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Abstract
In this research, we use integral type contraction requirements to learning the existence of fixed 
points for multivalued mappings in the context of cone metric spaces. Cone metric spaces are a gen-
eralization of conventional metric spaces that provide a more comprehensive framework for solving 
challenging issues in fixed point theory by exchanging an ordered Banach space aimed at the real 
number set. Multivalued mappings pose special difficulties in locating fixed points since they provide 
each input several outputs. In order to tackle this, we present integral type contraction conditions, 
which offer a broadened contractive structure that encompasses a variety of non-linear behaviors. 
This study’s main contribution is the construction of novel fixed point theorems over multivalued 
mappings given these integral type conditions of use, which broadens the application of previously 
published fixed point results. 
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1. Introduction and Preliminaries

Many writers have investigated the strong convergence toward a fixed point (FP) of contractive con-
stant over cone metric spaces (CMS) in the last few years. Multivalued mapping has been used by 
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Seong Hoon Cho with Mi sun Kim [2] to demonstrate a number of fixed point (FP) theorems in the 
context of contractive constants in metric spaces. First, we review the terms and established findings 
that are required for the continuation. Zhang Xian and Huang Gaung introduced the cone metric 
space. Given a Banach space  and a subset P, P is considered to belong to a cone if and only if it meets 
the subsequent criteria.
(i) P ≠ ; & P is closed;
(ii) θ1# + θ2w 2 P " #, w 2 P where the real numbers θ1,θ2 are non-ve;
(iii) P ∩(–P) = ;;
Regarding the cone, the partial ordering ≤ by # ≤ w , w – # 2 P

When w – # 2 interior of P, it is represented by # Ü w. 
If a value k > 0 such that for any #, w 2 E, 0 ≤ # ≤ w ) k#k ≤ k kwk, then it is though that the cone 

P is normal. 
If each decreasing sequence that is bounded below and every ascending sequence that is bounded 

above converges, cone P is therefore considered to be regular.

Definition 1.1:[4] Let X be a non-empty set, and let us assume that the mapping d X X E: ´ ®  is a 
cone metric space if and only if it fulfills
(i) 0 ≤ d(#, w) " #, w 2 X and d ( , )J w = Û0  if # = w
(ii) d d( ) ( ), ,J w w J=  for all #, w 2 X
(iii) d d z d z( ) ( ) ( ), , ,J w J w= +  for all J w, ,z XÎ

Example 1.2: Let E R P E X R= = Î ³{ } =2 0, ( , ) ; , ,J w J w  and d X X E: ´ ®  as specified by
d( , ) (| |, | |)J w J w a J w= - -

When a constant a ≥ 0 is present. Then the metric space (X, d) is a cone.

Definition 1.3: Let {#n} a sequence in X X,J Î  and (X, d) be cone metric space. Then
(i) {#n} converges to # whenever and for every a 2 E with 0 Ü a, a natural number exists N such that 

d n( , )J J a  for all n ≥ N
(ii) {#n} is a Cauchy sequence (CS) whenever and for every a 2 E with 0 Ü a, a natural number exists 

N such that d n m( , )J J a  for all n,m ≥ N.

Definition 1.4: Let (X, d) be a metric space. If every CS is convergent in X, then (X, d) be a CCMS. 
The family of nonempty closed bounded subsets of X is denoted as CB(X). The Hausdorff distance on 
CB(X) is denoted by H(.,.).  

Þ ÎA B CB X, ( )

H A B d B d A
A B

( , ) max sup ( , ), sup ( , )= ì
í
î

ü
ý
þÎ Îq q

q q
1 2

1 2 

The distance between the point q1 and the subset B is given by ( , ) inf ( , ); .q q q q1 1 2 2B d B= Î{ }  If J ÎT X( ) ,  
then an element # 2 X is considered a FP in the MV mapping T : X ! 2X.

Definition 1.5: Iff the sets J J( ) ,t t t

n
- ={ }1 1

 are pairwise disjoint and [ , ] [ , ) ,q q J J q1 2 1 1 2= È{ }{ }= -t
n

t t  then the 
set q J J J J q1 0 1 2 2= ¼ ={ }, , , . n  is referred to as a partition for [q1, q2]. 

Definition 1.6: Cone lower summation and cone upper summation are defined as follows for each 
partition Q of [q1, q2] and each rising function z q q: [ , ]1 2 ® P
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Correspondingly.

Definition 1.7: Assume that P in E is a normal cone (NC). z q q: [ , ]1 2 ® P  is called with respect 
to cone P or simplicity on an integrable function on [q1, q2]. Cone integrable function iff 
lim ( , ) lim ( , ),
n n

con con
n n

conL Q S U Q
®¥ ®¥

= =z z  where Scon necessity be unique, for any partition Q of [q1, q2]. By 

using z
q

q
( ) ( ),x d xp

2

1ò  we demonstrate the common value Scon, simplifying it to z
q

q
dp

2

1ò .

Definition 1.8: If and only if, for any q q1 2, ÎP , the function z : P E®  is referred to be a sub additive 
cone integrable function.

z z z
q q q q

d d dp p p0 0 0

1 2 1 2+

ò ò ò£ +

Example 1.9: Let E X R d P= = = - = ¥, ( , ) | |, ( , )J w J w 0  and z ( )t t= +
1
1  for all t > 0. Then for all  

q1, q2 2 P
dt
t

In dt
t

In a dt
t

In
( )

( ),
( )

( ),
( )

(
+

= + +
+

= +
+

=
+

ò ò1
1

1
1

11 20 0

1 2 2q q
q q q

qq
q

20
12 +ò )

Since q1 0b ³ , then q q q q q q q q1 2 1 2 1 2 1 21 1 1 1+ + £ + + + = + +( )( ).  Therefore
In In In( ) ( ) ( )q q q q1 2 1 21 1 1+ + £ + £ +

This demonstrates that z is an illustration of a subadditive cone inegrable function.

2. Main Results

Theorem 2.1: Consider a CCMS (complete cone metric space) (X, d) and a MV (multivalued) map  
T: X ! CB(X) that is satisfied for every #, w 2 X. For any 


> ò0 0

0
, ( )z t dt   is the definition of the 

function z : .P PÈ{ }® È{ }0 0

0 1 0 2 0

H T T d T d T d T
t dt t dt

( , ) [ ( , ) ( , )] ([ ( , )
( ) ( )

J w J J w w J w
z q z qò ò£ +

+ +dd T
t dt

( , )])
( )

J w
zò

for all #, w 2 X and q q q q1 2
1
2 1 2

1
20+ < Î. , [ , ).  Afterwards T has a unique FP in X

Proof: for all J J J J J0 1 0 11Î ³ Î Î+X n T Tn n, , &

0 0 1 0

1 1d H T T d T dn n n n n n nt dt t dt
( , ) ( , ) [ ( , ) (

( ) ( )
J J J J J J J

z z q+ -ò ò£ £
+ -- - - -ò ò+

£

+1 1 1 1

2 0

1 0

, )] [ ( , ) ( , )]
( ) ( )

T d T d Tn n n n nt dt t dt
J J J J J
z q z

q
[[ ( , ) ( , )] [ ( , ) ( , )]

( )
d d d dn n n n n n n nt dt
J J J J J J J J

z q+ - + -+ +

ò +1 1 1 1

2 0òò ò£

+

+ -

+ -

+
z q z

q

J J J J

J J

( ) ( )
[ ( , ) ( , )]

[ ( ,

t dt t dt
d d

d

n n n n

n n

1 0

2 0

1 1

1 1 ))] [ ( , ) ( , )] [ ( ,
( ) ( )ò ò£ ++ - ++
z q z q

J J J J J J
t dt t dt

d d dn n n n n n

1 0 2 0

1 1 1 )) ( , )]

[ ( , ) ( , )]

( )

( ) ( )

+

+

-

+ -

ò
ò£ +

d

d d

n n

n n n n

t dt

t

J J

J J J J

z

q q z

1

1 1

1 2 0
ddt t dt t dt

d dn n n n

0 0

1 2

1 1

1
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( (

J J J J
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d q q

+ -ò ò£

=
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where
qq q

z d z
J J J J

1 2
0 0

1 1 0

+
£+ò ò)

( ) ( )
( , ) ( , )d n dn n t dt t dt
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For n > m we have

0 0

1 1 2 1d d d dn m n n n n m mt dt t
( , ) ( , ) ( , ) ( , )

( ) (
J J J J J J J J

z zò ò£ - - - ++ + +
)) ( )

( )

( , )

( , ) ( , )

dt t dt

t dt

d

d d

n n

n n m m

£

+ + +

-

- - +

ò
ò

0

0 0

1

1 2 1

J J

J J J J

z

z  òò

ò£ + + + £
-

- -

z

d d d z d
d

J J J J

( )

[ ] ( )
( )

( , ) ( , )

t dt

t dtn n m d m d1 2
0 0

1 0 1 0

1
 òò z ( )t dt

Let 0 is an interior of a be given, there exist N1 2 N such that d
d

J J
z am d
t dt( )

( , )
( )1 0

1 0

- ò   for all m ≥ N1  

this gives 
0

( ( , )
( )

d n m t dt
J J

z aò  . For n ≥ m, {#n} is a CS in (X, d) is a CCMS, there exists D1 2 X such that 
Jn ® D1.  

There exist N2 2 N such that 
0

1
3

1d n t dt
( , ) ( )( ) ,
J a dz
D

ò -
  for all n ≥ N2. Hence for n ≥ N2 we have 

0
1
3

1d Kn t dt
( , ) ( )( )
J az
D

ò -


 where k = q1 +  q2

0 0 0 1 0

1 1 1 1d T H T T d T
t dt t dt t dtn n( , ) ( , ) ( , )

( ) ( ) ( )
D D D D

ò ò ò£ + £z z z q
J J [[ ( , ) ( , )]

[ ( , ) ( , )]

( )

(

d T d T

d T d T

n n

n n

t dt

t

J J

J J

z

q z

+

+

ò
ò+

D D

D D

1 1

1 1

2 0
)) ( ) ( )

( , ) [ ( , ) ( , )]
dt t dt t dt

d d d Tn n n+ £

+

+ +ò ò
+

0 1 0

1 1 1 1 1J J J
z q z

q

D D D

22 0 0 1 0

1 1 1 1 1[ ( , ) ( , )] ( ( , ) [
( ) ( )

d T d d dn n nt dt t dt
J J J

z z q
D D D+ + +ò ò+ £

(( , ) ( , )]

[ ( , ) ( , ) (

( )
J J

J J

z

q

n n

n n

d T

d T d T d

t dt+

+

+

+ +

ò
+

1 1 1

1 1 1

2 0

D D

D D D 11 1 1 1

0 1 0

1

1 0
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D D
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z z q z

q

J J J
t dt t dt t dt
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dd T d T d T
t dt t dt t dtn( , ) ( , ) ( , )

( ) ( ) ( )
D D D D D1 1 1 1 1

2 0 2 0ò ò ò+ + +z q z q z
J
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z z

J
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t dt

t dt k

( , )

( , ) ( , )

( )

( ) ( ) (

+

+

ò
ò ò+ -

D

D D D
tt dt k t dt k t dt

d T d

d

n n

n

) ( ) ( )
( , ) ( , )

( , )

£ +

+

ò ò
ò

+

+

0 0

0

1 1 1

1 1

J J

J

z z

z

D D

D
(( ) ( ) ( ) (

( , ) ( , ) ( , )
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D D D
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d n+é
ëê

ù
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-
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1 3 3 3

( , )
( )

( )
( , ) ( ,

J
z a a a

D

D D D D )) c

For all n N t dt
d T

³ ò2 0

1 1, ( )
( , )D D

¡z a
  for all ¡ ≥ 1, we get a z¡

D D
- Îò 0

1 1d T
t dt P

( , )
( )  and ¡ ! ¥ we get a¡ ® 0  

and P is closed 
0

1 1-

ò Î
d T

t dt P
( , )

( )
D D

z  but 
0

1 1d T
t dt P

( , )
( )

D D

ò Îz  

\ =ò 0

1 1 0
d T

t dt
( , )

( )
D D

z  and so D D1 1ÎT .

Corollary 2.2: Let (X, d) be a CCMS and the mapping T : X ! CB(X) be MV map sufficient 
for each J, y XÎ . The function z : .P PÈ{ }® È{ }0 0  is defined as for each 


> ò0 0

0
, ( )z t dt   

0 1 0

d T T d T d T
t dt t dt

( , ) [ ( , ) ( , )]
( ) ( )

J w J J w w
z q zò ò£

+
 for all #, w 2 X and q1

1
20Î[ , ) . Then T has a unique FP in X

Proof: The corollary’s proof can be obtained by simply setting q2 = 0 in the preceding theorem.

Theorem 2.3: Let (X, d) be a CCMS The function z : .P PÈ{ }® È{ }0 0  is defined as for each 



> ò0 0

0
, ( )z t dt   and the mapping T : X ! CB(X) be MV map satisfy the condition

0 0

H T T d d T d T
t dt r t dt

( , ) max ( , ), ( , ), ( , )
( ) ( )

J w J w J J w w
z zò ò£

{ }
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For all #, w 2 X and r 2 [0,1). Afterwards T has a unique FP in X

Proof: for all J J J J J0 1 0 11Î ³ Î Î+X n T Tn n, ,  and 

0 0 0

1 1 1d H T T d dn n n n n nt dt t dt r
( , ) ( , ) max ( , ), (

( ) ( )
J J J J J J

z z+ - -ò ò£ £
JJ J J J

J J J J

zn n n n

n n n n

T d T

d d

t dt

r

, ), ( , )

max ( , ), ( , )

( )- -

- +

{ }
ò

£

1 1

1 1

0

,, ( , ) ( , ) ( , )
( ) ( ) ( )

d d n dn n n nt dt r t dt r t
J J J J J J

z z z- -{ }
ò ò ò£ £1 1 1 0

0 0
ddt

For n > m we have 

0 0

1 1 2 1d d d dn m n n n n m mt dt t
( , ) ( , ) ( , ) ( , )

( ) (
J J J J J J J J

z zò ò£ - - - ++ + +
)) ( ) ( )

( , ) ( , ) ( , )
dt t dtd t dtn n n n m md d
£ + + +- - - +ò ò0 0 0

1 1 2 1J J J J J J
z z  òò

ò£ + + + £- -
-

z

z z
J J J J

( )

[ ] ( )
( , )

( )

( ,

t dt

r r r t dtn n m d r
r

dm1 2
0 1 0

1 0 1 0


))
( )ò t dt

Let 0 is an interior of a be given, there exist N1 2 N such that r
r

dm t dt c( )

( , )
( )1 0

1 0

- ò
J J

z   for all m ≥ N1  this 
implies 

0

d n m t dt c
( , )

( )
J J

zò 

. 

For n > m, {#n} is a CS in (X, d) is a CCMS, there exists D1 2 X such that Jn ® D1.  There exist N2 and 

0 3
1d n t dt
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( ) ,

J
az

D

ò   for all n ≥ N2. Hence for n ≥ N2 we have 
0 3

1d n t dt
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( ) ,
J
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t dt

t
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1 1

0

{ }
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ò+ + ddt r t dt
d d d T dn n n n£ ++ +{ }
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1 1 1 1 1 1max ( , ), ( , ), ( , ) ( ,
( )

J J J J
z

D D D D ))

max ( , ), ( , ) ( , ), ( , )

( )

(

ò
ò£

+{ }+

z

z
J J J

t dt

r
d d d d Tn n n

0

1 1 1 1 1 1D D D D D
tt dt t dt t dt

d d Tn) ( ) ( )
( , ) ( , )

+ +ò ò0 0

1 1 1 1J
z z a

D D D


For all n ≥ N2, 0

1 1d T

mt dt
( , )

( )
D D

ò z a
  for all m ≥ 1, we get a zm

d T
t dt P- Îò 0

1 1( , )
( )

D D
 and m ! ¥ we get am ® 0  

and P is closed 
0 0

1 1 1 1-

ò òÎ Î
d T d T

t dt P bu t dt P
( , ) ( , )

( ) ( )
D D D D

z z  

\ =ò 0

1 1 0
d T

t dt
( , )

( )
D D

z  and so D D1 1ÎT .

Corollary 2.4: Let (X, d) be a CCMS, The function z : .P PÈ{ }® È{ }0 0  is defined as for each 



> ò0 0

0
, ( )z t dt   and the mapping T : X ! CB(X) be MV map satisfy the condition

0 0

H T T d
t dt k t dt

( , ) ( , )
( ) ( )

J w J w
z zò ò£

For all #, w 2 X and k 2 [0,1). Then T has a fixed point in X

Proof: The corollary’s proof can be obtained by taking the maximum value of d(#, w) from the prior 
theorem.

Theorem 2.5: Let (X, d) be a CCMS and P a NC with normal constant k. The function  
z : .P PÈ{ }® È{ }0 0  is defined as for each 


> ò0 0

0
, ( )z t dt 

Suppose the mapping T : X ! CB(X) be MV map satisfy the condition

0 0

H T T d d T d T d T d T
t dt r

( , ) max ( , ), ( , ), ( , ), ( , ), ( ,
( )

J w J w J J w w J w J
zò £

ww
z

)
( ){ }

ò t dt

For all #, w 2 X and r 2 [0,1). Then T has a FP in X

Proof: for all J J J J J0 1 0 11Î ³ Î Î+X n T Tn n, , ,
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0 0 0
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Case (ii) 
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m( , ) ( , ). ( , )( )J J k J J J J£ ®-1 1 0 0  as n, m ! ¥. Hence {#n} is a CS. Given X’s completeness,  
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0 0 0
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,, ), ( , ), ( , ), ( , ) [ ( , )]

( ) (
D D D D D D D D D1 2 2 1 2 1 2 1 2

0

d d d d
t dt r t[ ]

ò ò£z z ))dt

Because of the contradiction, T has a unique FP in X

Corollary 2.6: Let (X, d) be a CCMS and P a NC with normal constant k. The function 
z : .P PÈ{ }® È{ }0 0  is defined as for each 


> ò0 0

0
, ( )z t dt 

Suppose the mapping T : X ! CB(X) be MV map satisfy the condition

0 0

H T T d d T d T
t dt r t dt

( , ) max ( , ), ( , ), ( , )
( ) ( )

J w J w J J w w
z zò ò£

{ }

For all #, w 2 X and r 2 [0,1). Then T has a FP in X

Proof: The corollary’s proof is as follows right away, since

0 0

max ( , ), ( , ), ( , ) max ( , ), ( , ), (
( )

d d T d T d d T d
t dt

J w J J w w J w J J w
z

{ }
ò £

,, ), ( , ), ( , )
( )

T d T d T
t dt

w J w J w
z

{ }
ò

3. Applications

Mathematical Biology: In biological systems, like population models or ecosystems, interactions 
between different species can be intricate and multifaceted. The study of species stability and per-
sistence in dynamic ecosystems, where growth rates and interactions are controlled by various fac-
tors, is aided by fixed point results in CMS. Integral type contractions are useful in modeling how 
populations stable in the face of varying environmental conditions throughout time.

Optimization Problems: Many real-world optimization issues involve maximizing or decreasing a 
function, and they frequently have several workable solutions. Such systems, in which a single input 
(parameter set) corresponds to numerous outputs (best solutions), can be modelled using multivalued 
mappings. Cone metric spaces make it possible to extend vector space optimization, and integral type 
contractions aid in the establishment of convergence criteria, guaranteeing that algorithms for opti-
mization provide solutions that meet practical limitations.
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