function Using Invers Exponential Prior

The second prior distribution is an inverted exponential distribution of hyper-parameter c provided 
by [15]: 
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Substitute equations (5) and (15) in equation (11), yields the following second posterior density 
function of θ:
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Equation (16) is similar to invers gamma distribution IG � �2 2,� �  where �2 1� �n  and �2
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5. Loss Functions

The amount of loss resulting from a Bayes decision around an unknown parameter is known as the 
loss function, and it is one of the metrics used to assess accuracy in the Bayesian estimation process. 
It measures the difference between this parameter's estimated and actual values (θ θ−ˆ  . It ought to 
have a real, non-negative value, and typically symbolized by ( )θ θ ˆ,L  [16]. It is defined that the loss 

function ( )θ θˆ,L  is a real-valued function that satisfies [17]:

 (i) ( )θ θ θ θ≥ ∀ ≠,   0      ˆ;  ˆL

 (ii) ( ) θ θ θ θ= ∀ =,   0  ;     ˆL
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Equation (12) can be used to calculate the risk function, which is the mathematical exception to 
the loss function.

Based on two loss functions: the balanced loss function (BQLF) and the unbalanced loss function 
(SELF) as symmetric loss functions, Bayesian estimators are obtained [16].
 • The SELF for θ  is defined as [18]:

( )θ θ θ θ= − 2ˆ ˆ, (   )L (17)

According to equation (12) and by taking the derivative of equation (17) for θ̂  with setting it to 
zero and under unbalanced loss function the Bayes estimator of θ symbolized by θ̂BS  then:

πθ θ=  ( |   )ˆ
BS E t (18)

 • The balanced loss function in accordance with Zellner's formula [16]:

( ) ( ) ( ) ( )θ θ θ θ θ θ= + −0,  ,   ˆ ˆ ˆ1 , wL WL W L (19)

where

( )θ θ ˆ,wL  : The balanced loss function.
W: weighted coefficient, w�� �0 1, .
θ0 : Primary estimator for the parameter (θ )  depends on the observations.

( )θ θˆ, L : The unbalanced loss function.

( )θ θ0ˆ, L : The unbalanced loss function for the likelihood function.
The Bayes estimators can be done by [16]:
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BBS MLw w E t (20)

• Now determine the Bayes estimators under the unbalanced loss function as the following: 
(i) Under the inverse gamma prior distribution using equation (14), the Bayes estimators of θ  under 
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The Bayes estimators of θ  under the unbalanced loss function based on the assumption of inverse 
gamma prior information using equation (18) are given as:
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(ii) Under the invers exponential prior distribution using equation (16), the Bayes estimators for the θ  
under the unbalanced loss function according to � �2 �( | )t  can be found as:
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The Bayes estimators for the θ  under the unbalanced loss function based on the assumption of 
inverse exponential prior information using equation (18) are given as:
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• Bayes estimator under BQLF for RD corresponding to different posterior distribution. 
(i) The Bayes estimators for the θ  under BQLF based on the assumption of inverse gamma prior 

information using equations (20) and (21) are given as:
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(ii) The Bayes estimators for the θ  under the BQLF under the assumption of inverse exponential prior 
information using equations (20) and (23) are given as:
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6. Robust Bayesian Modeling

This section contains: develops a general approach to robust Bayesian modeling, shows how to turn 
an existing Bayesian model into a robust one, and creates a general computational strategy for it. 
Our approach uses the initial distribution of the parameter θ with the class (ML-П-ϵ-contaminated) 
to study the robust Bayes approach at the prior contaminant distribution are the FD and the main 
distribution is RD under (unbalanced and balanced) loss functions [4].

A type-Ⅱ extreme value distribution (Frechet) case is similar to taking the reciprocal of values from 
a standard Weibull distribution, and the FD is a special case of the generalized extreme value distri-
bution. The p.d.f. and the CDF for FD as [19,20]: 

f t t t t� ;� ,� � � exp � ������;�� �,�� � �� � �� �� � � �� � � �� �� � �1 0 0 (27)

 F t e tt� ;� ,� � � �����;����� � � �� � � �� �

0 (28)

where � � 0�determine the shape parameter and the scale parameter is � � 0 for the distribution.
Robust Bayesian analysis of the RD based on the ϵ-contamination class of priors of the unknown 

scale parameter θ and known shape parameter α is considered, and under SELF and BQLF the ML-Ⅱ 
Bayes estimators for the parameters were derived. A lot of research has been done on Bayesian anal-
ysis under the ϵ-contamination class of priors [21]. The ϵ-contamination class of prior distribution for 
θ is:

� � � � � � � ��� � � � �� � � � ��� �� � � � � �: � � � � �,� � �q q q q Q1 0 (29)

where � �� 0 1� �� � is pre-assigned and denotes the probability of error in the prior q0 �� � , elicitation, 
we take into consideration the base prior, a natural conjugate prior, provided by [21]:
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where � �0�,�� � represent the vector of hyper-parameters.
The class of all-natural conjugate priors with the vector of hyper-parameter � �,�� �  is known as the 

contamination class q(� | )� � , which is defined as: 
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According to the prior prediction q(� | )� � , the predictive density is:
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Using equations (5) and (31), then from above equation, obtains:
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Using the transformation, y
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Now maximized M t qFrechaet R� � � | ,� �  substitute’s σ at its ML estimator, which is provided by:
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The following formula is obtained by equating the partial derivative to zero:
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n
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Put equation (35) in equation (31). Then we have: 

( )
σ σ

θθθ σ

θ σ σ σ

= =

  −   <  =  
  

 ≥ 

∑ ∑

0

2 2
1 1

02

0 0

 exp      
    |    

( 

ˆ

| ˆ)  

ˆ

n n
i ii i

FR

FR

t t
if

nnq

q if

Thus, ML-Ⅱ posterior density is found by:

( ) ( ) ( )π θ ε θ σ ε θ σ= − +
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From [21], the ML-Ⅱ posterior of θ  is obtained as:
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and the ML-Ⅱ posterior mean of θ  is given:
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The probability function in equation (39) is similar to invers gamma distribution IG (� �1 1�,� ),�where 
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The probability function in equation (40) is similar to invers gamma distribution IG (� �2 2�,� ), where 
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Under SELF using equation (17), the ML-Ⅱ estimator θ  is given by:
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Put equations (41) and (42) in (37), the robust Bayes estimators of θ for the mixed posterior distri-
bution under SELF is given by:
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where λ̂   yield equation (38).
Similarly, the ML-Ⅱ estimator of θ under BQLF, given as:
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Put equations (44) and (45) in (37), robust Bayes estimators for θ  of a mixed posterior distribution 
under BQLF are given by: 
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7. Simulation Study

This section focuses on the simulation experiments that will be directed to look at estimates values 
of the unknown scale parameter θ for RD. The simulation experiments can be summarized as the 
following stages:
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• A scale parameter for RD was chosen in three different cases: θ  = 1, 1.5, and 2.5. 
•  Hyper-parameters α, and β of an inverted gamma distribution to observe their effect on the esti-

mates are taken as β =1 and α = 0.5, 1, 2 (α < β, α = β, α > β).
•  Hyper-parameters (c) of an inverted exponential distribution are used in two different values (c 

= 0.9, and 2).
•  Selected the two different values of weighted coefficient (w) on the interval (0, 1) is (w = 0.2, and 

0.6), and two different values of probability of error ( ) on the interval (0, 1) is (  = 0.00001, and 
0.9).

•  Hyper-parameters (σ0 ) of the natural conjugate prior FD are taken as (σ0= 0.05, 0.1, and 0.5).
•  1000 independent samples of size n are obtained by repeating the process 1000 times.

Stage 2: Generating n observations from the random number Uk where ( k = 1, 2, …, n ) by a con-
tinuous uniform distribution on the unit interval (0, 1) and utilize the inverse transformation method, 
which is predicated on determining the inverse of CDF as follows::

U F t� � �;� (47)

t F U� � ��1 (48)

Substituting equation (2) in equation (47), gets:
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Simplifying equation (49), have the following:
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Stage 3: Calculate the ML, RSS, Bayesian, and robust Bayesian estimators for an unknown scale 
parameter θ  for RD and compare these estimators by using MSE.

Table 1: Values assumed for simulation experiments' constants and parameters
10 , 15, 25, 50, 100 n Samples size
1, 1.5, 2.5 θ Scale parameter
1 β Hyper-parameter of the inverted gamma distribution
α < β, α = β, α > β
0.5, 1 , 2

α

0.9, 2 c Hyper-parameter of the inverted exponential distribution
(0, 1) w Weighted coefficient
(0, 1)  Probability of error
0.05, 0.1, 0.5 σ0 Hyper-parameter of natural conjugate prior Frechet 

distribution
1000 L The number of sample replicates

Stage 1: The constant and parameter values imposed in simulation experiments are defined in 
Table 1.
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Stage 4: The estimator with the lowest MSE value is the best; MSE is defined as [7]:

( ) ( )θ θ θ
=

= −∑
L 2

1

1MSE  ˆ
L

ˆ  k
k

(51)

where
L: Number of sample replicates.
θ̂k : θ estimate at a kth-replicate.
The simulation study is illustrated by the following algorithm:

Algorithm: Methodology Estimation
To find the estimate value of (θ̂ ) using three estimation methods:

 • Using traditional methods (MLE and RSS).
Let samples size (n), scale parameter (θ ), and number of sample replicates (L).
Evaluate random sample (t) using equation (50).
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• Using robust Bayes estimation method (FD) under (BQLF) and (SELF).
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8. Results of the Simulation for Estimating the Scale Parameter

The simulation results depend on the Monte Carlo simulation to estimate the unknown scale parame-
ter of RD and the MSE values are presented in Tables (2-7) using MLE, RSS, Bayes, and robust Bayes 
methods with different values of weighted coefficient (w = 0.2, 0.6), hyper-parameter of natural conju-
gate prior FD (σ0= 0.05, 0.1, 0.5), and different simple sizes (n =10, 15, 25, 50, 100) are shown below. 
 • Table 2 with w = 0.2, and σ0= 0.05 we observe:

When (θ = 1, 1.5, 2.5) with (c = 0.9, 2), (α = 0.5, 1), and (  = 0.00001) the MSE values associated 
with robust Bayes (unbalanced, and balanced loss functions) estimates are less than MLE, RSS, 
and Bayes while values of the MSE for robust Bayes under an unbalanced loss function are less 
than values of the MSE for robust Bayes based on the balanced loss function for all sample sizes 
except (θ = 2.5, and n =10, 15).

 • Table 3 with w = 0.2, and σ0= 0.1 we observe:
When (θ = 1, 1.5, 2.5) with (c = 0.9, 2), (α = 0.5, 1), and (ϵ = 0.00001) the MSE values associated 

with robust Bayes (unbalanced, and balanced loss functions) estimates are less than MLE, RSS, 
and Bayes while values of the MSE for robust Bayes under an unbalanced loss function are less 
than the MSE values of robust Bayes under the balanced loss function for all sizes of sample 
excepting (n = 10, 15).

 • Table 4 with w = 0.2, and σ0= 0.5 we observe:
I. When (θ = 1, 1.5, 2.5) with (c = 0.9, 2), (α = 0.5, 1), and (ϵ = 0.00001) the MSE values associated 

with robust Bayes (unbalanced, and balanced loss functions) estimates are less than RSS, 
and Bayes while values of the MSE for robust Bayes under the balanced loss function are less 
than values of the MSE for robust Bayes under the unbalanced loss function for all sample 
sizes.

II. When (θ = 1, 1.5, 2.5), and (ϵ = 0.00001), values of the MSE for MLE are less than values of the 
MSE for robust Bayes (unbalanced and balanced loss functions) for all sample sizes except (θ 
= 1, and n = 50, 100), (θ = 1.5, and n = 25, 100), and (θ = 2.5, and n = 25, 50, 100).

• Table 5 with w = 0.6, and σ0= 0.05 we observe:
I. When (θ = 1, 1.5, 2.5) with (c = 0.9,2), (α = 0.5, 1), and (ϵ = 0.00001) the MSE values associated 

with robust Bayes (unbalanced, and balanced loss functions) estimates are less than MLE, 
RSS, and Bayes under an unbalanced loss function while values of the MSE for robust Bayes 
under an unbalanced loss function are less than values of the MSE for robust Bayes under the 
balanced loss function for all sample sizes except (θ = 2.5, and n = 15).
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II. When (α = 1), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
gamma prior under balanced loss function less than robust Bayes (unbalanced, and balanced 
loss functions) estimates when (θ = 1, and n = 50), (θ = 1.5, and n = 25, 100), and (θ = 2.5, and 
n = 25, 50, 100), but they are greater than robust Bayes (unbalanced loss function) and less 
than robust Bayes (balanced loss function) when (θ = 1, and n = 100).

III. When (c = 0.9), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
exponential prior under balanced loss function less than robust Bayes (unbalanced, and bal-
anced loss functions) estimates when (θ = 1, and n = 50, 100), (θ = 1.5, and n = 25, 100), and (θ 
= 2.5, and n = 25, 50, 100).

• Table 6 with w = 0.6, and σ0= 0.1 we observe:
I. When (θ = 1, 1.5, 2.5) with (c = 0.9, 2), (α = 0.5, 1), and (ϵ = 0.00001) the MSE values associated 

with robust Bayes (unbalanced, and balanced loss functions) estimates are less than MLE, 
RSS, and Bayes under an unbalanced loss function while values of the MSE for robust Bayes 
under an unbalanced loss function are less than values of the MSE for robust Bayes under the 
balanced loss function for all sample sizes except (θ = 1, 1.5, and n = 10), and (θ = 2.5, and n = 
10, 15).

II. When (α = 1), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
gamma prior under balanced loss function less than robust Bayes (unbalanced, and balanced 
loss functions) estimates when (θ = 1.5, and n = 25, 100), and (θ = 2.5, and n = 25, 50, 100), 
but they are greater than robust Bayes (unbalanced loss function) and less than robust Bayes 
(balanced loss function) when (θ = 1, and n = 50).

III. When (c = 0.9), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
exponential prior under balanced loss function less than robust Bayes (unbalanced, and bal-
anced loss functions) estimates when (θ = 1, and n = 50), (θ = 1.5, and n = 25, 100), and (θ = 
2.5, and n = 25, 50, 100), but they are greater than robust Bayes (unbalanced loss function) 
and less than robust Bayes (balanced loss function) when (θ = 1, and n = 100).

• Table 7 with w = 0.6, and σ0= 0.5 we observe:
I. When (θ = 1, 1.5, 2.5) with (c =0.9, 2), (α = 0.5, 1), and (ϵ = 0.00001) the MSE values associated 

with robust Bayes (unbalanced, and balanced loss functions) estimates are less than RSS, 
and Bayes based on an unbalanced loss function while values of the MSE for robust Bayes 
under an balanced loss function are less than values of the MSE for robust Bayes under the 
unbalanced loss function for all sample sizes except (θ = 1.5, and n = 25).

II. When (α = 1), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
gamma prior under balanced loss functions are less than robust Bayes estimates (unbalanced, 
and balanced loss functions) for some states: (θ = 1, and n = 10), (θ = 1.5, and n = 25), and (θ 
= 2.5, and n = 25, 50), but they are greater than robust Bayes estimates under (balanced loss 
functions) and less than robust Bayes (unbalanced loss function) for the other cases.

III. When (c = 0.9), and (ϵ = 0.00001) the MSE values associated with Bayes estimators of inverted 
exponential prior under balanced loss functions are less than robust Bayes estimates (unbal-
anced, and balanced loss functions) for some states: (θ = 1.5, and n = 25), and (θ = 2.5, and n = 
25, 50), but they are greater than robust Bayes estimates under (balanced loss functions) and 
less than robust Bayes (unbalanced loss function)for the other cases.

• From tables (2-7), it appears that when (α = 2), the MSE values of Bayes estimators with inverted 
gamma prior under (unbalanced and balanced loss functions) are less than of all the estimation 
methods for all sample sizes.
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9. Conclusion

Some statistical estimations methods were used to find estimates values of the scale parameter θ for 
RD. These methods are compared depending on MSE to show which is best and all the computations 
were performed in (MATLAB 2015). The perfect results are presented and a comparison is done as 
follows:
 • The smaller ϵ and approximate to the zero, values of the MSE for robust Bayes (unbalanced and 

balanced loss functions) are the best from values of the MSE for robust Bayes (unbalanced and 
balanced loss functions) when ϵ approximate to the one.

• When (w = 10-5), means that it is approximately zero, become θ̂Bsig  equal to θ̂BBsig  and θ̂Bsie  equal 
to θ̂BBsie . But when w is approximately one, become θ̂BBsig  and θ̂BBsie  equal to θ̂MLE  according to 
equations (25) and (26). 

• From the tables (2-7) and for all sample sizes, we notice that when (α = 2), the MSE values 
associated with Bayes estimators of inverted gamma prior under unbalanced and balanced loss 
function less than the other statistical estimation methods. This means that when (α) grows up 
the best values of MSE get.

• From the tables (2-7) and for all sample sizes, when (c) values are small, the MSE values asso-
ciated with Bayes estimators of inverted exponential prior under balanced and unbalanced loss 
functions become smaller.

• From the tables (2-7), when the value of sample sizes increases, the MSE values of all the statis-
tical methods used decrease and approximate each other.
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