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In this note, we investigate whether the newly introduced notion of “contracting perimeters of
triangles” in the context of standard metric spaces is novel or equivalent to “a variant” of Banach
contraction in the setting of G-metric spaces. By using the fact that G-metric spaces are equivalent
to quasi-metric spaces, we reconsider our main question as whether the fixed-point theorems via
“contracting perimeters of triangles” is equivalent to a fixed point of the same mapping in the context
of quasi-metric spaces.
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1. Introduction

In mathematics and all quantitative sciences, it is natural to research and examine the existence of
new constructions and new frameworks to improve the existing results obtained in the literature. One
of the most significant instances of this motivation in mathematics is investigating the uniqueness
and existence of fixed points within the framework of various extensions of the notion of a metric.
Under this motivation, the notion of metric has been improved and generalized in various distinct
ways. Among them, we may recall the concepts of quasi-metric, b-metric, strong b-metric, 6-metric,
symmetric, fuzzy metric, probabilistic metric, partial metric, dislocated metric, metric-like, 2-metric,
D-metric, G-metric, S-metric, cone metric (Banach-Valued metric), TVS-metric, complex-valued
metric, quaternion metric, and so on (for more, see e.g. [1, 2, 35, 36, 37])

In this short note, we shall mainly deal with the interesting notion of G-metric which was consid-
ered first in the paper of Mustafa and Sims [5] in 2007 to repair and improve the notion of D-metric,
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defined by Dhage [4]. Roughly speaking, Mustafa and Sims [5] observed that all topological properties
(convergence, completeness, Cauchy, etc.) could be set up in this new abstract space. In addition, there
1s a nice connection between the standard metric and the G-metric. For more details on G-metric and
related fixed point results on such construction, we refer to e.g. [2],[5]-[42] and the related references
therein.

Recently, Samet et al. [33] and Jleli-Samet [34] reported a significant observation that under cer-
tain conditions, the notions of quasi-metric and G-metric coincide.

Very recently, Petrov [78] introduced the notion of “contracting perimeters of triangles” in the con-
text of standard metric spaces. Several authors proved certain fixed-point theorems in this style; see
e.g. [78, 79, 80, 76, 77, 81].

The goal of this note is to prove that fixed-point theorems in the context of the G-metric space that
were suggested in [35, 36, 37] imply the corresponding fixed point theory via the “contracting perime-
ters of triangles,” defined by Petrov [78], in the setting of a standard metric space.

2. Preliminaries

For the sake of the self-content paper, we recall and recollect certain basic definitions together with
the fundamental results that shall be considered in the main section.

First, let us fix some basic notation and definitions as follows:

N denotes the set of positive integers.

R denotes the set of reals.

R* denotes the set of nonnegative reals.

In what follows, we state the notion of contraction perimeter mappings of triangles introduced by
Petrov in [78]. The author called [78] claimed that it is a generalization of the renowned Banach con-
traction mapping principle [3].

Definition 2.1. (Petrov [78]). Let (X,d) be a metric space with |X|> 3. We shall say that T: X — X
is a mapping contracting perimeters of triangles defined on X if there exists o€ [0,1) such that the
inequality

d(Tx, Ty) +d(Ty,Tz) + d(Tz,Tx) < o[d(x,y) + d(y,2) + d(z,x)],

holds for all three pairwise distinct points x,y,z€ X.
Petrov proved in [78] a fixed-point theorem for these kinds of mappings:

Theorem 2.1. (Petrov [78]). Let (X,d), | X|> 3 be a complete metric space and let T : X — X be a map-
ping contracting perimeters of triangles on X. Then, T has a fixed point if and only if T does not possess
periodic points of prime period 2. The number of fixed points is at most 2.

The notion of mapping contracting perimeters of triangles has been studied and extended by sev-
eral authors; see e.g. [78, 79, 80, 76, 77] and so on. We examine the result of Petrov [78] by involving
the notion of G-metric in the discussion. Before declaring our assertion, let us give a short brief on the
G-metric notion.

2.1. G-metric

The notion of G-metric spaces is defined as follows:

Definition 2.2. (See [5]). For X a non-empty set, let G: XxXxX — R" be a function satisfying the
following properties:

(G1) G(x,5,2)=0if x=y=z2,
(G2) 0<G(x,x,y) for all x,ye X withx+#y,
(G3) G(x,x,y) <G(x,y,2) forall x,y,ze X withy# z,
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(G4) G(x,y,2) =G(x,2,y) =G(y,z,x) =--- (symmetry in all three variables),
(G5) G(x,y,2) <G(x,a,a)+ G(a,y,z) (rectangle inequality) for all x, y, z, a € X.

Here, the function G shall be called a generalized metric or, more commonly, a G-metric on X. In
addition, the pair (X,G) is called a G-metric space.
Notice the fact that every G-metric on X induces a metric d, on X defined by

dg(x,y) =G(x,y,y)+G(y,x,x), for all x,ye X. (1)

We shall state the following basic examples to illustrate the connection between standard metric and
G-metric.

Example 2.1. Let (X,d) be a metric space. The function G : X x X x X —[0,+e), defined by
G(x,y,2) = max{d(x,y),d(y,2),d(z,x)},
forallx,y, z € X, is a G-metric on X.
Example 2.2. (See e.g. [5]) Let X =[0,0). The function G : X x X xX —[0,+e), defined by
Gx,y,2)=lx-yl+|ly-zl+lz-x],

forallx,y, z € X, is a G-metric on X.

In their initial paper, Mustafa and Sims [5] also defined the basic topological concepts in G-metric
spaces as follows (See [5]):

Let (X,G) be a G-metric space, and let {x } be a sequence of points of X. We say that the sequence
{x } G-converges to x € X if

lim G(x,x,,x,)=0,
that is, for any € > 0, there exists IV € N such that G(x,x,,x,) <€, for all n,m > N. We call x the limit
of the sequence and write x, — x or ILIEO %, =%. In addition, a sequence {x } is called a G-Cauchy
sequence if, for any € > 0, there exists N € N such that G(x,,x,,x,) <¢e for all n,m,l > N, that is,
G(x,,x,,x,) >0 as n,m,l - +eo. Furthermore, a G-metric space (X,G) is called G-complete if every

G-Cauchy sequence is G-convergent in (X,G).

Proposition 2.1. (See [5]) Let the pair (X,G) denote a G-metric space. The following statements are
equivalent:

(1) {x} is G-convergent to x,

2 G(x,,x,,x) >0 as n— +oo,
3) G(x,,x,x) >0 as n — +oo,

4 G(x,,x,,x) =0 as n,m — +eo.

Proposition 2.2. (See [5]). Let the pair (X,G) denote a G-metric space. Then the following statements
are equivalent:

(1) The sequence {x } is G-Cauchy,
(2) for any € > 0, there exists N € N such that G(x,,x, ,x, ) <€, for all m,n>N.

Definition 2.3. Let the pair (X,G) denote a G-metric space. A mapping F: XxXxX — X is said to
be continuous if for any three G-convergent sequences {x }, {y } and {z } converging to x, y and z respec-
tively, {F(x,,y,,2,)} is G-convergent to F(x,y,z).

Mustafa [7] extended the well-known Banach Contraction Principle Mapping in the framework of
G-metric spaces as follows:

Theorem 2.2. (See [7]) Let (X,G) be a complete G-metric space, and T : X — X be a mapping satisfying
one of the following conditions (equalities) for all x,y,ze X:
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G(Tx,Ty,Tz) < kG(x, y,z2), or, (2)
G(Tx,Ty,Ty) < kG(x,y,y), 3)
where k € [0,1). Then T has a unique fixed point.

Remark 2.1. Observe that the condition (2) implies the condition (3). The converse is true only if
ke [0,3). For details, see [7].

Definition 2.4. Let X be a nonempty and let d: X xX —[0,o0) be a function that satisfies:

(d1) d(x,y)=0if and only if x =,
(d2) d(x,y)<d(x,z)+d(z,y). Then d is called a quasi-metric, and the pair (X,d) is called a quasi-metric
space.

Remark 2.2. Any metric space is a quasi-metric space, but the converse is not true in general.
Now, we recollect some basic topological notions and related results on quasi-metric spaces.

Definition 2.5. (See e.g. [34]) Let (X,d) be a quasi-metric space, {x } be a sequence in X, and x € X. The
sequence {x } converges to x if and only if

limd(x,,x)=limd(x,x,)=0 (4)

Definition 2.6. (See e.g. [34]) Let (X,d) be a quasi-metric space and {x } be a sequence in X. We say
that {x } is left-Cauchy if and only if for every € > O there exists a positive integer N = N(g) such that
d(x,,x, )<ée foralln>m> N.

Definition 2.7. (See e.g. [34]) Let (X,d) be a quasi-metric space and {x } be a sequence in X. We say
that {x } is right-Cauchy if and only if for every € > 0 there exists a positive integer N = N(¢) such that
d(x,,x, )<é€ forallm=>n>N.

Definition 2.8. (See e.g. [34]) Let (X,d) be a quasi-metric space and ix,} be a sequence in X. We say that
{x } is Cauchy if and only if for every € > 0 there exists a positive integer N = N(g) such that d(x,,x,) <€
for all m,n > N.

Remark 2.3. (See e.g. [34]) A sequence {x} in a quasi-metric space is Cauchy if and only if it is
left-Cauchy and right-Cauchy.

Definition 2.9. (See e.g. [34]) Let (X,d) be a quasi-metric space. We say that

(1) (X,d) is left-complete if and only if each left-Cauchy sequence in X is convergent.
(2) (X,d) is right-complete if and only if each right-Cauchy sequence in X is convergent.
3B) (X,d) is complete if and only if each Cauchy sequence in X is convergent.

Theorem 2.3. (See e.g. [34]) Let (X,G) be a G-metric space. Let d:XxX —[0,0) be the function
defined by d(x,y)=G(x,y,y). Then

1. (X,d) is a quasi-metric space;

2. {x,} c X is G-convergent to x € X if and only if {x } is convergent to x in the quasi-metric space (X,d);
3. {x,} c X is G-Cauchy if and only if {x } is Cauchy in the quasi-metric space (X,d);

4.  (X,G) is G-complete if and only if the quasi-metric space (X,d) is complete.

Every quasi-metric induces a metric, that is, if (X,d) is a quasi-metric space, then the function
0:XxX —[0,0) defined by

6(x,y) =max{d(x,y),d(y,x)}

is a metric on X.
As an immediate consequence of the definition above, and Theorem 2.3, the following theorem is
obtained:
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Theorem 2.4. (See e.g. [34]) Let the pair (X,G) denote a G-metric space. Let d: X xX —[0,e0) be the
function defined by d(x,y)=G(x,y,y). Then

1. (X,d) is a quasi-metric space;

2. asequence {x,} c X is G-convergent to x € X if and only if the same sequence {x } is convergent to the
same point x in (X,0);

a sequence {x,} c X is G-Cauchy if and only if the same sequence {x } is Cauchy in (X,d);

4.  (X,G) is G-complete if and only if the corresponding metric (X,8) is complete.

&

3. Main Results

We shall state our main result as follow:
Theorem 3.1. Theorem 2.1 follows from Theorem 2.2.

Proof. Suppose that the statements of Theorem 2.1 hold. That is, there exists o€ [0,1) such that the
inequality

d(Tx,Ty)+d(Ty,Tz) + d(Tz,Tx) < a[d(x,y) + d(y,z) + d(z,x)], (5)

holds for all three pairwise distinct points x,y,ze€ X.
Define a G-metric over X as follows:

G(x,y,2) =d(x,y) + d(y,2) + d(z,x) (6)
for all three pairwise distinct points x,y,z€ X. Hence, the inequality (5) of Theorem 2.1 turns into
G(Tx, Ty, Tz) =d(Tx,Ty) + d(Ty,Tz) + d(Tz,Tx)
<ald(x,y)+d(y,z) +d(z,x)]
=G(x,y,2) (7)

for all three pairwise distinct points x,y,z€ X. Thus, the conditions of Theorem 2.2 are fulfilled.
Consequently, by taking Theorem 2.2 into account, the operator 7" has a unique fixed point x+ € X.

Remark 3.1. It is very important to underline that in Theorem 2.2, the statement has no restriction as
“all three pairwise distinct points x,y,z€ X.” That means, the results of Theorem 2.1 are very weak.

As 1t 1s mentioned in the previous section, the following Theorem 2.1 of Petrov [78], several results
were given in this direction, see e.g. [78, 79, 80, 76]. In the literature, it is crystal clear that all these
fixed-point results are also equivalent derived from the corresponding fixed point theorem in the con-
text of G-metric.

We also recall the fact that G-metric can be derived from quasi-metric; see, e.g. Theorem 2.3.
Apparently, the fixed point of a perimeter contraction is the same fixed point that satisfies the corre-
sponding relation in the setting of quasi-metric spaces.

Notice also by Theorem 2.4 that topological concepts (convergence of the sequence, being Cauchy
of the sequence, etc) in the quasi-metric spaces work equivalently, and they are valid in the set-up of
standard metric spaces.

4. Further Results via Auxiliary Functions

In this section, we shall give a list of the fixed-point theorems in G-metric spaces and state the corre-
sponding fixed-point result in the setting of “perimeter contraction” in standard metric spaces.

Theorem 4.1. (See 17) Let (X,G) be a G-metric space. Let T : X — X be mapping such that
G(Tx, Ty, Tz) <aG(x,y,2) +bG(x,Tx,Tx) + cG(y, Ty, Ty) + dG(z,Tz,Tz) (8)

for all x,y,z where a,b,c,d are positive constants such that k=a+b+c+d <1. Then there is a unique
x € X such that Tx = x.
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The above theorem can be transformed in the “perimeter contraction” in standard metric spaces,
as follows:

Theorem 4.2. Let (X,d) be a standard metric space. Let T : X — X be mapping such that
d(Tx, Ty)+d(Ty,Tz) + d(Tz,Tx) < a(d(x,y) + d(y,z) + d(z,x))
+b(2d(x,Tx) + d(Tx,x)) + c(2d(y,Ty)) + d(2d(z,Tz)) 9)

holds for all three pairwise distinct points x,y,z€ X, where a,b,c,d are positive constants such that
k=a+b+c+d<1. Then thereis a unique x € X such that Tx = x.

Proof.
d(Tx,Ty) +d(Ty,Tz) + d(Tz,Tx) = G(Tx,Ty,Tz) aG(x,y,z2) + bG(x,Tx,Tx) + cG(y, Ty, Ty) + dG(z,Tz,T=)
<ald(x,y)+d(y,z)+d(z,x)) +b(d(x,Tx) + d(Tx,Tx) + d(Tx, x))
+c(d(y, Ty)+d(Ty,Ty) +d(Ty,y)) +d((d(z,Tz) + d(Tz,Tz) + d(Tz,z)))
=a(d(x,y)+d(y,z)+d(z,x)) + b(2d(x,Tx) + d(Tx,x))
+c(2d(y,Ty)) + d(2d(z,Tz)) (10)
Thus, we have
d(Tx,Ty)+d(Ty, Tz) + d(Tz,Tx) < a(d(x,y) + d(y,2) + d(z,x))
+b(2d(x,Tx) +d(Tx,x)) + c(2d(y,Ty)) + d(2d(z,Tz)) (11)

By employing the same techniques to the following theorems, we may get a number of fixed-point
theorems in the setting of “perimeter contraction” in standard metric spaces:

Theorem 4.3. (See [16]) Let (X,G) be a G-metric space. Let T : X — X be mapping such that
G(Tx, Ty, Tz) < k[G(x,Tx,Tx) +G(y, Ty, Ty) + G(z,Tz,Tz)] (12)
for all x,y,z where ke [0,1). Then there is a unique x € X such that Tx = x.
Theorem 4.4. (See [17]) Let (X,G) be a G-metric space. Let T : X — X be mapping such that
G(Tx,Ty,Tz) < aG(x,y,z)+ b[G(x,Tx,Tx) +G(y, Ty, Ty) + G(z,Tz, Tz)] (13)

for all x,y,z where a,b are positive constants such that k=a+b<1. Then there is a unique x € X such
that Tx = x.

Theorem 4.5. (See [17]) Let (X,G) be a G-metric space. Let T : X — X be mapping such that
G(Tx,Ty,Tz) < aG(x,y,z) + bmax{G(x,Tx,Tx),G(y,Ty,Ty),G(2,Tz,Tz)} (14)

for all x,y,z where a,b are positive constants such that k=a+b<1. Then there is a unique x € X such
that Tx = x.

Theorem 4.6. (See [6]) Let (X,G) be a G-metric space. Let T : X — X be mapping such that

G(x,y,2),G(x,Tx,Tx),G(y,Ty, Ty),G(2,12,T=),
G(z,Tx,Tx),G(x, Ty, Ty),G(y,Tz,T=)
for all x,y,z where ke [0,1). Then there is a unique x € X such that Tx = x.

G(Tx,Ty,Tz)Skmax{ (15)

Theorem 4.7. (See e.g. [34]) Let (X,G) be a complete G-metric space, and T : X — X be a given map-
ping satisfying

G(TX,T%TZ)SG(x,y,z)_‘P(G(x,y,Z)) (16)
if for all x,y € X, where @ :[0,00) —[0,c0) is continuous with ¢~ ({0}) =0. Then there is a unique x € X
such that Tx = x.

Theorem 4.8. Let (X,d) be a complete metric space and T : X — X be a mapping with the property:
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d(Tx,Ty) < g max{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} (17)
for all x € X, where q is a constant such that q € [0,1). Then T has a unique fixed point.

4.1. Remarks and Conclusion

It is clear that the list of fixed-point theorems in this section is not complete and it is not needed to be
complete either. On the other hand, by the main theorem and Theorem 4.2, we conclude that the fixed
point theorems via “perimeter contraction” in standard metric spaces are not novel. Indeed, they are
weak consequences of fixed point theorems in the context of G-metric metric spaces.
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