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Abstract

The primary goal of the present paper is to prove an existence-uniqueness of periodic solution of the equations
of motion for the 3-body problem of classical electrodynamics. The equations of motion were derived in a
recent paper of the author. Particular case of this problem is the He-atom — the simplest multi-electronic
atom. We have applied our previous results to 3-body problem introducing radiation terms and in this
manner we have obtained a system of 12 equations of motion. We have proved that three equations are a
consequence of the first 9 ones, so that we consider 9 equations for 9 unknown functions. We introduce a
suitable operator in a specific function space and formulate conditions for the existence-uniqueness of fixed
point of this operator that is a periodic solution of the 3-body equations of motion. Finally, we verify the
conditions obtained for the He-atom.
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1. Introduction

The main purpose of the present paper is to prove an existence-uniqueness of periodic solution of the
equations of motion for 3-body problem of classical electrodynamics. The equations of motion were derived
in a recent paper [10]. Particular case of this problem is the He-atom — the simplest multi-electronic atom.
The general model of N bodies without radiation terms was derived in [2]. In [10] we have applied these
results to 3-body problem introducing radiation terms [5], [7], [8]. So we have obtained a system of 12
equations of motion introducing radiation terms. It turns out that three of equations are consequence of the
rest ones. In this manner we obtain nine equations for nine unknown trajectories.
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The paper consists of four sections and Appendix. In the Introduction we recall the basic results from
[10]. In Section 2 we give an operator formulation of the 3-body periodic problem in suitable function space
and prove some preliminary results. Section 3 contains the basic result — the existence-uniqueness of a
periodic solution of the 3-body equations of motion. Fixed point theorem is applied to the suitable operator
whose fixed point is a periodic solution. We note that we improve and precise some results from [8]. Section
4 is a conclusion where the conditions obtaining in the Main Theorem to the He-atom are applied.

In [10] we have derived the system

1)
d\v’ €1 (Ffzm))‘l(l) " Fr(llg))‘z(l) _i_Fr(ll)rad)\l(l)) 7

m ds; 2
2
- dA$> _ e (F(21)>\(2) —|—F(23))\(2) +F(2)rad)\(2)) (1.1)
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(r = 1,2,3,4) where c is the speed of light, my(k = 1,2,3) — the masses, ex(k = 1,2,3) — the charges of
the particles. Recall that there is a summation in repeating [ in the right-hand sides of (1.1). The elements

9 (1) (n)
of the electromagnetic tensors Fflk ) — ?;ka) — % can be calculated by the retarded Lienard-Wiechert
T, )
(n)
potentials ®{” = — W\W (cf. [14], [18], [2]-[7], [9]), while the radiation terms — as a half a difference

of retarded and advance potentials in accordance with the Dirac assumption:

(3A£Lk)ret 6A7(77'LL)7‘6t 8A$Zk)adv 8A7(7’;L)adv
(%gf)mt o axslk)ret - axg;:)adv o a$£zk)adv ’

ny(]f%rad _ 1

where Govet ot
Alkret ek An (k)adv _ erAn ‘
</\(k)ret7 é‘(k)ret>4 </\(k)adv7 é‘(k)adv>4

In previous papers [3], [4] and [8] is proved that every fourth equation of (1.1) is a consequence of the first
three ones. Recall that by <ﬁ(k), ﬁ(k)> the scalar product in the 3-dimensional Euclidean space is denoted.

=

So under assumption (C) \/<u(k) (t),a®)(t)) < & < c (k = 1,2,3) the equations of motion can be solved
with respect to the unknown accelerations (cf. [10]):
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where ug )(t) are prescribed functions. The above 3-body system of equations of motion consists of neutral
differential equations with deviating arguments. The delays depend on the unknown trajectories. Such type
of equations generate specific difficulties noted in [11], [12] as in the case of two-body problem, overcome by
our operator method.

The system (1.2) can be rewritten briefly as

3 3 (k) (k) 3
il = 3 (6 yn ( 3 Gg’muc:gl)md) =Uf(u), (k=1,2,3 1=1,2,3)

n=1,n#k y=1 ¢ n=1,n#k
where
ereaA eres\ .
GSQ) % ( Q§ (12) _ Blgu( ) + Clgu( )> ) Gg}g) % (A f (13) Blgug’) + Clgu&3)> N

G = 22 () — Byuld) + Coid))) s G = P95 (6 — Bygu) + Cild)); (13)
mgc mQC

Gen = 983 ( A€ — By &+ il )) L g - 802 ( A€ _ Byl + 03211&2))
msc mac?

(o =1,2,3) and
gl = (g™, €™, e el
200 = 2 (¢ = i), 287 (1) = 287 (1 = 710), 287 (8) = 287 (¢ = T T (1))

Since £ are isotropic 4-vectors, i.e. <§ (kn) ¢ (k”)> , = 0, the retarded functions 7y, () satisfy the functional
equations

3
\JZ[ _«Toc (t_Tkn(t) 27(kn) = (12)7 (13)7 (21)7 (23)7 (31)7 (32)

a=1

(1.4)
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For the 3-vectors we recall the denotations from [10]:

g = (el €)1 = (P (0), o (1), u (1)

(= Tin) = (™ (= Tn) 0 (= Thn)y S (8 — i)
G (= i) = (W (8= )y 05V (= )y 05 (= Thn) )

Ak = \/C2 - <ﬁ(k) (t)7 ﬁ(k) (t)>7 Akn = \/02 - <ﬁ(n) (t - Tkn)a ,J(n) (t - Tkn)>;

Er — <g<;m)’ ﬁ<n>> <<§(k‘n)’g(n)> _ Cz%> <g(n)7§‘(N)>

Dien = o <g(kn)’ ﬁ(k)> s Hin = A%, + D <§(kn),ﬁ(")> + AZ ,
A, — Hyy, (2 — (a@®), g(n)>)3 b A7 <ﬁ(k),ﬁ(n)> + ((@®), Gy — 2) gﬁ(n),ﬁ(n)>; .
(i — (€W, ) a2, (r, — (€om )
B — Hy, (C2Tkn - <§(kn)’ a’(k)>) - Dip, (<§_’(k’n)7ﬂ(k)> _ C2Tkn) <g(n);a'(n)>;
(c%—k — <§(kn) ﬁ(n)>> Ain (<£(kn)7a’(n)> _ CQTkn)

Following the Dirac assumption that @) = 7(P)a = 7 we consider T as a small parameter since T =
T0y/1 = B2(t), 10 = re/c ~ 10 * sec( 79 = re/c &~ 107?* sec). In [5] we have derived a new form of the Dirac
radiation terms:

i _ __ uP () 290 a® (t+ 1) — @0 (¢ — 7) s P+ 1) —al @ - 1) 16)
“ mpc? | Ag3 ’ 27 Ay, 27 ' '

2. Operator Formulation of the Periodic Problem in Suitable Function Spaces and Preliminary
Results

The main goal of the present section is to prove the equivalence between the existence-uniqueness of T-
periodic solution of the system (1.2) and the existence of fixed point of a suitable operator acting on specific
function space. The formulation of the Main Lemma 8 by several Lemmas is preceded.

By C%°[0, 00) we denote the set of all infinite differentiable T-periodic functions. Introduce 9 sets of functions:

(m)
MF = {UEP € 020[0,00) : ‘(ug’“)) (t)' < Upw™, t € [pT, (p+ 1)T] and
(m)
SEETul @ar =0, (ul?) " (0) = 05 pom = 0,1,2,... } ,
(m)
where Uy, w, T, p are positive constants and (ug{k)> (0) is the m-th derivative of uP (t) at 0.
We form the Cartesian product My x M3y x My x ME x M3, x M3, x M3y x My, x M3, where

Méfo = {u&k) € Mclf : u&k)(t) = u(ko)(t), t e [—90,0]} ,(k=1,2,3 ; a=1,2,3).

«
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Introduce the family of pseudo-metrics

m,, (k) m (k)
P(p,m) (u&k)’a&k)> = ess Sup{e_“(t—PT)w—m d™uy’(t)  d™ug (1)

dtm dtm

.t e [pT, (p+ 1)T]}, (2.1)

forp =0,1,2,...; m = 0,1,2,... Every sethO can be considered as a space completed with respect to
(k) (k)

P(p,m) (ua , Uey ) So we obtain spaces with generalized derivatives in the sense of Sobolev-Schwartz (cf.

[15], [16]).
It is easy to see that the following inequalities are satisfied for every (p,m) and t € [pT, (p + 1)T:

d™u(t)  d™u(t
e—i(t=pT) ,—m ’ er(L ) _ d:"(L ) ’ < e HE=PT) (=m g M ett=PT) ) = 20 < . (2.2)

Therefore sup {p pm) u,u): m=0,1,2, } < o00. This property plays an essential role in the proof of
the Main Theorem.
2
Assumption (C): If ( ® @y, ul? (1), ul? (t)) € ME x Ml x Mk (k = 1,2, 3) then \/ >3 (ug@ (t)) <
¢<cand UpetT <é < c.

Following A. Sommerfeld [17] we denote by 3(t) \/ Zv 1 ) < B < 1, where 3 =

ool

<1

Assumption (T): We assume that 7x,(0) = pg,T" for some positive integer vk, € N. But ac,(yno) (t),t €

—0p, 0] is T-periodic function that implies 20 —pind’) = — 2M9(0) = £ and consequently
Y Y ~0

3 3
> (A0 =28 o)) = [ 37 (70 = 257 0)) = enin (0)
=1 r=1

Lemma 1. The condition f o+ )T u(t)dt = 0 (p = 0,1,2,3, ...) implies that x(t) = fg u(s)ds =0 is T-
periodic function.

Remark 2. We have, however, already proved in [}] that every equation (1.4) has a umque continuous
solution for every Lipschitz continuous trajectories and Tg, > ren(t)/2c. If (xg ) ,mi())k)( )) (k=

1,2,3) are T-periodic functions, then Ty, (t) are T-periodic functions, too.

We prove some additional properties of 7y, (t).
<§_i(kn) ’,a'(k) > _ <g(kn) 7,a‘(n) >

V(g gkm) _ (gt )

Lemma 3. The derivative of Ty, is Trn(t) = % and satisfies the inequalities Ty, (t) <

s}

1 and

< &

17’k() 1-

eyl

c y=1
1 <5(k”)’ﬁ(k)>7<§<k”),ﬁ(n)>
C\/(f(kn)’g(kn)> _<€(kn)7ﬁ(n)>

| () = 1 (€0, a®) = (€, @) Pria(t) — (€40, ) — (€40, a0) + (€0,
— o (t) = 1— — —

Proof. Differentiating 7y, (t) = 1\/23 {m%k) (t) — CC,(Yn)( Tkn(t)} 2 and solving with respect to 7, (t) we

obtain 7y, (t) = . Using that (1.4) has a unique solution we have

A1 (t) — <E(’m>,ﬁ(n>> AT (t) — <g(kn)»ﬁ(n)>
_ C2Tkn(t)_<g(kn)7ﬁ(k)> 27 n(t) —cTEn () _ —d
= Er ) (@ a2 En O e 55 > 0. Obviously 1 — y(t) > 0 and therefore ——75 <
143
1-5°

Lemma (3) is thus proved. O
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Introduce the operator B as a 9-tuple

B(t) = (B w)®), B w)(), B ()(0), B )(0), BE (u)(8), B (w)(t), B () (), B (u) (1), B (w)®))

where

fsz Ul(s)ds — (t pT _ ) f(pﬂ f(pH pr Ul(s)dsdv, te€ [pT,(p+1)T],
BP (u)(t) := (p=0,1,2,..)

uW$O1), t e [~6,0]

S Us)ds — (S = 3) S50 ()ds — & [5T [ U (s)dsdv, b e [pT, (p+ 1)),
B (u)(t) : = (p=0,1,2,..)

W20 t), t € [60,0]

(2.3)

L Us)ds — (S -3) 15 LT [ U(s)dsdo,  t € [T, (p+ 1)T],

B (u)(t) : = (p=0,1,2,..)

u$O(1), t € [~60,0]

(a=1,2,3), where u,(fo)(t) are prescribed infinite differentiable T-periodic functions defined on the initial
set [—6p, 0], where 0y > 0 is sufficiently large.

uWP(t), t € [0,00)
uet (1), 1€ [~0,0]
the initial set, 6y > 0, 6y = ¢T for some positive integer ¢. In the right-hand-sides U¥(u)(p) we substitute
the functions with retarded arguments by the initial functions translated to the right on the interval [0, c0).

(k)

Remark 4. We suppose that the initial functions are such that the translated on [0,00) function g’ (t)
belongs to MF.

For every ulF )( ) € M, ") We define the extensions ﬂ&k)(t) = { , where [—0p,0] is

Lemma 5. [6] If the translated function ﬂ&k)(t) on the set [0,00) satisfies fp(g;“)T ﬂ&k)(t)dt =0 (p =
0,1,2,...), then Uk(t) is T-periodic function.

Lemma 6. [6] For every u) € MF it follows fp(gﬂ)T f;T Uk(9)dbds = fg:f)g f(p+1)T k©)dods (p =
0,1,2,...).

Lemma 7. [6] The functions B® (t) belong to MF.

Proof. Indeed, I;T Uk(u)(s)ds = f(p+l) UF(u)(s)ds + fg“)T UF(u)(s)ds = f(';Jrl)T UF(u)(s)ds and the
assertion of Lemma 6 implies Lemma, 7. O

Lemma 8. (Main Lemma) The periodic problem (1.2), has a unique solution

(Ugl)a Ug )7 Uz(al)au(12)a U§2)> uz(f)v ugg), Ug : (3)) € Mo = Mg x My x Mg x My x Mo x Miy x Mg x My x Mgy
if and only if the operator

B = (B (@), B (@), B (w)(®), B (w)(®), B () (1), B () (1), B () (1), B (w) (1), B (w) (1))

has a fixed point, belonging to M.
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Proof. Let (ugl), ug ),uél), ug ),uég), ué ), ug ),ug?’), u:(,, )) be a T-periodic solution of

(k) (k) (k0)
dug, dug, dug, ’(t
= _ k), te oo u® ) =0, M=) e 0 e

Then after integration

(p+1)T (p+1)T
UF@t)dt = / UF(t)dt =0

pT

/Uk tydt = 0=ulP((p+1)T) = /

T

(k)

and in view of uy’ (pT) =0 (p=0,1,2,..), the components of the operator B become

BE(p)(1) = /p; U¥(s)ds — ( t_TpT _ ;) /pr)T U (s)ds .

Since UX(.), uk(.) are T-periodic functions, changing the order of integration and taking into account

ulP (pT) = 0 we obtain

ST O Uk(s)dsdd =[SV [(p+ V)T — s|UK(s)ds = (p+ VT [T Uk(s)ds — [ZHT sUE(s)ds

= — p(;H)T sUF(s)ds.

(k)
But d"‘zlis(s) = U¥(s) and therefore

ST Uk (s)ds = [T 0 g _ (BT o (u&m(s))

pT ds pT

=[<p+1>Tu&’“)<<p+1>T> pTuld (o7)| — [5 T ul (5)ds = 0

Consequently f (p+1)T pr Uk(s)dsdf = 0. Therefore the operator B has the form

BFO)(t) = /ptTchc)(s) ds — ( t_TpT - ;) /p;pm s)ds — /pH / (s)ds db.

In other words, the operator B has a fixed point.
Conversely, let

(2,1, 12 182 2 1 1) €

be a fixed point of B, that is, u(k) B&k)(ugl), ...,ugg)), (k=1,2,3; a=1, 2, 3) . Therefore
WP (pT) = B, o uf)(pT)

or

0 =ul@T) = BO W, .. i) (0T) =[5 Uk(s)ds — (L — ) [T UB(s) ds—

p

—ff(”“)Tf Uk (s)dsd b

= L [T Uk (s)ds — & [T [0 Uk(s)ds db.

1 [T 0 . 1 [etDT )

/ / US(s)dsdf = / Us(s)ds. (2.5)
T p p 2 p

T T T

It follows
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We show that fp(gH)T UF(s)ds = 0. Indeed, in view of Inequalities 17) and 18) from the Appendix we
get

‘I(P-I—I)T des‘ < Zw S8 Lt ‘fp”“)T Sykn)ds‘
< Zv 1 Zn 1n#k ‘Sf:g fp(;H)T Ay (Akn&(ykn) - Bknug") + Cknib’(Yn)) ds‘

8| 7(k0) _z(n0) 360]7¢*) _7(n0) NFe) Lol
ée&iﬂl(“%@gx;ﬂ | Hw”@iaa?)u” it H+czf,§;z°5:°"U°) e

So, if 6 = ) f(P+1) Uk(s )ds‘ > 0 for sufficiently large ;1 > w and h € N the inequality might be violated.

Therefore in view of (2.5) the operator

_ (p+1)T (p+1)T 10
BH @M, ... u l/'cﬂ <t pTl—1>(/1 Uk@)ds—-lt/ m/ UF(s)dsdo
« T 2 « T «
pT T pT

becomes BY) (ugl), s ug?’))(t) = ;T Uk(s)ds. Differentiating the last equalities we obtain that the fixed
point of the operator B is a T-periodic solution of (2.4).
Lemma 8 is thus proved. O

3. Existence-Uniqueness of Periodic Solution of the System of Equations of Motion
Here we prove the main result:

Theorem 9. (Main Result) Let Assumptions (C) and (T) be satisfied, the initial trajectories 20 (t) and

velocities u®) (t), t € [—0p; 0] be T-periodic infinitely differentiable functions such that

3
rien(t) = }:@ﬁm@—xWWw)>ﬂ>>0te[emm

v=1
and their translations on [0,00) belong to My, where rl(gl) is the minimal distance between the k-th and n-th
particles. If the following inequalities are satisfied:

gl _ 20l e llat0_Z0l| gl qeulla
3ﬁIELm#mﬁﬂf<H<%3H+ 42@5 Wﬂk@#+ ﬂ%H+2%”M%>

2
€k V341wl 402
+mk02 (1-B2)3/2 P 4—(Tw)2:| < UO

slla ~(k0) ~(n0) 36w —»(kO) —-(nO) s|lz("® 16 —(n0)

2
€L V341 wh 402
+mkcz (1—_32)3/2 b 47(7'w)2:| < wly

then there exists a unique T-periodic solution, (ug ),ugl), - ugg)) € M{y x MJy x ... x Miyof (1.2).

Proof. With accordance of the Main Lemma 8 we have to prove that the operator defined by (2.3) possesses
a unique fixed point which means that the 3-body problem has a unique periodic solution.

First we show that the operator B maps My into itself.

We note that the set My can be considered as a uniform space with saturates family of pseudo-metrics
formed by the following way

9

P(p,m) (U1, U2, ..., ug), (U1, Uz, ..., Ug)) = Zp(nm) (ug,tq) : p=0,1,...; m=0,1,... »,
q=1
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where {p(nm) (u&k),ﬂ&k)) :p=0,1,...; m= 0,1,...} and

(u1, Uz, ..., ug) = (() n @ (2 2 (2 @) 3 @)

ul ,U2 ,U3 ,ul ,UZ ,U3 ,’LLl ,UQ ,U3

).

In view of (2.3)

Up’s e uz) —fo UK(s)ds — (7 — 3) fo Ua(s)ds — Tfo fo UK (s)dsdf
2f0 UE(s) ds——fo fo Uk (s)dsdf = 0.
. . dB((f)(ugl)7 7ué‘”)( 0) k T 11k . .
Since, in general, o = U;50) — 7 [y Us(s)ds # 0, we form for every derivative of B a

m) (k) (m) g(k) , (1) (3)

convolution with the “hat” function % = ne(t) * ¢ Ba (Em’”"u?’ )(t), where 7.(t) € C*°. Then

dm™BP (0,e) _ 0 k dmBP (te) .o k

—gn—— = 0 and the set of such convolutions is dense in M7, that is, lim._,o——g7%——— exists in M

(cf. |14], [15]).

In view of f (p+1)T (# — %) dt = 0 we obtain

SEET B )@, ) de = [FT [ Uks)dsdo - [5OSR~ 4 ) dr [5TT U (s)ds—

[0}

—7 & [WHOT [0 Uk(s)dsdd = 0,

that is, BS (p)(ul?, ..., u{?)(.) € ME,.
The inequalities from Theorem 9 unply (cf.Appendix):

BE@) | < |l Uke)as| + [150" Uks)as |

8|70 _ ~<n0> 36w|7*0 _ ~(n0) 8|z 16w |z
S €'U’(t7pT)3§ [22:17n5£k m]le(liejzg)s ( H ((:z)) H + WH (T'I(gn)) H CJ‘E:”OS’)&))‘L + “;ﬂr,(}ﬂ) H + c2r (O) UhWU>
+m€,§c2 (1352)3 ‘;Z 4_4(0;1)2} < Upett=pT),
For the first derivative we have
BO®| < Uk + |+ [ Uks)ds |
- lexen] || 7(k0) _57(n0) 36wl @0 _z(n0) g||zn®
< et s (L4 ﬁkﬁﬂwmﬁ?w<uauwu+ Hw$2H+J@AL

)
16‘*’! © H + 2, <o> thUO) + < 3__we 4w2)2]

r© mc? \/(1_7)3 ph a—(rw

< wUpet(t—rT)

and so, on. Obviously for sufficiently large p and h and sufficiently small initial dates we have ’B&k) (t)‘ <
wUyert=pT)

Further on, for higher order derivatives we proceed in a similar way.
Consequently, B maps M into itself.

It remains to show that B is a contractive operator in the sense of [1].
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Indeed, the set My turns out into a uniform space. We estimate the difference
B w)(t) = BE@)0)]| < fp |Ukw) - Uk@)| ds + | = §| [5T Uk - Ub(w)|ds+
+4 [T ij U (u) — U (u)| dsdf
< [ | Uk ) — Ub@)| ds+ & [@70T |Uk(u) — Uk (w)| ds
< Y B X5 i |61 () = &) s

3 52 W2 3 t k _(k
+ <Zn:1,n;ﬁk Vin + mics(ffﬂ)m> =1 Jyr ‘ug /(s) — @ )(8)‘ ds+

t n _(n
SR U )0

t .(n .
SR i )

62 . .
+7ﬁig§‘¢%‘ﬁ5§:3:1lzr\uy“@(S)——uw“ﬁoﬂ\ds

(1-8)
tr [Zi:lm;ﬁk Bin S Sip " ‘ 73’“")(8)) ds
(e Vi + i(%/) LT [l s) — )] a
+ Zizlyn?ék Ukn > f(pﬂ ’ (s — Thn) — ﬁ(vn)(s — Tkn)| ds
+ Zizlyn?ék Upn S f(pﬂ ’ (s — Tkn) — ﬁ(vn)(s — Tin) | ds

e2 .
+one 3(1 B3(1-5)7% Zv 1 p+1)T |“7(k)(5) - “v(k)(s)’ ds}

8)
< eu(t_pT)p(p,h) ((’U,g )a g )’ 7u§3)) (ﬂg )717’%1)’ aa:(is))) x

2w Uy 2w 3 e? 20w?2
X < h+2 Zn 1,n#k Ekn + uhtT (anl,n;ﬁk Vien + ﬁ783(1_3)5/2

3wh 3 3wh 3 : ep gwhtl 4
+Mh+1 n=1n#k Ukn + uh n=1,n#k Ulm + me 63(1_5)1/2 +

et (ol ), @l af)) <

e!T—1 [ 20hU; 2wh 3 57 20w?
X T < h+20 Zn 1,n#k *—‘kn + phtT (an,n;ﬁk an + mii 03(175)5/2

3wh 3 3wh 3 ] i 3wh+1 4
+Nh+1 n=1,n#k Ukn + uh n=1,n#k Ukn + uh (1_5—)1/2

< et p o (@6, uf?), @, . . al)) x

rT 1\ [ 20U 2 3 e 20w?
X (1 + 7 ) ( WEEE Zn 1,n#k Ekn + ;:J+1 (anl,n;ek Vien + ”f’vc?’(l—%)wz)

3wh 3 3wh 3 . €p 3wht! 4
7T 2=tk Ukn + 2 n=1,nzk Ukn + 3 W (1-5)"?
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Therefore

1 1 1 2 2 2 3 3 3 (1) (1) 1) p2) p2) p2) 3 B @3
oo (BB B, 5P, 8P, BY B, 5P, BY) , (B, B, B, B B, B, B, B, B <
1 1 3 1) _ _(3
< Kpp.n) ((ug ),ug),...,ué )) (ug ),ug ),...,ug)))

where

_ HT etT 1Y\ [ 205 3 = 2 3 e 20w?

2
+2 Zn 1n¢kUlm+3Zn 1,n#k Ukn + mk3(112;))1/2> <1

for sufficiently large h € Nand p > w.

Since the operator B is continuous and defined on a dense subset of My, then it can be extended on the
whole space in view of the know continuation result (cf. [13]).

Define a map of the index set into itself j(p, m) — (p, m + h).

The inequality (2.2) implies that the space My is j-bounded in the sense given in [1]. Consequently, the
operator B is contractive one and has a unique fixed point. It is a T-periodic solution of the 3-body problem
in view of Lemma 8.

The Theorem 9 is thus proved. O

4. Conclusion: Numerical Example Concerning He-Atom

Let us consider the inequalities implying an existence-uniqueness of periodic solution

8l|la*0 _ ﬂ(nO) 36w |70 _7(n0) g||@n® 16w|@("®
T (= ( e H( 2‘33)‘ e ’”"U°>

5% \/g—i-l wh 402
+mkc2 (1752)3/2 ﬁ47(7w)2} < UO.

3¢
m

Let m1 = 1836 mo = 1836 mg, that is, the first particle is the nucleus of the He-atom, while the second and
third are moving electrons. We have mi = 1836ms, m1 = 1836mg;e; = 2ep, e = —ey, €3 = —eg, where
ep = 1,6.1071C;

_ 31 \elez\ _ leres| _ 2e9? _ (1,6.10719)2 ~11,
mg =mg = 9.107" kg; 1 = 21836mst2m; — 18379.10-31 ~ 1,59.10

lezer| _ 2ef _ 2.(1,6.10°19)2 5,5.1078; lezes| _ — 2.75.1078; leser] _ le2es]l _ 5 5 10-8.

mo mo 9.10—31 mo ms mo
lesea| -8, _ 22 _ —24 ~ —24
:;l—;— 2,75.107% 7 =19/1 — 52 =9,4.107°*.\ /1 — (1/137?) ~9,39.10**.
Since w < = 939, %0 o ~ 0,21.10%* = 2,1.10%% we have to check the angular velocities of the electrons.
Indeed, the I‘adIUb of the He-atom is r2 = ri3 = 3,1.10'Ym, then the velocity is u = 137 rlgw = w=
3.108 ~ 16 _ 2 _ 628 -17 _ 1 _ 16 _ _3.10%
B3 1.10-T ~ 7107 = T =7 = =555 ~ 8,9.10 = f=7=1L110"Hz = A= $ = TTi0m ~

2,73.10~8m. Obviously w = 7.10'6 < 2,1.10%3. )
Let us take 4 = 8.10'¢ > w = 7.10'® = w/u < 1. It remains to calculate 1 — 3 ~ 1 — (1/137) ~ 0,993
and then X

1. 1 _ . _ 16 17 712 - e 3 wh 402
o~ oo = 104 1T = 8.10108,0107 ~ 7,12 = 5742 & 1236, 5. Since Tila b w1y

and
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W “rw can be made sufficiently small, we consider only
—(10) __ —(n0) 16| =(10) _ ﬂ(no)
3123651 () | 55.10-11 8| a0 8671013 H
8 1016 Zn 25 (3,1.10—11)3 + 3.108(3,1.10— 11)2
sas”| 16.7.10' ("
teiopeion? T et | < Uos
—(20) _ ~(n0) 16| 2(20) _ —(n0)
312651 045 55108 8l -2 | 710 [ H+
8.1016 -» n=1,3 < <" (3,1.10—11)3 3.108(371.10—11)2

82| 16.7.10'%]af |
+(3 108)3(3,1.10—11)2 + @I L0 < Up;

#30) _z(n0) 16| 7300 _z(n0)
o101 50,0500 (hE il + 2
slay” | aeraoefap?]
+(3.108)3(3,1.10—11) (3.10%)33,1.10~ 11 < Uo.

To estimate the order of Uy we take into account Uy < ce *T = (3.108/137) e 11222 19.100.8.107* ~

1832. Since ﬁgan <3.10% = 10721.3.10% ~ 0, then
6,3.10° |20 — & + 1072 || + 6,3.10° 7" — 76| + 10721 @ | < v
becomes
6,3.108( #0720 H + |2 - ff’o)H) < Up;
6,3.1011 ( 72 720~ 33’530)“) < Up;

6,3.10!1 ( 730 _ 20 H) < Us.

i,(()lO) _ 3?(()30) H

#30) _ ‘

F10) _ (20)

Consequently for sufficiently small initial data ) ,

f(()QO) — 5830) che in-

equalities are satisfied.
If we substitute a larger radius of excited states, then obviously the inequalities are moreover satisfied.

5. Appendix

5.1. Some Inequalities (A1)

Let 7k, (t) be the distance between the k-th and the n-th particle. Since 74, (t) = rn(t) it is obviously
that
(kn) = (12),(13), (23). We use the inequalities
(k=1,2,3), n # k.
Introduce the denotation

(O
gé’m)‘ < <§(kn),§(’m)> = CTn:Thn > Tkgc(t) > k" > 0 for

0 ’

Hﬁéko) _ g H _ \/ <ﬁ(()k0) _ gm0 70 _ ﬁ(()n0)>‘

f(()ko) B f(()nO)H _ \/ < ﬂ(()k()) ) f(()kO) _ f(()n0)>’
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If rpn(t) > r,(gl) > 0 and Upe*T < < ¢, then the following statements hold good:

1) A1y — (€M, 0™ > Py, — \/Za 1 \/Za ! Ua > 2rp — eTjnt > 22810 (1 - )

©)(1_
S
kn rkn

k0 t t1 2u'® (¢
((10) + pr <f01 dtg( 2>dt2> ds

(k)
= lusy) + [ (f K (f;f% d312‘233“3)dt3) dt2> dty| < ... < Tyent=r1),

—(k0) hor

0] < [l + iy 2| -

2)

I'y =

3) In view of x(no) = "0 (0) = 20 (pT — prnT) = 2 (pT') we obtain

k) — By 2 =) = 250 4 pr ulP (ty)dty — 21 — pt;Tk" ull (t1)dty

= g0 _ 5 (n0) +pr( )+ [l (1) dtQ) dty — [T ( V[l ald) () dtg) di;

—Jr ™" f;% (f i )(ts)dtg) dtyity

t—Tkn t1 - (0

=l —ale) + [puly dty — [ ul dty + [l [ il dtadty — [T [0l dtadt

+f;Tf fTiia (t3)dtzdtadt; — ft T'“"f fTila (t3)dtzdtadty.

Therefore
‘g(kn) < f(()ko) _ :i:(()no)H e,u(t—pT),
where
u(kO) —» —»(nO 9t
_(k0) —»(nO WUy || 4(k0)  —(n0)
70— H+ M o || - |
4) ‘US/”)(S - Tkn)‘ = u(vno) )+ fs TR g 81 ds1‘ < H*(nO)H et(s—pT) *(nO)H NI AP
5) ’L'L,(lk)(t)‘ < inoe“(t pT);?) ug )(t—ﬂm) < M—hone“(t 7).
_ | = (A | Py bene 148, Bwliger =21 2 | Bwny
6) |Dkn| c2Tkn7<£(kn),ﬂ(k)> - EQT:n*ETan - 175 ) |Hkn| < C t Tk nw((iC;iB)z St (01375)]62
2c? (02—1—73“3?’“2" ) _
A < (1-B) 148 C cw—i—(ZC )c w(t—pT) < 2 9w .
7) | km| = 6(1_5)3 1— ( 62)04( ) Tkn er =~ CQ(I—B)ST}“«L?’ + 62(1—B>57’kn2
8) ‘B ‘ < 2¢2 TknC +’Tkn 3(!416 ;’;62% 1+B 2C37_kanOeu(tpr) 2 + 8w < 8
ol = S (1-5)’rin® = 2(1-82)cH(1-8)"mn? = 2(1-8) > (1-8)"mn — 2(1-4)° (rfjj)
16w
2(1-5)"ryy)
4 < 8
9) |Ck;n| >~ (1 B)STkn ( 3)3 0) -
kyrad| 5 iy ) (1)~ B (t=7) ) 2 1| e ()il (t-7)
‘G — mkaZ < \/T\/E’y 1 2T * > + c 1752 27
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<i 3 wh 4w?
— my

¢3y/(1-F2)3 B d=(rw)””
11) ‘ug’“ (t) — u (t)‘ < iy (1, W)t P, ‘a&’“’ (t) — &P (t)’ < o < Gwpi (u, @)er D),

12) ‘u%")(e — Thn) — 80 — Thn) ’ ’fe T ( (61) — ﬂ%”)(el)) dgl)
<[ (o o)l [ (o)
o (6 )i (650 <

S Mh 1p(p,h) (u’(Y )771’(Yn)) ’f;fT e u(r pT)dHl‘ + 1p(p h) (u’(‘/ )711’({1«) ’fe_ﬂm H(O1=pT) d01’ <

= MWh (p,h)(u(w ) aY) ( et~ %‘PT) 1‘ 4 [eme- Loy @:w Thon =P T) >
< hl P(p, h)(ug )’a»(yn))eu(e—p:r) < (e T — Z #(0—pT)) ‘l—e;‘“—kn ) < 3“;—:p(p7h)(ug")’agn))eu(e_pT);
13) ‘u(ﬁ (0 = Thn) — 057 (0 = 7n)| < 3w () (™, 5™ er0=r1),
) [ ] < g7 (U S e
(thrl )
—\ (=) el (1-5)° )2 TR

n gl 16w||z("® T
‘ Ea B’“"ug‘)ds‘ = ( (1 Hg) (Um) + (1“6)5 (L)) ==L

) Since ‘f f(s ds‘ < s)| dg(s )‘ < max|f(s)||g(b) — g(a)| we obtain
p+1)T 75 (p+1)T (PThnterind) 5 (2) 8 (p+1)T ; (n)
’fp Chn ) 1-8 pr (CQTkn—CTkné)2dua (8) (1 /3)3 @ pr dua (S)
= % ug” (0 + DT = 7 ((p+ T)) = w6 (0T = 70 (pT)
2(1+5)°

= W U& ™ (pT - Tlm(pT)) - u&n) (pT - Tkn(pT))‘ =0;

‘ p+1)T G(k mddt‘

(]z,y_l T 0 O ()i O (s)ds| + | [ 27 0 ®) ()i @ (s)ds

)

mkc2 (c2 C2 3/2

< e s (|Tam i )+ [ 7 O )] ) = 0

‘f(erl G(akn)dsl _ |61;§:l2Ak f(erl ( 0 nu&)—i-C/mu(n)) ds‘

< lexeal (8)\“““‘” A0 el sfa] ) se]d] ) o1

T L) 1By o)y 63(1,5)5( “”)2 S )
19) G4 < lesteln (4 [€87] 4 Byl [u] + 1Cinl [

s (] ] A e ) e

T ((1 —B)’(ri)? * (1-6)" kD2 e3(1-8)° (r)) * 3(1-8) .  2(1-5)

20) |u(t) —u(t)] <w f;To Me—u(s—pT)eﬂ(s—pT)ds < WP(p,1)(U, ) eu(t;pT)

= Pp,0) (U ) < 2 pep 1) (u, 1)
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3 3 k 3 k)rad
) (UK S Tt et | 647 + 0 |64
~(k0) _.(nO) S(k0)  4(n0) ~(n0) ~(n0)
B e Wt DN e I
st e \ (g oA e sy (0) T Sea
8  w u(t—pT) | 3.k 3 wh _4w® _ p(t—pT)
+ 2(1-6)°rY hWU())e + 3 S /(1—p2)s W A (rw)2© '

) 6t — &6 = |2 (t) = 58 (8) — 28 (¢ = i) + 2 (8 — Tin)
= iy () 00) =l (1)) dta = [ (ul (1) = 0l (1)) ity

‘pr ( (t2) — al )(752)) dthtl‘ + ‘ t Thn f;% (ll((xn)(tz) — ﬁg{n)(tg)) dthtl‘ <.

IN

A

< S UperPT) 4 ‘ S [ (ug")(tQ)—ag")(tQ)) dtgdtl‘ n ‘ [ pr< M (1) — al (¢ )) dtgdtl‘

< ut;zj-o—l eru(t_pT)p(p,h) (u((xk)u agﬂ)) + %Uge“(t_pT) ‘e—unm _ e—p,(t—pT) | o) (u(()én)7 a((xn))

+Hofi7:1 ,LL(t pT)UOp(ph)(u(a 7ua )|]_ e l”—kn|

< ety fil (P(p,h) W al) + 20(p,h) (us” ) + Pp,h )(“& g ))>

w (@0, ), @ a0, i) )

5.2. Upper Bounds for the Operator Functions (A2)

To show that the operator B maps M into itself, we need the following inequalities

BO@, a0 = | U ()as — (- 3)

< Upett=pT) (0 =1,2,3;k=1,2,3).

nr nT o
ST Uk (s)ds — & [T [0 UR(s)dsdo

In view of fppH)T feT Uk(s)dsdf = %fp(;iﬂ)T Uk(s)ds and ’# - %‘ <1, tepT, (p+1)T] we have
(p+1)T 1 (p+1)T 0
‘ BO @Y, ulP ) ‘ < / UF(s)ds + — / / U¥(s)dsdf)| =
pT T Jyr pT

t
/ U(ﬂj(s)ds‘ -
pT
t . t L (p+1)T .
/Ua(s)ds /Ua(s)ds —i—/ Uj(s)ds
pT pT P

1 )T 1 [T
E / Uk (s)ds + - / Uk (s)dst
2 Jur 2 Jur T

For ‘ f;gfrl)T Uk(s)ds ‘ we have an estimate from Lemma 8. Therefore we need to estimate ‘ fptT U, g(s)ds‘.
In view of

t
/ ’ G(k)rad ds
pT “

T 2

‘t—pT 1

_l’_

_ 5% /t 3w At B 3 wh  4w?  ert=rT)
= —_— S —_— — —_— ,
(1 _ 62)3/2 uh 4 — (T(.L))2 = my 62(1 _ ﬂ2)3/2 Hh 4 — (’TW)2 L

mypc? Jor



V. G. Angelov, Results in Nonlinear Anal. 3 (2020), 137-159 152

(v =1,2,3) we obtain

‘fptT Uk(s)ds| <3 ory Yomeingh ‘ f;T ngn)dSI +30 ‘f;T G&k)mdds‘
(t—pT) lexenl 8|l —alr® 360|750 _ ~<n0) gl|#n0 16wllam®
o[yt (BT el g A e
+c (0) Mh OJU()) - Ska2 (1- /332) WT (Tw) :| ’fpp+1)T Uk )ds
T |5 jevenl (B30 seella?—af ] | sl | ee]a]
< 3'3”“ 1 [an,nik mke(lie_B)S ( r}(c(;))s + C(T;(C(:L))Q + = (7»;33)2 c37“](£3
+cz>223%w0> + m55c2 (1—632)3/2 ﬁf(i)?} ;
‘Bék)(u)(t) ‘ < ‘f;T UC]:(S)dS‘ + ‘fp(;ﬂ)T Uk(s)ds ‘
(t—pT) lexen] g7k _ ~(n0) 36w |7+ _7(70) sllz70 Lewllzn®
< 3% 3 —n ?;6_5)5 [ (r,gfjj)s | Hc((Jr,Sjj)z’O | CJH(TE(Q)L Jrga) |

myc? (1-82)3/2 ph 4—(7w)?

N BTCOMITE 3600 _=n0) gm0 L6l
R T (= [( ] e ”U”(@%)Hﬁ .

h 52 h 2
+sz(0) ;)%LWU()) 4k, VL dw ] +
kn

5% 3 Wl 4w?
+— 2y (0) 'LL;LLL}UO> kaQ (1732)3/2 “7h47(7_w)2

Zeoss it (L 2 27 A

< pnlt—pT)get”
<e 3 m n=1,n#k my(1-3 +© )) (T/E:(’Jn)) 03(75&))2

_(n0)
me 570 H + - <o) p,hwU) 5 e

mgc? (1-B2)3/2 ph 4—(7w)?

5.3.  Estimates of the Derivatives (A3)
The derivative is Bék)(ugl), ...,u:(f))(t) = Uk(t) — % p(gH)T Uép)(s)ds where k =1,2,3; a=1,2,3; p=
0,1,2,....

We need the inequalities 18) and 9) from (A1) to obtain that
BO®| < ko] +[F (57 vks)as |

(kn
<Za IZn lnyﬁk‘G )

n Za X ‘G(k yrad

+ ’ pH) Uk(s)ds ‘

_ 3 lexen] 8H _(k0) -»(nO) H 36w H ~(k0) —»("0) H 8Hﬂ(n0) H lﬁwHﬂ'(no) H
< 3em(t—pT) [an n mk?;iéf ( (on)) + (Ti(c?«?) + y (TOI(C(:L))Q + 637,1(?(;)
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8 wh 5 3 Wb 4w?
=G uh“UO> o Ay i w? |

- . @tk — () 360]@+0) _7(n0) NP 16w/l
HS [Zil’”ﬂ“ (e ( . EE L Hc(rfﬁf)Q | ce’H@E?)HQ c!r,@ H

6% 3 wh 402
o @ 2 <o> thU()) + mcz\/(l_gz)sm4—(rw)2]

< enlt=pT)3 (1 + e‘”—l) X

I P I N
X [Ziln mk?’;e_g)5 ( ‘ (l(cn))d =+ (I(WL))Q ) + CJ(::(::Z)Q + 3T}(€0) ‘ + 027'?,(;21) %WUO

e 3 wh 4w?
mi 2\ [(1-52)3 1 4= (rw)?

S eu(t_pT)wUO .

As far as is concerned the higher order derivatives we can always prove an inequality of the type

v (k) v

d%%u(t) < w’Uyett=PT) because of ‘ = ‘ < 2“’ “UpetT < 2cw? : and then the multiplier #
n Iz
. dVB((lk>() . whtv . vwh . . v
in =5~ we can present in the form = W Then the v-th derivative becomes smaller than w'Uy
for large h>0.
5.4. Lipschitz Estimates (A4)
8- <

WZ’ i (1)|;

) 0Dy, _ u’(yn)(C2Tkn_<g(kn)’ﬁ(k)>)_u’(yk)(CZTkn_<g(kn)’ﬁ*(n)>) 4 .
08, k) (2rin— (EFm) @0} = (1B %rin
Dy, _ CQTkn*<€(kn)7ﬁ(")> _ ¢ (kn)
8u7(’?) - (C2Tkn_<g(kn)’ﬁ(k)>)2( &y )
c2ﬂm+c7'kné .
= O (o —ern ) (1)
ODyp —&, (k) CTkn = 1.
8uw(n) C2Tkn—<g(k")7ﬁ(k)> - c27—kn_CTknE 0(17:8)’
_ 2 _[&lkn) =(n) CQTkn_<§(kn)71:’:(n)>
|Dkn _ Dkn‘ Arpn— (£ @)

CQTk”7<5<kn)’ﬁ(k)> - ATpn— gj(kn)ﬁ%)

< S0 || 16 ) — &0+ 23 | 2285 oy (1) — 5, P (1) +
+ Z»gyzl gfj% ‘uv (t = Thkn) — u’y( )(t - Tkzn)‘

= dl—ﬁgﬁ Zi:l &) — &, (] + 0(135)2 Zizl luy P (t) — ay B ()| +

c(1 B) 27—1 ‘“w (t — Thn) — uv( )(t - Tkn)‘ ;
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7 3 OHyn k =(k 3 OHy,, k _(k
|Hin — Hi| <32, ‘Wﬁm) gl _ gl 53 2, ‘ug @ty —aP )| +
F X0 || [0t = i) = = )|+
+Zi:1 aauH]fﬁ) ‘ = Tkn) = agn) (t — Thn)

CWT] k
>\+6 i 0 [0 2P|+

|

= 80 w3 Z’y 1 ‘g (1_@)3 y=1
2 T
+’ii:“g§; S |l = mi) = @t = )| +
8 53l (¢ = ) — A5 (= )|
_ 2_ () 7m)) (= (@® 7)) 2 (70 7))
Apn — Ay < |H (-(a®.a - - Hp, — H,
[An = An| < | Hie (min—(E06m a))” (2, —(€lbm) 7))’ + Hion = Hin| (C2Tk —(gm 7))

< 2 2 3w 1ip 2 2 14wUger(t—pT) 3 (kn) _ ¢ (kn)
<C e " + (1=8)* (1) rpnt + A1=B) rn?  (1-8)° szl |§7 & ’+

2 GTkanoe“(t*pT) 3 (k) _ = (k)
A(1-B) "  (1-8)° >ZW=1‘UW (&) =, (1) +

_l’_

2 1 3w 2Ty, 1
+ (e : S LI
05(17ﬁ)37'kn3 (1-p)? 05(17,8)37;6”3
3w T QT;meoef‘(t*pT) %
(1-8)3

2 T 8
+ <C 65(1_5)47—]6713 + (1_’3)2 ( B) Thn

+ 2¢ ? —|— 2
A(1-B) rkn? A (1-8) Tin

) 16w2 g(kn) E(kn) 12w 2371 (k) _E/k)(t)
X Z -1 ‘u7 t— Tkn) — ’LL,Y( )(t - Tkn)’ + Z1m L(l_ﬁ)ﬁ + 0377) 2(1_5)6 ’

i (t=ren)| 12505 [l (t=mien) a0 (=)
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