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Abstract

In this paper we present a new notion of second bounded variation with variable exponent, study-
ing the structure of these functions spaces, showing its basic properties and some inclusion results
among them.
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1. Introduction

The interest generated by the classical notion of function of bounded variation, [6], has led to import-
ant generalizations of the concept. As in the classical case, these generalizations have found many
applications in the study of certain differential and integral equations (see [2]). Consequently, the
study of certain notions of generalized bounded variation takes an important direction in the field of
mathematical analysis [1]. Two well-known generalizations are the functions of bounded p-variation
and the functions of bounded ®-variation, due to N. Wiener and L. C. Young respectively. In 1924
Wiener, [12], showed that the Fourier series of functions in one variable of finite p-variation con-
verges almost everywhere. In 1937, L. C. Young [13], developed an integration theory with respect
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to functions of finite ¢-variation and showed that the Fourier series of such functions converges
everywhere.

In 1972, Waterman [11] introduced the class of bounded variation functions ABV. In 1980,
M. Shiba [9] generalizes this class and introduces the class ApBV (1 < p < o). In [5], the authors
introduce the notion of functions of second bounded variation AiBV, following the line traced by De la
Vallée Poussin [4], in 1908, and M. Shiba [9], in 1980.

In more recent years, there has been a growing interest in the study of various mathematical
problems with variable exponents. In [3], Castillo, Merentes and Rafeiro studied a new space of func-
tions of bounded variation, they introduced the notion of bounded variation in the sense of Wiener
with variable exponent. In [7], Mejias, Merentes and Sanchez showed important properties of the
space of bounded variation in the sense of Wiener with variable exponent, they characterized this
function space and conducted a study on the composition operator (Nemytskij).

Inspired by works [5] and [8], in this paper, we present a new notion of second bounded variation
with variable exponent as a combination of the Wiener, Waterman and De La Vallee variations,
studying the structure of these functions spaces, showing its basic properties and some inclusion
results among them.

2. Preliminaries

Let us start with the definition that appears in Vyas [10], that is, the class A BV, given by the set of
all functions g : [¢, d] — R of Aq—bounded variation on [c, d].

Definition 2.1. Given an interval J = [c, d] C R and a non-decreasing sequence of positive numabers
A= {Aj}(j =0,1,2, - - ) such that Y (1 /Aj) diverges and q > 1. A function g : J — R is said to be oqu—
bounded variation on J (g € AqBV ) if

Vi, (@) =Vi(g.q,J) = Sl;pVA(é,g,q,J) <o,

where
1/q
2 gt;) -8 )l
VA(§7gaq’J) ::[Z ! ﬂ 1 )
Jj=0 J
and the supremum is taking over all partitions & : c=t <t < - <t =d of the interval J.

In [5], the authors introduce the notion of functions of second bounded variation AiBV, where it is
shown that this class of functions is a normed vector space. In [8], it is proved in addition that this is
a Banach space. The following definitions were considered in these papers.

Definition 2.2. Let A = {]Lj}‘]’;o a sequence of positive real numbers. A is a YW-sequence if it is non-
decreasing and ) (1 /A) diverges.

Definition 2.3. Let J = [c, d] C R, P,(J ) denotes the set of partitions &= {tj}]’?zo of the interval J, with at
least three points.

Definition 2.4. [5] Let 1 <g <wand A = {/\j};';o be a W-sequence. The (A, 2, q)-th variation of g on J =
[c, d] is defined as

1% 1% D 1/q
n—2| (g7t+ ,t.+ )—D(g’t+ ’t_)lq
A,Z,q(g;J) A,2,q(g) = Sl;p E 2 J+1275

j=0 Jj

b

where D(g;v,u and the supremun is taken over all the partitions & = {tj.}}’.‘ o € Py()).

) 80 8@
v—Uu
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The sum in the definition 2.4, is called an approximate sum to V,, (g). When V, , (g) <, g has
(A, 2, @)—th bounded variation on J = [¢, d].
Thus, g € AZBV (J).

Remark 2.5. A;BV together with the norm I8l == ||g||w+VA’2’q(g; J) is a Banach space. See [8].
Some of the results tested in [5], were as follows.

Lemma 2.6. If J=[c,d],1<qg<wand g€ AjBV (J), then D(g;", ) is bounded on J X J — A, where A =

{(x, x) :x€J}.

Lemma 2.7. If J=[c, d] and g € AjBV (J), where 1 <q <oo, then g is Lipschitz on <J .

Remark 2.8. It can be easily shown from the lemma above that if g € quBV (/) then g 1s bounded.

Remark 2.9. In general, if g is continuous on J = [c, d] then

llgll, = supilgl®)| : x € J}.

3. Main Results

Next, we will present generalizations of several results shown in the articles [5] and [8]. We will
start with the introduction of the notion of bounded second variation with variable exponent, then
we will show their structure and some important properties, as well as a result of inclusion between
these spaces.

In general, given a closed interval J = [¢, d] C R, we denote by P (J ) the set of all functions q(') :
J — [1, +©). The elements of P (J) are called Exponent Functions.

In what follows, < will be denote a closed interval [c, d] in R,

g =infig(x) :xeJ} and g, =supigx):xedJ}.

Definition 3.1. A labeled partition of J , denoted by &x, is a partition & = {tj};’zo € B,(J) together with a
finite sequence {xj};?‘l such that t<x<t., forallje{0,1,...,n—1}.

Definition 3.2. Pj(J) is the set of labeled partitions &* of <J .
Definition 3.3. Let A a W-sequence, q(-) € P (J) and g : J — R, the functional V,‘\”(z')(g) given by

. _ 12| D(g3t,00t,,,) — D(g3t . ,t,) 7
Vid(g)=Vig(g:d)=sup ), e
& j=0 j

) 80 8@
v—Uu

is called the second variation with variable exponent of g on JJ , where D(g;v,u and the

supremum is taken on all &* € P,*(J ).

Definition 3.4. The set of functions of second bounded variation with variable exponent, denote by
Ai(A)BV(J), is defined as

A?I(_)BV(J) = {g :JJ > R /35 > 0where Vf’g) (%J < oo}.
The following remark will be very useful in all this work.

Remark 3.5. Since g < q(x) <q,, Vx € J then from the definition ofoy(é)(-) and with q, <©, we have that
(@) If0<y<1then

yEVID(@) < VIO (rg) <y Vi (g).
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@@1) Ify>1then
yEVI(@) < VI (ra) <y VIS (o).

Now we will present some properties of the variation V,‘\’,(é)(g) necessary to prove that A(ZIOBV(J ) 1s
a vector space.

Theorem 3.6. Properties of Vf,(é)~

() If8, >3, >0then VI (5) <V [éj
51 52
(i7) V/?,(é) is convex.
@) Vi9(lclg)=Vi9(ce)
Gv) If VY 8 | < then the function h : [y, +) — R given by h(8) =V g ,0 >y satisfies
A2 A2 5
215 ,

(a) h() — 0, 56— oo
(b) If q, <o then his continuous on [y, +).

Proof. Let &* € P(J ), q() € P (J) and A a W-sequence.
(1) Letd, 6,>0 suchthat § >0,. Then,

g g
D| &t 50t |- D| S5t 0t

1 Q(xi)
< (5_ | D(g;ti+27ti+1) - D(g;ti+1’ti) lJ

2

8 8
=|D| =t 0t |- D| S5t 0t
Dividing by A, adding and taking supreme over all partitions £* € P;(J), we obtain

3 8 NS
we(§)eve(f)

(it) Lety, 6 >0 such that y + 6 = 1. Using the fact that the function f (x) = x% a > 1 is increasing
and convex, we have

q(x;)

‘I(xi)

| D(yg + 6h; t,,, t,,) — D(yg + 6h; ¢, £) 19
<(@ID(@g;t,, t,) =D t,,t)| +81Dh;t.,, t.)—Dh;t,, t)])
SYIDG@g; by 1) ~ D8 £, 1) 179+ 61 D 8, 1) = Dhs £, 1) 17,

which implies that

ViQ(yg+oh) <yVi(g)+ Vi) (h).
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(i11) Let ¢ € R, using the definition of V,{’,g) (g) for cg and | c|g the result is obtained immediately.

q_
(iv) (a) Let 6>y >0, by the remark 3.5, h(5) < [gj h(y). Thus, h(5) —» § — .
(b) Let 8, 6,>y >0 then A(5), h(5,) < h(y) <.

0 <

Let us first consider the case where 6 > 6. As %O <1, by the remark 3.5

5 )" veo| 8 | cyao( 8] <[ % " veo| 8

? A2 5_0—/\,2 E—? A2 5_0
. q

= [%J h(8,) < W) < (%} h(5,).

From inequality (1), we get

5 q, 5 q_
[(EOJ _1]h(50)sh(5)—h(60)3[[;°j —1}’1(50),

and taking limit when § — 6 we have to

lim A(5) = h(5,).

58

Now, Let us consider the case 6 <§,. As %0 >1, again by the remark 3.5,

&) veo | & oy 8 <[ % " v | 8

S A2 5, Va5 10 s A2 5,
q_ q,

- (%) h(5,) < h(S) < [%Oj h(5,).

From inequality (3), we get

[[%o]q - 1%(50) < h(5) - h(5,) < [(%0] - 1} h(3y),

and taking limit when 6 — 6; we have to

lim A(5) = h(3,).
00,

From (2) and (4) we conclude that A is continuous in §, V§,>y > 0.

@)

(4)

(]

Now we prove that the set of functions of second bounded variation with variable exponent is a

vector space.
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Theorem 3.7. A;‘I‘(‘)BV(J) 1s a vector space.
Proof. By definition is clear that 0 Afl(')BV(J).
Let A a W-sequence and g, h € Afl(_)BV (). Thus, there exist 6,, §, > 0 such that
Va0 [ij <o and VI (ﬁ] <o,
, 51 52
Let 6 = max{d,,d,} >0, by theorem 3.6 we have
3 8 ) 8
V) (Ej <Viy [EJ <o
and
Vi) [hj <VIO|— "o,
> 5 52
LetyeRand u=(|y| + )6 >0 and &* € P¥(J). Then
ID(yg + h; ti+2’ ti+1) - D(yg + h; ti+1’ t') |
= |'Y| |D(g tz+2’ tz+1) D(g tw—l’ t) | + |D(h’ t+2’ tz+1) - D(h tz+1’ i) |
Using again the convexity and monotony of f (x) = x%, a > 1 and since 7] =1, we have
o ly1+1  lyl+1
q(x;
‘D(%ﬁnz’tm}_l)(yg;h ;ti+1’tij
Iy 1 (x;)
u )7
= |}/| D(i;ti+2’ti+1)_D(i;tiﬂ’tiJ+ ! D[z;ti+2’ti+1}_D(}f’tH1’ LJ q(x)
lyl+1] \ & S ly1+1] \ & )
q(x;) q(x;)
= 7] D(g;tm’tmj _D(g;tm’tiJ + : D(iﬂnz’th_D(ﬁﬂtm’tij
ly1+1] (&6 ) lyl+1] (& )
Thus,
Vf(é)(ngthS i VA‘I(Q’( ) N VX(;E%J@O
Uow ) [+t
Therefore,
yg+heN BV (),
and we conclude that Afl (A)BV (J) 1s a vector space. O

The following result is crucial to define the norm of the space.
Lemma 3.8. If g € Ai(‘)BV(J) then D(g; -, ) is bounded on J X J — A, where A ={(x, x) : x € J }.
Proof. Let g € A* A2 BV (J) then there exists 6 > 0 such that V/{Ifz') (%} <ow. Letush= %
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First, we note that if c <t <t¢, <t, <t,<d, then, by the definition of V,{”(Z') (h), it follows that
| D(h; t,, t,) — D(h; t, t) |

= | D(h; t,, t) — D(h; t,, t) + Db t,, t) = D(h; ¢, 1) |

< |D(h; t, 1) = D(hs t,, t)| + | D(h; ¢, t) = D ., 1) 1.

It is clear that, a <1 + a?, Va > 0 and p > 1. Thus, we have in the previous inequality
(@) Forc=t <t <t,<t,<d,sincel <A, <A, we have
| D(h;tg,atz) _D(h;tpto) |

<2+ | D(h;ty,ty) — D(hity, 1) 1" +| D(hsty 1)) — D(Rst, 1) ')

. . (%) . _ . (x9)
S2+/’Ll |D(h7t3at2)_f(h’t2)t1)|q +/10 |D(hat2’t1) ;i(hﬂt])to)lq (5)

<2+ R, VIO (h).
(1) Forc<t <t <t,<t,<d, again since A, <A, we have
| D(h;t3,t2) _D(h;tlyto) |
<2+ | D(h;ty,ty) — D(hity, 1) 1" +1 D(hsty 1) — D(hity ty) 17

<242, | D(h;t,t,) —Z(h;tz,tl) jo0x2) L | Dty 1) —f(h;tl,to) X (6)

<2+ L, VIO (h).
Now, taking an arbitrary point z € (c, d)

, U, U, €Jand B= |D(h; z ¢)|.
The proof of lemma depend on how v, v, are located with respect to ¢, d and z.

Case 1. Suppose that ¢ <v, <z <v, <d. If v, is a point such that v, <v, <d thenc <y, <z <v, <
v, <d, using (5) we get

| D(h;v;,v,) |

= |D(h;v1,vo) — D(h;v,,v,) + D(h;v,,v,) — D(h; z,¢) + D(h; z,c)|
<|D(h;v;,0y) = D(h;vy,v,)| + |D(B;0,0,) = D(h; z,0)| +|D(h; z,¢)|
. _ . ‘I(x1)
£1+21|D(h’v2’vl) f(h,vl,vo)l +2+ 4LVIO(h)+ B
<3+ A4V () + VI (h)+ B
<3+24,VI)(h)+B.

Case 2. Suppose that ¢ <v, <z <v, =d. If v, is a point such that z <v, <v, =d then c <y <z <y, <
v, = d, using (5) we get

|D(h;vl,vo)|

= |D(h; v;,0y) — D(h;v,,¢) + D(h;v,,c) — D(h;v,,v,) + D(h;v,,0,) — D(h; 2,¢) + D(h; z,c)|

< |D(h; U;,U,) — D(h;vo,c)| + |D(h;vo,c) - D(h;vl,vz)| + |D(h; U;,Uy) — D(h;z,c)| + |D(h;z,c)|
D h; ) -D h; ’ a)

<14, [P0 %) . R BVIO(R)+2+ LV (h) + B

<5+ 4,V (h)+2 L,V (h)+ B

< 5434,V (h)+B.




Pineda E, et al. Results in Nonlinear Anal. 8 (2025), 45-59 52

Case 3. Suppose that ¢ <v, <v, <z <d.If v, is a point such that z <v, <d we have that c <v <v, <z
<v, <d, using again (5) we get

|D(h;v;,0,)|

= |D(h;v1 ,0y) — D(h;vy,v)) + D(h;vy,0,) — D(h;d,v,) + D(h;d,v,) — D(h; z,c) + D(h;z,c)|

<|D(h;v,,v,) = D(h;vy,vy)| +|D(h;vy,v;) = D(h; d,v,)| + |[D(h; d,v,) — D(B; z,¢)| + |D(h; z,¢)|

X (%9
|D(;0,,0,) — D(B3 v, 0™ |D(h;d,v,) - D(h;0,,0,)"

<1+ 4 +1+4, +2+ 4LVIO(h)+ B
A A
<2+ VIO (h)+2+ Vi) (h) + B
=4+24,VI)(h) +B.
The remaining three cases,
. C:Uo<2<vl<vz<d
© c=y,<z<y,<v,=d
* c¢<z<y,<v, <v,<d,
can be shown in analogous way, using (5) and (6).
We conclude that D(h; -, -) is bounded.
Hence, there exists C > 0 such that
D(%;u,vj <C, Vuyved,u#uv.
This implies that
|D(g; u,v)| <C§68, Vu,ved,u#v.
Therefore, D(g; -, -) is bounded. O

Corollary 3.9.If g € Az(A)BV(J) then g is Lipschitz on o/ . In consequence, g es continuous and bounded
ond .

Proof. Let g € A2 BV(J ). Then, by lemma 3.8, there exists C' > 0 such that
|D(g;u,v)| <C, Vuved,u#v.

Thus,

<C:>|g(v)—g(u)|£C|v—u|, Yu,ved,
v—u

‘g(v) g()

therefore, g is Lipschitz on /. O
We define the functional || BV(J)—> R by

q() q()

— Q)
A, = g, +/¢A2 (g), where Hyz (g)_1nf{5>0 Vi [5j<1}

Moreover, u, ) (g) <oo by theorem 3.6 and ||g||, <o by lemma 3.8, for g € A2 BV(J)
Now, we prove that (A2 BV, |1l A ) 1s a normed vector space.

Theorem 3.10. The functional ”'”Ai,) IS a norm on A(ZI(_)BV(J)
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Proof. Let g, h € Az(_)BV(J), f € R and A a W-sequence.

(i) Itisclear that

el =0.¥g €A BV().

Ade
Moreover, ||g||AZ =0 g=0.

q()
Ifg=0, V/{”g) % =0<1,V6 >0, so that Hyz (g) =0 and therefore ”g”/\ﬁ(,) =0.

Now suppose that ||<g||A§(> = 0. Then |igll, + ,uAg(‘)(g) = 0, which implies that ||g]| = 0, therefore g = 0.

(i6) Let us suppose f =0, thus [|5gl,: = | Alllgll,: =0.
Now, if f # 0, we obtain

el =15l + g, 9

_ tinfles0:ve0[ P8
18s]., W15

=|Blle].. +141int l%l>0;vg}2~> % <1
151

=4 (”g”w +inf {5 >0: Va9 (%J <1 ]
=15l

Aoy
(i11) Let us consider 6,, 6, > 0 such that
o, > Hyz (g) and o, > Hyz (h).

By the characterization of infimum, there exist 6 " 82 such that

fy (@) <6 <6, with VY [é} <1

1

and

>

Hy (B)< 5, <8, with VI (5 Js 1,
2

then, by theorem 3.6, we obtain

) & N
Vi) (5—}31 and V() [5—j31.

1
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By the convexity of V,{”(Z') (g) and taking 5= 6, + 0,, we obtain

Vfg)(gthj Vo 51g 6, h
’ o 55 55

<O vig | £ yio | L
o,+0, T\6) 6+, 0,

<1,

thus, & e {5 >0: Vf,(; (gf;hj < 1} and in consequence

e +7ls,, =lg+7l, +n &+
<lel. [, +2
= lel. +Irl. +6.+ 4,

in particular for 6, = 2 (g)+ ZL and 0, = u 2 (h) + 2L with n € N, we obtain
q() n q() n

le+ Al <lel, +[bl. +a,, @+5-+u, 4o

2n
el + 1. @[], + g B4
which implies that
ae, Slell +a @+l +u B
=lel +l7l., -
Therefore ||-|| A2, is a norm on Az(')BV(J). O

To show that AmeV(J) 1s a Banach space we will use the following characterization of
completeness.

Theorem 3.11. A normed space X is Banach if and only if every absolutely convergent series in X is
convergent.

Theorem 3.12. Let q(-) € P (J) and A a W-sequence, then (Afl(_)BV(J); ||-||A3(_>) 1s a Banach space.

Proof. Let A a W -sequence and {f }
M-Sl

Thus, Z”fn”oo <M <o and since L*(J ) is a Banach space, there exists f € L”(J ) such that

a sequence in AZ(-)

ully2  <oo. Let us take
a()

zy =f in L*(J).

Let us define h, ka,VneN then h — fin L*(J ), thisis |h, — fll, = 0, n — oo.
k=1
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Now, by corollary 3.9, f is continuous Vn € N, then A is continuous in J and so ||k, — f|l, — O,
n — oo,

Therefore, A converges uniformly to fin ¢/, in consequence f is continuous in /.

On the other hand,

7.

A2 <M, VneN,
q()

n
A2, sz
q() a1

n
< I
Agy R

this implies that

My (hn)S”hn <SM<M+1, VneN.
q() )

2
Aq(-

Thus, V) (%) <l,vneN.
’ +

Let £* € P*(J), then

‘I(xi)

f f
D ——:t. .t |-D| ——;t. .t
k=2 (M+1 22T M+1 007

2 i

=0 1

D him;tm’tm -D h7m§ti+1ati
M +1 M +1

q(x;)

k-2

= lim
;n—»+ua;g; )%
<lim supV49 h—’" <1
m—>+0 - M+1 ’

M+1

Let us see that A — fin Ai(,)BV(J).

Using again that znfn
n=1

hence, ng,(é) (Lj <1, in consequence f € A2 BV(J) and o (f)<sM+1.

2 <o and A, — fin L*(J ), we have that given £ > 0, there exists
q()

N =N (¢) € Nsuch that forn> N,

2l <5 and -, <5

k=n+1 2
Fixing n > N and given m > n, we obtain

2 fi

k=n+1

||hm -h

9 =
"IAG G

2
A0y

m
< 2 I
k=n+1

&
<= )
) 2
Age)

hence

P
<— Vm>n.

2
A0

tyo (b =h,) <|h, =1,

This implies that V2 [%j <1,Vm>n.
’ &
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D M;ti+2’ti+1 -D L_f;tiﬂ’ti
el2 el2

i=0 4

1

D hn_hm?tnz’tm -D hn_hm?tm’ti
el2 el2

= limz -

1=0 i

<lim supVJ{’g) (Mj <1,

m—>+w0 & / 2

Thus,

Q(xi)

SO

s h —f &
q(") n _ =z
VA,2[8/2JS1:>'UA§<,)(hn f)Sz.

Finally, given £ > 0, there exists N =N (¢) € N such that for n > N we obtain
& €
"h” - f”Ag(_) = "hn - f”oo + ,uAg(.) (hn - f) < E + 5 =&.

Thus, the sequence {A,},_, converge to fin A2 BV (J), that is to say, z f,=fin A} BV (.

n=1

By theorem 3.11, we conclude that Ai(_)BV («J) 1s a Banach space. O
Lemma 3.13. If ¢, <o then

ge Al BV(J) = Vi)(g) < +o.
Proof. Let g € A2 BV(J)

Then there exists § > 0 such that VA‘7<2') (gJ < +oo, By hypothesis g, < and since q_ < q(’) < g,
we have g

@) Ifé6<1,
VI(g) =V | 5E |<5VIY| £ | < +o0.
’ 2% 2
(@) If6>1,
V() =V 5E |< 59V £ |< oo,
’ S *s
The reciprocal is immediate by definition. 1

The following result relates the norm in space with the second variation.

Lemma 3.14. Let g € AioBV(J). If ||g

<1 then
)

2
Aq(~

ViY@ <|g

q_

<|e

2 - 2 .
Ay g



Pineda E, et al. Results in Nonlinear Anal. 8 (2025), 45-59 57

Proof. Recall that if g € Afl “BV(J)
el =lel, +uy, (&) where u,, (g)=inf {5 >0: V1Y) (%j < 1}-

Suppose ||g

e S1 then
q()

@ Ifligll, =0, we have that g = 0 and therefore

Vid(e)=0<efl. <lel,. -

@) If igll, > 0, we have that [g], +u,. (£)>#, (2), thus,

<1.

, <
A0y

e (8)<[g

Therefore, there exists 6 > 0 such that u A2, (8)<o< ||g

2
A0

and V9 (%} <L

Using the theorem 3.6, when 6 < ||g we have

2
Aty

Hence, by remark 3.5

v - vey| (el
Ago)
q ) g
S(”g Ag(») VAq’(z) ||g—
A2

q()

q_
<(lell, ) <lel, .

Finally, the following result shows us the inclusion between the spaces of second variation with vari-
able exponent when r(-) < g(-).

Theorem 3.15. If r(-) < ¢() and g, < then
Af(.)BV(J ) Az(,)BV(J ).

Proof. Let £* be a labeled partition of J and g € Af(,)BV(J). By lemma 3.13, VI(’(Z‘)(g) <o since r, <
q, < 00,

Let us take
A={€i0,1,2, -, k=2}:|D(gt, ,t,)—Dgt,,t)l <1}
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then

A

i=0 i

- Z | D(g;ti+2’ti+1) — D(g;tiﬂ’ti) |q(xi)
A

icA i

| D(g’ ti+2 ’ ti+1) B D(g7 ti+1 ’ ti) |q(xi)
+Z A

igA 1

| D(g;ti+2 ati+1) - D(g;ti+1»ti) |r(xi)
<> i

icA 1

| D(83t;.95ti1) — D(&3t,1,t;) e
+y A

igA 1

< }22 | D(85¢;,95t,1) — D(&38,1,8;) e
=0

A

4

+Z | D(g;ti+2 ’t”l) _ D(g;tiﬂ ’ti) |q(xi)
izA /1i
: | D(g;t..,,t..,)—D(g;t. ,t,)|q(xi)
< Vr() + i+2° Y41 i+1°% ]
A2 (g) Z —

igA i

()

On the other hand, if i ¢ A, | D(g; ¢, t.,,) — D(g; t.,,, t)| >1 and this implies that

Zi < Z | D(g;tm,tm) _D(g;tiﬂ’ti) |r(xi)
A

A 7 igA i

<V9(g) <.
Using the lemma 3.8, there exists M > 1 such that | D(g; u, v)| <M ; Vu, v € J with u # v. Therefore,

|D(g; Ligbin) — D(&58;,,5L) oo QemM)™
5 Ly et

igA ﬂ“i igA i
1
= (2M)" > —

<@M)* V) (g).

Going back to the equation (7) and using the previous inequality

k-2 (x;)
| D(g;t;,9,t,1) — D(g;t,,1,8) "™ r(: r(:
S 1P i i) = DS T o) 1 2y v (o).

1=0 1

A
Hence,
V() <[1+ECM)* V9 (8) <0,
therefore, g € A2 . ]

Based on the results of this article, in future work we will study the composition operator in these
spaces.
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