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Abstract

This research investigates F -contractions in 2-metric spaces and proves multiple fixed point theo-
rems related to these contractions. The study sheds light on the existence and uniqueness of fixed
points. The findings enhance the overall comprehension of fixed point theory and its applications,
providing useful resources for further exploration in mathematical analysis and associated areas.
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1. Introduction

Fixed point theory offers powerful tools for solving equations and understanding the behavior of vari-
ous mathematical systems. The application of fixed point theory is extensively recognized as a crucial
method for solving multiple problems in nonlinear and applied mathematical analysis.

In 1922 [1], Banach first investigate a fixed point theorem in metric space and it is well known
as Banach Fixed Point Theorem. It provides fundamental tools for understanding when and how
functions have fixed points. It finds broad application in fields such as mathematics, economics, and
engineering. After that many researchers of this field have generalized that theorem in various ways
[28, 29]. After Banach, Kannan [27] generarized that theorem. After Kannan, Chaterjea [25] gener-
alized that fixed point theorem. In 1973, Hardy and Rogers [26] have also generalized the fixed point
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theorem of Reich. Since then, numerous researchers have utilized various types of metric spaces to
derive new fixed-point results [21, 22, 31-33].

Gahler [3] introduced the idea of a 2-metric space, which generalizes the concept of a metric space.
In a 2-metric space, the 2-metric function measures the area of a triangle, whereas the standard
metric function evaluates the length of a line segment. Notably, a 2-metric space differs topologically
from a metric space. Several researchers have demonstrated the fixed point theorem within the con-
text of 2-metric spaces [4-7, 10, 24].

Definition 1.1: A 2-m.s is defined by a set Q and a function {: QxQxQ — R that adheres to the fol-
lowing conditions for any ¢@,m.,bh, u € Q:

* G(p,p,u)=0,
* Non-negativity: {(@,7,u) #0 if ¢,7,u are distinct,
Symmetry: (o,7,p) = (7, p,0) = (@, p,7) = ...,
* Rectangular Inequality: (¢, 7, u) < {(@,7,b) + C(@,h, 1) + S (b, 1)

2. Main Results

The F - contraction idea was first presented by Wardowski [8], and it generalizes the Banach fixed
point theorem. Additionally, Wardowski and Dung [9] further extended this notion to an F -weak
contraction, leading to fixed point results. In 2020, Dinanath Barman [2] demonstrated common fixed
point theorems on a complete 2-metric space by using the T-Hardy Rogers Type Contraction condition
and F-Contraction.

Konrawut Khammahawong [12] established fixed point theorems and provided instances for a
generalized Roger Hardy-type F -contraction in metric-like spaces in 2017. Additionally, applica-
tions involving second-order differential equations and fractional differential equations have been
demonstrated.

In 2016 [13], Hossein Piri established fixed point theorems concerning generalized F-Suzuki-
contraction mappings within the entirety of b-metric spaces. Building on this topic, Ovidiu Popescu
further advanced the subject by presenting two fixed-point theorems related to F -contractions within
complete metric spaces [11]. In 2014, Minak et al. [34] obtained result for generalized F -contractions
including Ciric type generalized F -contraction and almost F'-contraction on complete metric space.

Furthermore, several writers [14—20, 30] used F -contraction mapping in different metric spaces as
an example of the fixed point theorem in their respective works.

Definition 2.1: [2] Consider a 2-m.s denoted by (©2,{) and let T be a self-mapping within this m.s. We
define T to be an F -contraction if there exists a constant t >0 such that for all ¢,m,u e Q:

CTo,Im,u)>0=1+ F((Tp,I'm,w)) < FE(p,m, u) 1)
where F' satisfies the following properties:

F is increasing strictly;
* limyoe@, =0 iff lim,..F(a,) = —o for each sequence {a,} c R";

for 0 <k <1,limg_ 2" F(a)=0.

Theorem 2.2: Consider (QQ,§) be a complete 2-m.s and let T : Q — Q as an F -contraction. Suppose
there exists a positive constant T >0 such that

T, I, u)>0=1+ F((To,I'r,u) < FEC (@, 7, 1))
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where,

L(¢(p,m, n)) = max {g(go,n,u),§(<p,1"<p,u),§(7r,l“7r,y), clo.lm,p) + C(”’rfp,ﬂ)}

2

for all ¢, 7, u e Q.
Then T possesses a unique fixed point ¢ € Q and the sequence {p,}(={I""p}) converges to @ for
each p € Q.

Proof. If there exists an n>1 such that

¢(p,.T'p,,u)=0

Thus, ¢, represents a fixed point of I'. So, we can assume
¢To,.Lo,,w)=C(p,.Le,,u)>0 foralln=1
To begin, we aim to prove that,

llmn—mog (‘Pn ’F(Pn ) ,u) =0

t+ FC(To, T, 1) < F(SC (@, 100 1) @

where

C(@p1:Pns )6 (@0, 4, T 0, 1, 10,8 (0,,To,, 1),
LG @y 15Pps 1)) =Maxy & (g, T, 1) +¢(0,, T, 1. 10)
2
= max{g ((pn—l ’(pn ’ :u)7 g((pn ’F(pn ’ ‘U)}

If £ (o, 1,0,.1)=¢(p,,T,, 1), then the inequality (2) implies that
1+ F(Te,,,le,,1) < F(C(e,.Tp,, 1)
FCTo, .o, m)<F((p,,To,,w)-t.

However, this contradict 7 > 0. Therefore, we have

P10, 1) = C(P 150, 1)
and the inequality (2) yields

F(C(Fﬁon,prfpn,li)) < F(g(qonq’(pn’.ll)) -7
continuing this process, we get
F(ETo,,,To,,m) <F((p,1,0,,1) -7

SFE(@, 9:0,1,1) =27 ...
< F(C(@,0,, 1)) —nrt.

Thus,
limnawF(é(r‘anarfpn,ﬂ)) =
This, along with F ¢ F and Lemma 3.2 in [23], gives

lim& (@, T'p,, 1) =0 3)

n—oo
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We'll prove that the sequence {p, } satisfies the Cauchy sequence. If this is not the case, then 3 £ >0
and the sequence {a(n)} and {B(n)} of N such that for all a(n) > (n)>n,

C((Pa(n) 7(Pﬁ(n) ’ :u) 2 87 g(ﬁDa(n)_l,(P/;(n) ’ ,Ll) < & fO’" all n 2 ]-
€= C(%(n),%(n),u)

S CPun) Ppn) Pany1) T EPuinys Parny1s ) + 6 (@ ny15Pp(nys 1) @
= SOy ny1>Pu(ny1 M) + €
Now, combining this with equation (4), we have
}}_I)l;g((pa(n) s Ppiny M) = € (5)
However, according to equation (4), there exists n, (n <n, )such that
E@uy Tuiro 1) < 7 a0 @0y Ty 1) < ©)
Next, to prove that,
C (@ (nys Ppnys M) = C((Pa(nm,%(n)n ;1) >0 @)
for all n > n,. If not, there exists m(>n,) so that
E(Pumys1>Ppmyas ) =0 ®

Equation (4), (5), and (8) imply that

S g((Pa(mp(D/;(m),.u)

S C(‘pa(n) 7‘Pﬁ(n) ’(pa(m)+1) + g((pa(n)7(pa(m)+l ’ u) + C((pa(m)+17(pﬁ(m) ’ ‘Lt)

€ & &
<—4 —=—

4 4 2
However, this leads to a contradiction, confirming the validity of inequality (7). Consequently,

based on (7) and the theorem’s assumption, it can be deduced that for all n > n,,

T+ F(C(F(pa(n) 7F(pﬁ(n)uu)) < F(E((pa(n) 7‘pﬁ(n) ) ‘u)) (9)

where

g((pa(n) 7(pﬁ(n) ’ .u)7é,((pa(n) 7F(Pa(n) ’ /J)y C((Pﬁ(n) 7F(pﬁ(n) ’ ,u)7

£:((poc(n)’q)ﬁ(n)"u) = max C(‘Pa(n),r(Pﬁ(n),.U) + C((Pﬁ(n)’rfa(n),ﬂ)
2

é/((Pa(n) ar(Pa(n) ) ,u),é/(r(Pﬁ(n) ,r(Da(n) s 1), g((Pﬂ(n) ,r(Dﬁ(n) s 1),

= MAX C (D) T Py 1)+ E Py s TPy » 1)
2

(10)

Substituting (10) into (9) and letting n — o, we have

T+ llmF(g (r(pa(n) 7F(pﬁ(n) ’ :u)) < llmF(C (F(pa(n) 7F(P/3(n) ’ ,Ll))

n—oo n

This is a contraction. Hence the sequence {¢, } is a Cauchy sequence.
The completeness of Q ensure that there exist ¢~ € Q such that {p_ } converges to ¢ .
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We demonstrate that ¢ is the fixed point of . If not, we can assume that
4 ((p*,l"q)*, 1) >0. By applying the hypothesis of the theorem, we acquire
t+F((To,.To 1) < F(e,.0 ,1) (11)

where

(@0 1,6 (0, Tp,, 1), 8 (@ T, 1),

2((/)”7(/) ”u):max 4/((Pn7r¢*,ﬂ)+g(¢*’r(pnhu)
2

Letting n — o, then 2((pn,(p*,u) — (¢ ,Te", u). Hence, from (11),

1+ F((p . To ,W)<F((p ,To ,uw)

This represents a contraction for  >0. Thus ¢ is a fixed point of T.
Next, we aim to demonstrate the uniqueness of the fixed point of T'.
Let ¢, ,p, are fixed points of T'. Suppose @, # @, then Tp; #p,.

T+ F(C(Tp, Ty, 1) < F((o, 05, 1)

C(@;,0,,1),C (0, Ty, 1),C (05, Ty, 11),

@00z 1) =Maxy (o T 1)+ (pn, Ty, 11)
2

(12)

Letting n — o,

then £ (¢ ,05, 1) = $ (97,05, 11).
Hence from equation (12),

T+ FC (0,05, m) < FC (@] 92, 1))
This leads to a contradiction, thus establishing the uniqueness of the fixed point.
Example 2.3: Let Q=[0,1) and {: QxQxQ —[0,1) be given {(p,x,u)=min{|lo—-n|,lr—ul,lu—@l}
then (Q,{) is a 2-m.s. Let T defined by T'p = % for all ¢ € Q. Then for all ¢,n,ue[0,1) where

o<rm<ul(er,u)=min{lo-nllr-ullp-@l}=lo-nl.
Then

lo-—nl<lzr—pland -7 <l u-o|
implies, o -7 K|z —2u|and o -7 |<| u—2¢ | since p <z <u<2u

1 1 1 1
—|lp-—nlk=|n-2uland —|p—-7I<=|u—2¢]|
2 @ 2 u 2 @ 2 H—20

Now,
_ Qo e V4 ol _ . |1 1 1
F 7Fﬂ7 - ) —minsl———l|=> ) ——| = min _l _ﬂly_lﬂ-_2 |7_| _2 |
¢(Te u)C(zzu] {222u‘u2‘} {2</> 2 ploglu w}
Therefore,
1 1
F(C(F(P,r”,ﬂ)):F(EHD—ﬂ|j:§|(0—ﬂ|
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Then there exists 7 = % |@ — 7 |>0 such that

T+ F(CTo,In,u)<Flo—n|=F((p,m,u).

Theorem 2.4: Let T be a self-mapping of a 2-m.s (Q,{) and F :R" — R be an increasing function. If
there exists a value T >0 such that for all ¢,n,u € Q, the following condition is satisfied:

CTo,Ir,u)20=1+ F(C(To,I'm,u)) < F(Jop,m,u1))

where

I, 7, 1) = p, {C(cp,ﬂ,u) +C(o,To,u) + (U, u) + %[C(q),ﬁf,u) + C(ﬂ,F(p,u)]}

+p,[C (@, T, )+ C(w, T, )] + ps[S (@, T, ) + C(m, T, p)]

then p;, p,, p; be non-negative real numbers satisfying 2p, + p, + p; <1 and p;, p,, p; 0. Under these

conditions, I' has an unique fixed point of ¢~ € Q, and for any ¢ € Q, the sequence {T"p}, . converges
to (p*.

Proof. Assume ¢, € Q and consider {¢, },_y € Q by
o, =Tp,,0, =T, =T?¢,,....0, =T, , =T"q, forallne N. (13)

If there is an element ¢ € N U0 such that {(p,,I'g,,u =0) then ¢, is a fixed point of I".
Let’s assume that

0<8(9,.T9,., )=, ,y, ) forallneN. (14)

Let IT, = £(0,, 0,15 1)
t+ F(I,) =1+ F((@,,0,.,,1) =1+ F(E(To, ,,Te,,n) < F(3(,r, 1)
where
3P, 1,0 ) = P [C(@, 1,0, 1) + G (@, 1, T 0, 1, 1) + (0, T, , 1)
#0170, + 0, T, 1, 0]

+p,[¢ (0, 1, T, 1, 1)+ (0,,Te,, 1)l
+p5[¢ (0, 1, T, 1) +C(p,, T, 1, 1)l
=P [C (01,0, 1) +C (@ 1,0, 1) +C(@,,0,,15 1)

+§[c<<pn_l,<on+1 T+ PolC @10 ) + £ (@100 )]
+0; [€ (¢n—1 yPri1s W)

5 3
={§@1+@2+@3}Hn_1+[§@1+@2+93}ﬂn
5 3
T+ F(I1,)<F §gl+g2+93 I, + §g1+gz+93 IT, (15)

5 3
F(I1,) SFHg& + 0, +Q3i|Hn_1 +{§Q1 + 0, +Q3}Hn}—r
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3 5
{1__91 ) _QSi|Hn 3{591 +0 +Q3}Hn1

2
5
591+Q—2+03
I, < I,
1-20 —0. —
g "0 "0
I, <11,

Thus, the sequence {I1,},_y 1is strictly decreasing, which means that lim,_,.[1, =II exists.
Assume I1>0.
Since F' is increasing

lim I'(p) = F(I1+0)

f-I0, +
In inequality (15), taking the limit n tends to oo,
FAII+0)<F(I1+0)-1
which is a contradiction. Therefore, it must be that

limII, =0 (16)

n—>+0

To establish the sequence {¢,},. 1s a Cauchy sequence, Consider the sequences {a(n)},. and
{B(n)}, .y Where a(n)> B(n)>n for every neN, and let £ >0.

C((Pa(n)a(/)ﬁ(n)nu) €, é/(ﬁoa(n),pfpﬁ(n)aﬂ) <e¢ forallneN. 17
By rectangular inequality
€= C(‘Pa(n) 7‘Pﬁ(n)7.u) = C((Pa(n) »Ppn) ,(Pa(n)_l) + C((Pa(n)y(/’a(n)_p.u) + C((Pa(n)_l ' Ppnys W)= C(F(Pa(n)_l yPo(ny-12 M) +e
Relation (16) and the preceding inequality imply that
limC((Pa(n),(Pﬁ(n>,,Ll) =& (18)
n—»o0
since C((pa(n),(pﬂ(n)) > ¢ >0, by property of F' we get

T+ FC((Pa(n) yPp(n)> H) =T+ FC(T(Pa(n)_l 7r(pﬁ(n)_17 1)
< F(j((Pa(n)_l yPp(n)-17 )

j((Pa(n),pfpﬁ(n)q , 1)
= P1LE Painy1:Ppimy 10 M) + € (Pony 10T Pany15 1) + 6 (@) 15T Oy 15 1)

1
+ 5 [€ (‘Pa(n)_l 7r€0[;(n)_1 S 1)+ é((pﬂ(n)_l ,F(Pa(n)_l s )]]

+P, [g((Pa(n)_l ,F(Pa(n)_1 , .u) + C((Dﬁ(n)—l ’F(Pﬁ(n)_l , ,U)]
+p3[¢ (‘Pa(n)_1 9F(/)[3(n)_1 , 1) + é/((Pﬁ(n)_l ,F¢a(n)_1 )
=P/ [2Ha(n)71 + C(goa(n) ,goﬁ(n),,u) + C(@a(n) a@p(n)qaq)p(n))

1
HC (Pa(ny1>Ppimy1>Paim) + 2 gny 1 + 2 [Ty 1 + Mgy
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+28 Py Py M) + € Py Py Ppny) € @y Py » Py )]
+Pq [Ha(n)& + Hp(n)fl] + Py [Ha(n)q + 24((/7(1(,1) yPpny» 1)
g1+ C @iy 1 Painy Pon) + € Painyr Paimy1>Ppimy)]

5
T+ F(C(‘/’a(n)"pﬁ(n)?u)) < F[[E prt Pyt pSJHa(n)—l
5
+ 9 P + P+ Py My +@py+205)0 (00 Py 1)

3
+[§ P+ p3j§(¢a(n) s Pveta(n)-1 ,(Pﬁ(n)) +(py + P3)E ((Pa(n) 7(Pa(n)_1,§0p(n)) + P1§(fa(n),(Pa(n)_1,¢ﬁ(n)_1):|

Limit as n — o,
T+ F(e+0)<F(¢+0)

This is a contradiction. Hence the sequence {g, },. 1s a Cauchy sequence.Since (,¢) is a complete
m.s then the sequence {p,} for n € N converges to a certain limit <p* within Q. If H{a(n)},_ of natural
number such that

Pomyr =T Ouny = e then 1imp Py ()1 = @ . ThusTp =¢". Assume that ¢ #¢ , we obtained

t+F(To,To 1) <F((e,,0 1)
where
3@ 1) = P80, 0 1) + & (0, T, )+ (9 T, 1)
%[C(%,F(p*,u) +C(@" T, 1) |+ pl¢ (0,70, 1)+ ¢ (97, T, )]

+05[8 (0, T , 1)+ S (9, T, )]

1+ F( (T, . To ,u)< Flp S @@ 1)+ (@,1.00, 1) +¢ (@ T, 1)
+%|:C(§Dn7r(p*a.u) + g((P*,§0n+1,ﬂ):|:|
[
[

+05[C (0,01, ) +C (@, T, )]
+p5[C (0, Lo , 1)+ L (@ 0,1, )]l
taking n — o we get
@ To u) <p e, To ,u)+p,l@ ,To ,u

<(p, +p)S (@ T, 1)
<C(@ T )

which is contraction and therefore, " =T . Let ¢ and 7~ be two distinct fixed points of I' in Q. Then
C(F(p*,l"n*,u) = §(¢*,ﬂ*,ﬂ) > O, we have

t+F(p )=t +F( T . Tn ,u)<FO(p ,n", 1)
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where,
3", n W) =plSle ,m )+ 89 T, ) +¢(n",Tn", 1)
+%[C(¢*,Fﬂ*,u) + C(ﬂ*,Fco*,y)ﬂ +plC(f T )+ (" T W]

+p3[¢ (@ . T, ) +¢(x T ,w)]
= py26 (0", 7" ]+ py[26 (@77, )]
o', m 1) =(2p, +2p,)C (@, 1)t + F(C (9 ,m, 1)
<SF(2p, +2p)S (@ ,m ) <& (@ 7, 1)

Indeed, this leads to a contradiction, thus proving that the fixed point is unique.

3. Applications

Fixed point theory is a notable approach for addressing integral equations. It is frequently utilized
in complex-valued b-metric spaces to identify unique common solutions for systems of integral equa-
tions. Throughout the paper, we denote the following:

We write Q as a 2-m.s.
© :is defined as the set of functions 3 where each 9:R, — R, is Lebesgue integrable , summable
on each a compact subset of R, , satisfying the following conditions:

1. J:Q(j)8j >0 for each ¢ and
2. [a(ii< [ 9(hai+ [ 90
" Jo “Jo 0
Theorem 3.1: Let (QQ,{) be a complete 2-m.s and T : Q — Q be a self mappings satisfying the relation

H+FETomu) . EF((pm,p)) . .
| 9(aj<| 9(j)dj

0

where 9 € ® and

Lo, p) = max{é((m,u>,c(<p,reo,u>,c<n,rn, w,* ("”F”’ﬂ);C (”’Ww)}

for all ¢, 7,u € Q, then I' have unique fixed point in Q.

Proof. Let ¢, be a sequence in Q such that ¢, , =T¢, for ne NUO where @, €Q is an initial
approximation.

Ifp,, =0, =>Te, =¢, then ¢, is a fixed point of I' and this complete the proof.

Assume ¢, # @, , First to prove {(¢,.,,¢,,1)=0

F(L(C (0, 0,140

3(j)0j = (j)0J < 9()0J

J~r+F(§(¢n+l P o14) +F (T, Lo, 1,1))
0 0 0

where

£ (9,0, 1, 1) = maxi{C(@,,¢, 1), (@,,I'p,,1),5(@, 1, T, 1, 1),

¢(p,,Tp, 1,u1)+ C((pn,l,F(pn,u)}
2

= max {§(¢n,(0n_17 #)’g((pn’g0n+l ’ ‘u)}
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If £C(@,,0, 1, 1)) = (@, P17 1)

J'HF(QT((P,L P11

o - F(C(0, 0, 10 ...
(v [, ()

T+ F(C(0,,0,,1, 1) < F(C(0,,0,,1, 1)

F(g((Pn7(pn+1uu)) < F(§(¢n,(Pn+1,M)) -7
C (@0 @ni1> 1) S C(@, 015 1)) — T

which 1s contradiction, since 7 > 0.
Therefore £({(@,,0, 1, 1) =E(@,,0, 1, 1)

F(o,,0,1,1)<F((p,,0,,1)
C(@nPparr 1) <C(0,,0, 1, 1)

Therefore, {(¢,,9,.;) 1s a monotonically decreasing sequence of real numbers that is bounded
below, and consequently, it converges. since,

T+ F(C(0,,0,,1,1) =1 +( (T, T, 1,1) <F(EL(9,,0,1,1))

we have,

F(G(o, 0 1) e F(G o, 0, 1 o0)-T .
[ (i< | U 8()0;

< J‘F(é(tﬂn_l Py _g:H)=27

: 8()0j

< ‘[F(g(¢17¢0’u))7nrg(j)6j
F((9,,0,.1,1) < F((p,0,, 1)) —nt

Taking limit as n — o« we obtain from the above that

Hmn—)ooF(é/(an’(pnﬂ’”)) =—0= limn—wog ((Pn yPri1s ,u) =0.
since (Q,4) be complete 2-m.s. we have n,m e N,n >m.

F((@y @pot) . . FETo, 1Top 150 .
f 3(j)3j= lim 93

lim
n,m—0%0 n,m—®0

C(Pp 1 P17
< dim [0 98

n,m—o0

Sy 1 Pot)—(mAl)T
< lim jo o 9(j)0j

n,m—»0

lim, . . F(C(@,:0,,1) Slimnmoel (@ 15Pp> 1) — (M +1)7 = -8 (@,,0,,, 1) =0

Thus, @, is a Cauchy sequence. Given that (€,{) is a complete m.s, there exists an ¢ € Q such that

1imn»§((Pn,(P, ‘Lt) =0

F(C(To,_1.To.1) F((p,_1.0:u)-T F(C(,_10:1)

F(p, Tow) .. N N o
lim'[0 o 9(j)3j =lim o 9(j)9j <1lim o 9(j)9j <1lim o ()9
LimF(C(p,, T, 1) <limF (& (@, 1,0, 1)

lim*¢ (@, , Lo, u) <limé (@, 1,0, 1) =0

n—oo

limS (@, e, u) =0@.e)..T'p =1limp, =@

n—o n—oo
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Thus ¢ is a fixed point of {I', }> ,
Suppose ¢ #J is another fixed point.
Then

J‘F(C(w,&u))g T+E(E(9,6,1)) +F(E(To,I'6,u)) F((p.6,1)

(1)3j < 9(j)aj = 9(j)aj < I 9(j)aj

0 0 0

a contradiction.
Therefore, p = 6.
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