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Abstract

In this paper we develop a new approach to get the transformation solution for the mathematical
model of waves on shallow fluid; Korteweg-de Vries with a small delay without change the space vari-
ables. This method can be base to solve most of nonlinear higher order partial differential equation
with time delay.

Key words and phrases: Solitary waves, KdV equation, Small delay, Lie group, Transformation
solution.

Mathematics Subject Classification (2010): 34G20, 57520, 74J35, 74J15

1. Introduction

Currently, the prediction and comprehensive knowledge of the development of mathematical mod-
elling phenomena in life sciences and physiology have significantly intensified [1]. The Korteweg-de
Vries (KdV) equation is a mathematical model which describes the velocity of the particles of shallow
fluid from the surface to the bottom of the fluid layer. Russell J.S. described the Korteweg-de Vries
equation (KdV) starting from fluid dynamics [2]. Next, the KdV is solved, by the same approach of
Korteweg but de Vries solved it by inverse scattering transform which is leading to a larger family of
solutions [2]. Many researchers solved KdV equation by several ways see [3,4,5,6]. Zhao and Xu [7]
entered time delay on the Solitary waves for KdV, so it is became takes the form
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u,(tx)+ult-t,x)u, (tx)+ru, (t-7,x)-u, (tx)=0 (1)

XXX

where 7 1s time delay, T > 0. u(t,x) is the waves amplitude when x is positive in time #,u(f —7,x) 1s the
waves amplitude of the wave when x is positive in time ¢ — 7. r is small enough.

They proved that time delay make this equation more explained, but in the same hand more com-
plicated. Some researchers studied KdV equation with delay by the stability of it see [8,9,10,11], and
the solution of Equation (1) has not been discussed yet, so this paper interdicted a new method to
solve KdV with delay. The key idea is to findthe invariance of the KdV equation under transformation
of dependent and independent variables. Next modified Olver’s method to get the transformation
solution which corresponds to the KdV equation.

2. Admitted Lie group

First, one must prove the general infinitesimal generator for KdV equation with small delay.
From Equation (1), define a one-parameter group G on t,x,u as follows:
t =o' (t,%,u;8)
x =" (t,x,u;€) 2)
=" (t,x,u;¢)

Since u’ =u(t—71,x), then u’ =¢“(t —7,x,u_;¢), according to Olver [12] these define a symmetry
group. Expanding Equation(2) into Taylor series about ¢ near 0, this is given the infinitesimal
transformation

t=t+ eE(t,x,u)
x=x+ en(t,x,u)
u=u+ eC(t,x,u)

with delay term u" =u’ + &f (t,x,u)

where
00" (t,x,u; e
g(t,x,u) = M |g:0
oe
o0~ (t,x,u;
n(t,x,u) = L000E (t,x,u;¢) l,=o
o€
op"(t,x,u;e
é’(t,x,u) = M |8:0
oe
and C(t_‘[,x,uf): 8(0 (t _;-7x7u ;8) |g:0.
&

According to Lie [13] the vector (¢,n,4,L7) where {* = (t —7,x,u’) are tangent vector field on G, so
can be written them in term of the first order differential operator [14]

0
ou’

0 0 0
X=¢E—+n—+C—+(" 3
¢ pri e ¢ e ¢ 3)
Lie’s theorem [14] shows the general is one to one corresponding to the symmetry.
From the definition of infinitesimal generator, Equation(3) is a general infinitesimal generator for
Equation (1).
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Now, to complete the classification one must prove the determining equation for the KdV equation
with delay.

According to group analysis theory, the transformation ¢ : QxS — Q which transforms a solution
of the differential equation to a solution of the same equation is a symmetry of Equation (1),where a
set of variables is denoted by Q and S ¢ R is a symmetric interval with respect to zero. The transfor-
mation ¢ is consider & as a parameter which transforms variables t,x,u to new variables ¢,x,u of the
same space, where

=o' (t,x,us6) = @' (t,x,u) x =@ (t,x,u;6) = @F (t,5,u) u=@"(t,%,u;8) = @ (t,x,u)

Since u’ =u(t —7,x), then u” ="t —7,x,u";6) =@, (t —7,x,u").
The set of function ¢, forms a one-parameters group [14].
Now consider the function

u.,. —fxuu,uu u.)=Ftxuu,u,u, u,.)=0 (4)

xx’

According to Lie [13] the equation with the transformation variables t,x,u,u’ and its derivatives
with respect to &¢ must vanishes if the transformation is symmetry.

)

xx 2 77xxx

oF (t,x,u,u,,u",u_,u,
Oe

lo=0.y= 0 ®)

Since F is a symmetry group (according to Olver [12]), then F = F this mean F is invariant. From
Theorems in Bluman and Ibragimov [13,14]

X9F|,=0 (6)

where X® is a canonical Lie Backlund operator. Then Equation (6) is called determining equation of
Equation(1).
Th tor X® =X 0 0 e 9 O wh
e operator + C(t) 8y ou., + & () a + € () M where

t(l) = Ct + (Cu _nt)ut - étu'x _nuut2 - éuuxut
@ — _ _ _ 2 _
gx é/x + (Cu éx )u’x nxut éuu’x r’uu’xut

CT(Q) = C;xx + (24/xu - gxx )u’ _nxxu’ + (Cuu - zgxu)(u ) - 2nxu
_éuu (ux) nuu(u )2 uT + (é/ - Zg )uxx - 27730 xt 3§uuxxux _n;u;xuz - 2nrurtu

Cafcgc = gxxx + (ngxu - éxxx )u‘x - T’xxxut + 3(Cxuu - gxxu )ui - anxuutux
+(§uuu - 3§xuu )ui + 8(é‘xu - éxx )u’xx - 3nxxuxt - 3nxuuuzu + 3(Cuu - ',:xuuxuxx)
_gnxuu’tuxx - 6nxuu’xtux - 3r,xu’xxt + (gu - 35 )uxxx éxxx x guu x xx - 3nuu

3 2
_rluuuux u’t - 3§u u’xx - Snu u’xxt ux - nuuxt uxx gnuuu’xx x 4§u XXX x r’u u’xxxu’

3. Results and Discussion
. L 0 0 0 0
The infinitesimal generator X = &(¢,x,u) — +n(t,x,u)— + {(t,x,u) — + { (t — 7,x,u) —— generates a one
ot 0x ou ou’

. . _ . . .
parameter symmetry group if and only if where F =u, +u‘u, +ru;, —u,,. . i.e.

) o .. 0 8 _
(C . C +C ou, ——+lw u, €y £ + & (e K)F |uxxx:ut+ufux+m;x =0
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where (" = (t—7,x,u) and u* =u(t —7,x). Then

1 1 2 3) —
§V +u e rulT g 68 =0 (7)

which leads to:

o+ (&, —mu, —Eu, —mul —Euu, +uT[E, + (8, —Eu, —nu, —Eul —nuu]+u
+r{¢7 + @7, =Sl uy —niul + (G5, =285 D)? = 2nfui) — &, Wl —ng, (uD)*y
H&o — 260y, = 2nuy, — & ulul —niun ) =20 ULl 1= (€ + (3G = &y — Tty
3G e = G W2 = Bty + (G = BE U + 3L = Ep My = B0y, — 31,12,
+3(S B lhlhy) = B Uyl = B11 Ul = BN, Uy + (6, = BE U, —E ) — 6,001,

2 3 2 —
_Snuuuxutx _r’uuuuxu't - 35 Upe — 3nuuxxtu’x _nuuxtuxx - 3nuuu’xxuxut - 46 u u _nuuxxxut] - 0

uxx u"xxx x

Equating the coefficient of the various monomial in the first, second and third order partial deriva-
tive of u to get the following determining equation for the symmetry group of Equation (1).

1 §,+1r8 —Ce =0 8.1)
ut é’u - Tlt + nxxx = 0 (8'2)
u’ -n, =0 (8.4)
U, 3, =0 (8.9)

ulu, 3Ny =0 (8.10)
U, 38, =36, =0 (8.11)
wu,, 31, =0 (8.12)
U, U, 6n,., =0 (8.13)
Uy 3n, =0 (8.14)
us Eoer =0 (8.16)
ulu,, 6£,, =0 (8.17)
ulu,, 3n,,=0 (8.18)
ulu, Ny = 0 (8.19)
uZ, 3¢,=0 (8.20)
Uyl 3n, =0 (8.21)
u, U, n,=0 (8.22)
U, .U, My = (8.23)
U U, 4¢ = (8.24)
U, U, n,=0 (8.25)
u’ ¢, = (8.26)
u'u, G, —&. = (8.27)
u'u, -n, = (8.28)
u'u’ &, = (8.29)
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uuu, -n,=0 (8.30)
u, 2rg;, —ré,. =0 (8.31)
w 5, =0 (8.32)

(ul)? rél, —2rél =0 (8.33)
uu; -2rn,, =0 (8.34)
W)’ g, = (8.35)

)/ -rn, =0 (8.36)
u,, ré, —2r&; = (8.37)
u,, -2rn; = (8.38)

Uy U, —-3rg, = (8.39)
WUy -, = (8.40)
u U, -2rn,; =0 (8.41)

First (8.4) and (8.14) require that n be just a function of ¢£. From (8.5) £ independent on u, and from
(8.26) ¢ independent on x. (8.11) leads to ¢ is linear in © and { = g(t)u + h(t), when g and A are a
function of ¢. From (8.2) and (8.27) & =n, = g(¢).

Now, from (8.37) £, = 2&;, then by periodic theorem & =&, and n =n°, this mean & =¢&;. By above
C, =2&, =2g(), thus {" =2g()u + k(t —7,x) for some k is arbitrary function.

(8.1) gives gu+h, +r(2g, u+k,)=0, where k" =k(t —7,x). Equating the coefficients of various
monomials to get

gt + 2rgxx = 0 (9)
h,+rk;, =0

Since g is a function of ¢, then g =0, also since 1, = g this mean n, = g,.

Equation(9) gives n,, =0, by integrating n =c¢;t +c¢,. Since n, =&_, then & =¢;, and £ =¢;x + ¢, for
some ¢;,c,,C, are arbitrary constants.

From above g =c, then { =cu+h and {* =2c;u+k". That is the general infinitesimal generator
for Equation (1) is

0 0 0 0
X= +cy)—+ (et +c,)—+ +h)—+Qcu+k")—
(c;x +c¢5) Py (et +¢5) P (cqu+h) " 2cu ) P
Thus the Lie algebra of infinitesimal symmetries of Equation (1) is spanned by the following infin-

itesimal generators corresponding to each parameterc;,

X =x2+ti+ui+2u 0
ox ou ou’

0

X ==

> o

0

X. ==
ot

X4=hi+kf 0
ou ou'

Not that X, is an infinite dimensional Lie subalgebra.
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Using Lie equation on this space to get

X, :(et,et+x,eue‘u+u’)
X, :t,x+e,u,u’)
X, :(t+e,x,u,u’)

X, :(t,x,evt) +u,ew(t —7,x)+u’)

Following Olver [12], if u(t,x)= F(t,x) 1s a solution, then u = gF(t,x) is also a solution for any
g where g is a group element. So whole families of solutions constructed by transformation of a
known solution by any g. By above u(t,x) = F(t,x) = f,(t,x) + f,(t,x) is a solution of Equation (1), then’
u=gF(t,x) when'u = f, and‘ u" = f, is also a solution for Equation (1).

The family of the transformation solutions of Equation (1) is

w = x—te -+t x—0)
& &
u, =F(t,x—¢)
u, = F(t-¢,x)

u, = F(t,x)+ &) +w(t —1,x))

Finally, note that under special conditions the transformation solutions can be used to get the gen-
eral solution to the corresponding KdV with small delay.

4. Conclusion

This work succeeded to solve KdV equation with small delay by employing an approach based on the
prolongation of this equation and periodic property of &’s theorem which help us to introduced the
invariant for KdV with delay to classify these equations as Lie algebra without changing the space
variables. The development of Olvers method led us to obtain the transformation solution for KdV
equation with time delay. Under special conditions the transformation solutions can be used to solve
the corresponding KdV. These findings enhance our understanding of the KdV equation with delay.
Furthermore, we can consider this research as a base to study many scientific branches which use
delay partial differential equations.
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