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Abstract

The article investigates common fixed point theorems in the framework of complete complex-valued
G,-metric space. It establishes such theorems for compatible mappings and employs rational inequal-
ities to derive novel results. These findings serve to extend and generalize existing results in the lit-
erature. To illustrate the practical applicability and effectiveness of the proposed methods, the article
presents several non-trivial examples.
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1. Introduction

Fixed point theory is a branch of mathematics that deals with the existence and properties of fixed
points. In mathematics, fixed point theory is one of the prominent theories and remains a dynamic
and evolving field, providing essential tools and insights across mathematics and applied sciences. Its
rich interplay between theory and application underscores its significance and the ongoing interest
in its development. Metric space theory has extensive applications, not only in mathematics, but in
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the other area of quantitative sciences. [10] derived fixed point results using real-valued functions
satisfying integral-type rational contractions, further enriching the literature on metric fixed point
theory. These works collectively contribute to the ongoing development of fixed point theory in various
generalized metric spaces and its applications. Many researchers expanded their work in the field of
fixed point theory [5, 6, 7, 8, 15, 20, 21].

A number of generalizations of metric spaces are familiarized like, D-metric space, b-metric space,
G -metric space, partial metric space, S-metric space and many more, see [9, 16]. Shukla et al. [19]
explored fixed point theorems in graphical cone metric spaces and applied their findings to systems of
initial value problems, demonstrating the utility of their theoretical work. Merging the concept of b
-metric space and G -metric space, [1] bring together the idea of generalized Gb-metric space. In recent
years, several researchers have contributed to the advancement of fixed point theory in generalized
metric spaces. [18] established coupled fixed point theorems in Gb-metric spaces, extending previous
results in this framework. [23] investigated coupled coincidence point results for (v -¢)-weakly con-
tractive mappings in partially ordered Gb-metric spaces, broadening the scope of fixed point analysis
under weak contraction conditions. In a related study, [24] examined the existence of tripled coinci-
dence points in ordered Gb-metric spaces and provided applications to systems of integral equations,
linking abstract fixed point theory with practical problems. In 2011, the new notion of complex valued
metric spaces introduced by [2] and many others obtained common fixed point theorems in complex
valued metric spaces. [22] made significant contributions by establishing generalized common fixed
point theorems in complex-valued metric spaces along with their practical applications. [4] presented
the complex valued b-metric space. [17] gave some contractive results in complex valued G-metric
spaces. Combining the concept of complex valued metric spaces and Gb-metric spaces, [11] familiar-
ized the idea of complex valued Gb-metric spaces and he obtained several elementary properties of
complex valued Gb-metric spaces, see [12, 13, 14]. This area continues to grow, with ongoing research
focusing on deeper properties, more general fixed point theorems, and broader applications.

2. Preliminaries

First, we recollect some basic results of complex valued metric spaces. Take C to be the set of complex
numbers, a,b € C. Take a partial order 3 on C as below:
a 2 bif and onlyif Re(a) < Re(b)
and Im(a) < Im(b)
It concludes that a 2 b if any one of the next conditions is fulfilled:
Re(a) = Re(b) and Im(a) = Im(b),
Re(a) < Re(b) and Im(a) = Im(b),
Re(a) = Re(b) and Im(a) < Im(b),
Re(a) < Re(b) and Im(a) < Im(b).

We write a<b if a # b and any one of (2), (3) and (4) is fulfilled. Also, we will write a < b if only (4)
is satisfied. Aldo, the following statements folds:

Ll

1. If x,y e R with x <y then xa < ya, for all a € C,
2. Iija<b,then|a|<|b,
3. fazband b 3c,thenaZc.

Definition 2.1: [2] A mapping d, : Y x Y — C satisfies the following properties, for every h,je Y:

1. d (h,j)=0,
2. d (h,j)=0ifand onlyif h = j,
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3. d.(h,j)=d.(j,h),
4. d.(h,j) 2d.(h,x)+d(x,]).
The pair (Y,d,) is known as complex valued metric space.
Definition 2.2: [11] A mapping G, : Y x Y x Y — C satisfies the following properties, for every h,j,ke Y:
1. G(h,j,k)=0if h=j=k,
0=<G,(h,h,j) with h = j,
G,(h,h,k) 3 G,(h,j,k) with h =k,
G,(h,j,k)=G, {n(h,j,k)}, where 7 i1s a permutation,
Gy (h, j.k) 381G, (h,x,%) + G, (x, . k).

The pair (Y,G,) is known as complex valued G, -metric space.

Ov ok

Proposition 2.3: [11] In a complex valued G -metric space (Y,gb), for each h,j,keX, it follows that:

1. G(h,j,k) 3 s{gb(h,h,j) + gb(h,h,k)},
2. Gy(h,j,j) < 25G,(J,h,h).

Definition 2.4: [11] A sequence {hn} in (Y, gb) is known to be convergent to a point t if foreach c € C,c > 0,
there exists a positive integer n, such that for all m,n 2 ny,G, (h,,h,,,t)<c.

Definition 2.5: [11] A sequence {hn} in (Y, Qb) i1s known to be Cauchy if for each c € C,c >0, there exists
a positive integer n, such that for all m,n,¢ >n,,G, (h,,h,,,h,)<c.

Definition 2.6: [11] A complex valued G, -metric space (Y,gb) is complete if every Cauchy sequence is
convergent in it.

Proposition 2.7: [11] In a complex valued G,-metric space, the following are equivalent:

—

. {h,} is complex valued G, -convergent to 7,
. \gb (hn,h,r)‘ —>0asn— oo,
. ‘Qb(h T r)‘—)O as n— oo,

novo

W N

. \gb (hn,hm,r)‘—>0 as m,n — 0.

Proposition 2.8: [11] In a complex valued G, -metric space, {hn} is a Cauchy sequence if and only if
G, (> Py )| > 0 as m,n, 0 — oo,
The notion of compatible maps in metric spaces is given by [3] in 1986.

Definition 2.9: [3] Two self-mappings H,KC of a metric space (Y,d,) are said to be compatible if
limp e, (HIChn,IC’th) =0, whenever {hn} is a sequence in Y such that lim,_.Hh, =@ =lim,_.KCh,,
for some p e Y.

The concept of compatible mapps in G, metric space is given by [13]

Definition 2.10: [13] Let (Y,Qb) be a complex valued G,-metric space and H,K be mappings from
(Y,Qb) into itself. The mappings H,K are called compatible if there exists a sequence {hn} such that

lim, .G, (HKh, ,KHR, ,KHh,)=0 or lim, .G, (KHh,, HKh, , HKh, )= 0, whenever {h,} is a sequence
in Y such that lim,.Hh, =@ =lim,_./Ch,, for some p € Y.

Example 2.11: [13] Let Y=[-1,1] and (Y,gb) a complex valued G, -metric space such that
G (h,j,k)=Ih—jl +|j—kF +|k—h[’, for all h,j,keY, where s=2. Define two self-mappings

H,K:Y > Y by H(h)=h and K(h) = g Consider a sequence h, = 2L, we get
n
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1 1 1
1im&, (ICth,HlChn,HIChn) = limgG, (a,_ _J =0,

b
n—»w n—»w 6n 6n

and also,

limHh, = H(Zij = O0andlimKh, = K(Lj

n—»w n n—»w 2n

I
N\
[ep)
§|"‘
N—
I
©

Therefore, mappings H,K are compatible.
3. Main Results

Theorem 3.1 Consider (Y, gb) be a complete complex valued G,-metric space with a real number s>1
and H,K are self-mappings of Y satisfying the following conditions:

L. H(Y) = K(Y),

2. H or K 1is continuous function,

3. G,(Hh, Hj, Hk) 3 AG,(Kh,Kj,KE),

for every h,j,keY with As<1, whenever H and K are compatible mappings, they have a unique
common fixed point in Y.

Proof. Consider a sequence {h,} e Y with an initial point A,. We can choose k, such that Hh, = Ch,.

Choose a sequence {h,, | such that ¢, = Hh, =Kh,,,,n=0,1,2....
By using Condition (3), we get

gb (th ’ th+l ’ th+1 ) ,—j Agb (Khn ’ ,Chn+1 ’ IChn+l ) = Agb (th—l ’ Hh‘n ’ 7-[h’n )

Continuing like this, we can show that

G, (Hh,, ®h, ., Hh,,,) 3 A"G, (Hhy, Hh, Hh,).

n+1?

For every n,m e N,n <m, we have

Gy (92s0ns0n) 358G, (0,:001:001 )+ 5°G, (0111 Pui0:Pnsc)

+ sSgb ((pn+2 ’(pn+3 ’(pn+3) T
3 sA”gb (§00 O, Pr ) + S2An+lgb (‘Po 1> Py )
+ SSAn+2gb ((Po,(Pp(Pl)"' B

we have,

n

A
gb (@n,(Pm,ﬁl’m) j S_

1_8Agb(<po,<p1,c01)~

G ((pn,(pm,q)m) tends to zero, as n,m tends to infinity. This implies that {(pn} is a Cauchy sequence. By
completeness property of complex valued G, -metric space, there is a sequence which is convergent to
a point @ € Y such that lim,_ . {(pn} =@ and limp—®, = limus.Hh, = lim,KXh,,; =@. As 'H or K is
continuous function. Suppose, H is continuous and

limn > KHA, =1lim,KKh,,, =Ko
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Further, H and K are compatible. Therefore, 1im,_,.G, (HIChn,ICth,ICth) = 0. This implies that

limn oMK, =1lim,.KHh, =Ke.
Again,

G, (HKh,, Hh, , Hh,) 3 AG, (KKh,,Kh,,Kh,).
Taking limit n tends to infinity, we get

G (Ko,0,0) 2 AG(Kp,0,0).

This is not possible, as A < B <1.Therefore, Lo =¢.
Moreover, §

G, (Hh,, Ho,Ho) 3 AG, (Kh,,Ko,Ko).
Taking limit n tends to infinity gives,

G, (0, Ho, Ho) 3 AG,(0,0,0).

Hence, we get Hp = ¢ and He = K¢ = ¢. Thus, mappings H,K has ¢ as their common fixed point.
Uniqueness: Consider 0 as another common fixed point of H,K with 6 # ¢.

gb((p’gae) = gb(H(p7H97H0) j Agb (K¢7IC07K0) = Agb(q))Q:G)’
which is not possible. Therefore, ¢ = 6.

Example 3.2: Let Y =[-1,1] and G (h,j,k)=(1h—jl+|j-k|+|k-h )2, for every h,j,ke Y. It is a com-
plete complex valued G, -metric with s =2.

Define H(h)Zg and IC(h)Zg. Here, we note that H is continuous and H(Y) < K(Y). Also,

G, (Hh, Hj, Hk) < AG, (Kch, Kj, KCk) holds for every h,j,ke Y and is A <%. Here, mappings H and K
has 0 as their common fixed point.

Theorem 3.3: Consider (Y,gb) be a complete complex valued G,-metric space with a real number s>1
and H,K are self-mappings on Y satisfying the following conditions:

L H(Y) c K(Y),
2. 'H or K 1s continuous function,
3. G (Hh, Hj,HR) X AG,(Hh,Kj,KEk)+ VG, (Kh,Hj,KEk) + OG,(Kh,Kj, HER),

for every h,j,ke Y with (A+V +@®) <31—2.
S
Then, H and K have a unique common fixed point, provided H and K are compatible mappings.

Proof. Consider a sequence {hn} € Y with an initial point A,. We can choose A, such that

Hh, = Kh,. Choose a sequence {hn+1} such that ¢, =Hh, =Kh,,,,n=0,1,2....

n+1?

Then, by condition (3), we have

n+1? n+1?

3 AG, (Hh,, Hh, , Hh, )+ VG, (Hh, , Hh,, ,Hh,)+OG, (Hh, ,, Hh, Hh,,,).

G, (Hh,, Hh, , Hh, ) 3 AG, (Hh, Kk, ., Kb, )+ VG, (Kh, Hh,, ,Kh,, )+ 0OG, (Kh,,Kh,, , Hh,.,), .

From rectangle inequality and preposition (2.3), we have
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G, (Hh, 1, Hh, Hh, ) 3 8{G, (Hh, ,, Hh, Hh, )+ 25G, (Hh,, Hh, .\, Hh, )} (3.2)
Using equation (3.2) in equation (3.1), we get
Gy (Hh, Hhy o HRy ) 3
(V+©)s| G, (Hh,_,, Hh, Hh, )+ 256, (Hh,, Hh, , Hh, )],
(1-25°V - 25°0)G, (Hh,, Hh, 1, HE, ) 3 (V +©)sG, (Hh, ,, Hh, Hh, ),
G, (Hh,, Hh, .., Hh,.,) 376G, (Hh,_, Hh, Hh,),

n+1’

(V+0) < 1 <1
(1-25°v-25°0) s
Continuing like this, we obtain,

gb (th’th+1’th+1) ;j Tngb (Hh’O’Hh’l’Hh’l )

where 7 =

By using the same steps as used in Theorem 3.1, we can show that {¢, } is a Cauchy sequence. By
completeness property of complex valued G, -metric space, there is a sequence which is convergent to
a point ¢ € Y such that limn%m{%} =@ and lim,-.®, = limn,sHA, = limpsKLh, ., =@. As H or K is
continuous function, suppose H is continuous, then

limKHh, = KKh, , = Ko. (3.3)

n—o

Further, H and K are compatible. Thus, lim,_.G, (HlChn,lCth,lCth) =0, which implies that
LimHKCh, = KHh, = Ke. (3.4)

n—»oo

Again, from condition (3) of this theorem, we get
G, (HKh,, Hh, , Hh,) 3 AG, (HKh,,Kh,,Kh,)+ VG, (KKh,, Hh,,Kh,)
+0G, (KKh,,Kh, , Hh,).
Taking limit n tends to infinity, we get
G (Ko,0,0) 3(A+V +0)G,(Ko,0,0),

this is not possible as A+V +® <1. Hence, K¢ = ¢.
Again using the condition (3), we have

G, (*h,. Ho, He) 3 AG, (Hh,.Ke.Ke)+VG, (Kh,. He.Ko)+OG, (KL, . Ko, He).
Taking limit n tends to infinity,
G (@, Ho, He) 3 AG,(0,0,0) + VG, (0, He,p) + OG, (9,0, Hp).
Using Preposition 2.3, we get,
G (@, Ho, He) S (V+0)G,(Hp,0,0) 3 25(V +0)G, (0, Hp, Ho).

This implies that H¢ = ¢. Therefore, Hp = K¢ = ¢. Thus, mappings H and K has ¢ as their common

fixed point.
Uniqueness: Consider 0 as another common fixed point of H,KC with 0 # ¢.
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gb(§0,9,0) = gb(H(p7 HG,HG) ;5 Agb(H(p7,C97,C9) + ng(IC(pa HQJCG) +
0G,(Ke,K0,H0),
= (A + v + ®)gb((p7079)7

this is not possible. Therefore, ¢ =6 . Hence, uniqueness follows.

Example 3.4 Let Y =C and G,(h,j,k)=|h—jl+|j—k|+|k—h|+i|h+j+Ek]|, forevery h,j,ke Y. Itisa
complete complex valued G, -metric with s=2. Define H(h) :g and K(h) = g Here, we note that 'H is
continuous with H(Y) < K(Y) and hence compatible.

We can choose A,V,0 such that (A+V +0) < 31—2 and
S

G,(Hh, Hj, HR) 3 AG,(Hh,Kj,KR) + VG, (Kh, Hj,Kk) + OG, (Kh,Kj, HE).
By above theorem, mappings H and K has 0 as their common fixed point.

Theorem 3.5 Consider (Y,Qb) be a complete complex valued G,-metric space with a real number s>1
and H,K are self-mappings on Y satisfying the following conditions, for every h,j,keY :

1. H(Y) 2 K(Y),
2. H or K 1is continuous function,
G, (KCh,Kj, Hj) + G,(Hh, Hj,Kj)

3. G, (Hh,Hj, Hk) < A :
Gy (Hh, 1y, Hk) G, (KCh, Kj; KCk) + G, (Hh, KCk, H)

G,(Kh,Kj,KE),

with As <1.
Then, H and K have a unique common fixed point in Y, provided H and K are compatible.

Proof. Consider a sequence {h,} e Y with an initial point A,. We can choose k, such that Hh, = Ch,.
Choose a sequence {hm} such that ¢, =Hh, =Kh,,,,n=0,1,2.... By condition (3) of this theorem, we
have

gb (Hh’n ’ th+1 ’ th+1 )

j gb (’Chn ’ K:h’nﬂ ’ Hh’n+1 ) + gb (th ’ th+1IChn+1 ) gb (IChn , Khm.l , IChn+1 ) )
gb (’Chn ’ ]Ch ]Chn+1 ) + gb (th ’ IChn+1th+1 )

n+l?

We get, G, (Hh,, Hh, ,,,Hh, ) 3 AG, (Hh, , Hh, , Hh,).

n+1?

Continuing like this,

G, (Hh,, Hh,.., Hh,,,) 3 A"G, (Hhy, Hhy, Hh, ) (3.5)
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By using the same steps as used in Theorem 3.1, we can show that {(pn} is a Cauchy sequence. By
completeness property of complex valued G, -metric space, there is a sequence which is convergent to
a point ¢ € Y such that 1imnﬂw{q>n} =@ and lim,-.®, = limnsHA, = limpsKh, ., =@. As H or K is

continuous function, suppose H is continuous, then lim,_,.JCHA, = lim,_.XKh,,; = Ko.
Further, H and K are compatible. We have,

limn G, (HKh, ,KHR, ,KHhR,) =0, this implies that lim, ,.HKh, = lim,.KXHh, =Ke.

From condition (3) of this theorem,, we have

G, (KKCh,,,Kh, , Hh, )+ G, (HKh, , Hh,KCh,)
h, ,Hh Hh )3 A
G, (MR, Hh, T, ) 3 G, (KKh,,Kh,,Kh,)+G, (HKh,,Kh,Hh,)

We get, G, (HKCh,,Hh,,Hh,) 2 AG, (KKh,,Kh,,Kh,).
Taking limit n tends to infinity,

G, (KKh,,Kh,,Kh, ).

G,(Ko,0,0) 2 AG,(Kp,0,0),

this implies that Ko = ¢.
Again, consider

gb (Khn,]C(P,H(p) + gb (th,H(PaICQD)

Hh,, Ho, Ho) 3 A
gb( n % gD) gb (]Chn,]CQ),ICQD) + gb (th,IC(D,H(D)

gb (’Chn,ngo,lC(p)

Taking limit n tends to infinity, we have H¢ = ¢. Therefore, Hp = K¢ =¢. Thus, ¢ is a common
fixed point of the mappings H and K.

Uniqueness: Consider 8 as another common fixed point of H,K with 6 # ¢.

G,(Ko,K0,HO)+G,(Ho,HO,K0)
G,(Ko,K0,K0)+G,(Ho,K0,HO)

This implies G, (¢,0,0) < AG, (¢,0,0), but this is not possible. Therefore, ¢ =6 . Hence, the unique-
ness is proved.

G,(Hp,HO,HO) 2 A

G,(Ko,K6,K6),

Example 3.6 Let Y =C and G, (h,j,k)=|h—jl+|j—k|+|k—h|+i|h+j+ k]| forevery h,j,keY.Itisa
complete complex valued G, -metric with s=2. Define H(h) =% and K(h) = % Here, we note that 'H is
continuous with H(Y) < K(Y) and hence compatible.

i RY | Gl | k|l Rl n ok

Hh, Hj, HEk — ol e [ e I A e e b
G J.Hk) = g”(z 2’ 2] ‘2 2‘ ‘2 2‘ ‘2 21" 272" g
JJ\_|h Jl | Jl. ] Rl . J . J

Kh,Kj, H, el el B B B o e e A e e e
G Kh. K. 1) = gb[:s 32) ‘3 3‘ ‘3 2‘ ‘2 RN
hojjy_|h gl |J Jl |J h|, . J . J

Hh, Hj, K Dl o e Il D o e I e e e
% J.Ki) = g(223] ‘2 2‘ ‘2 3 (372727273
RjRY R jl|j Kl |k Rl B j R

ICh’C,’Ck —_—,— | = —— —_——— —_— — _+_’
G (Ch. kg k) = 9(3 3’ 3} ‘3 3‘ ‘3 3‘ ‘3 3‘ ‘3 3 3

G, (Hh, Kk, HR) = G, L. P T P L L I O
2’3’2) |2 3/ |3 2| |2 2| |2 3 2

G, (Kh,Kj,Kk) = gb(% é gJ:‘ﬁ—lHl—E‘+‘@-ﬁ‘+i‘ﬁ+l+5‘.
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We can choose A such that As<1 and

G,(Kh,Kj, Hj) + G, (Hh, Hj, Kj)
gb (’Cha IC]y’Ck) + gb (Hh,]Ck,Hk)

G,(Hh, Hj, Hk) T A G, (Kh,Kj,KE).

By above theorem, mappings H and K has 0 as their common fixed point.
Theorem 3.7 Consider (Y,gb) be a complete complex valued G,-metric space with a real number s >1
and H,K are self-mappings on Y satisfying the following conditions, for every h,j,keY :

L. H(Y) 2 K(Y);
2. 'H or K is continuous function;
3.

-\ 9K, Kj) + G, (Hh, Kh, Kij)
G,(Hj,Kk,KE) + G, (Hh,Kh, Kk)

v 5 (k. 1, Kj) + Gy (K5, Kj. Hh)

G, (Hj, Kj, HR) + G, (Hj, Hj, Kk)
G,(Hh,Kk,Kk) + G, (Kk,Kj, Hk)
G,(Hh,Kj,Kj) + G,(Kk, Kk, Hj)

G, (Kk, Hh,Kj) + G, (Kj, Kj, Kk)

G (Hj,Kj, Hh) + G, (Hj, Hj, HEk)

G,(KJ,Kj,KkR)

G (Ch, K, H)
G,(HH, HJT , HK) X

G,(Kh,Kj, HE)

G, (KCh, Kj,KJ)

with A,V,0,Q> 0 with s*(A+V + 0+ Q) < é
Then, H and K have a unique common fixed point in Y, provided H and K are compatible.

Proof. Consider a sequence {hn} € Y with an initial point A,. We can choose h, such that Hh, =Ch,.

Choose a sequence {hn+1} such that ¢, =Hh, =Kh,,,,n=0,1,2... and using condition (3) of this
theorem,

gb (th+1”Chn+1’IChn+1)+gb (th’IChn’IChnH)gb (lCh IC]’L IChn+1)
gb (th+l,’Chn+1’IChn+1) + gb (th’IChn’ICh’nJrl)

n+1? n+1?
gb (IChn+1’Hh’n’IChn+l) + gb (Kh IChn+1’th+1)

n+l2

G, (Hh,..,Kh,, , Hh, )+ G, (Hh, 1 HR, . Khy, )

n+1? n+1?

gb (th’IChrHl ”Chn+1 ) + gb (’Chn+1’IChn+1’th) gb (]Chn,ICh th+1)
gb (th’IChrHl ”Chn+1 ) + gb (Khn+1 -Kh, th+1)

n+1’
n+1’

G (IChmthn’IChml ) +% (Kh””’IChnH’IChnH) g (]Ch Kh

G, (KCh,,Kh, ., Hh,,.,)

n+1’

G, (Hh,, Hh,,,, Hh, ;) 3

n+1? ~

G, (Hh, ., Khy o H )+ G,y (HRy o HB o HE L) wrt Kl )_
So, we get
Gy (P r i1t ) SV + DG, (9100001 )- 3.6
By using rectangular inequality and preposition (2.3), we have
Gy (01100201 ) 351Gy (9022905 00) + Gy (040000 )}
(3.7)

r—j S {gb ((pn—l ’(pn 7(pn ) + 2Sgb ((pn ’(pn+1 7(pn+l )} .
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Using equation (3.7) in (3.6), we get
Yo (conxpnm(pml) S(V+Os {gb ((pnfmonr ,con) +25G, (‘Pnr P> P )}

(V+Q)s
g( "Yn+12¥n )j—g( n-1°>% '» n)’
b (pnq) +10Pri1 1—2(V+Q)S2 b\ P l(pn ¢

Gy ((pn, ,wmpfpm) <G, (fpnfl P ,con)-
Continuing like this,
Gy (0, 0i1:001) 3Gy (912:0,.0, )

Using the same steps as used in Theorem 3.1, one can show that {(pn} is a Cauchy sequence. By
completeness property of complex valued G, -metric space, there is a sequence which is convergent to
a point ¢ € Y such that hmn%w{gon} =@ and lim,-.®, = limnusHA, = limpsKLh,,; =@. As H or K is
continuous function, suppose H is continuous, then lim,_,.JCHA, = lim,_.XKh,,; = Ko.

Further, H and K are compatible. Thus,

TimnepeGy (PR, KA KHRL ) =0 i i plies that limassHCR, = lima KHR, =Ko,
By using condition (3) of this theorem,, we have

gb (HIChn ’ th ’ th )
G, (®h,,Kh,,Kh,)+G, (HKh,,Kh,,Kh,) G, (Kch, Kh, Kch, )
G, (Hh,,Kh,,Kh,)+G, (HKh,,KKh,,Kh,)
G, (HKh,,,,Kh, ,Kh,)+G, (HKh, ,Kh,, Hh,) G, (KKh, Kh, ...
G, (Kh,, HKh,, Hh, )+ G, (HKh,,Kh,, Hh, )

. G,(HKh,,Kh,,Kh,)+G, (Kh,,Kh, , HKh,
G, (HKh,,Kh,,Kh,)+G, (Kh,,Kh,, Hh,)
B 0 ) 0,11,

b n? n? n +gb(Hh’n’th’Hh’n) |

Kh,)

A

) G, (KKh,, Kh,  Hh,)

Taking the limit n tends to infinity,

- Agb((p,fp,(p)+gb(lcfp,/C(p,<p)
Gy (0,0,0) + G, (Ko, Ko,p)
v G, (Ko,0,0)+G,(Ko,0,0) G,(K0,0,0)

G, (0, Ko,0) + G, (Kp,p,0)

G,(Ko,0.0) 3 ’
IC P 2 ’,C
G, (K0.0.0) +G,(0.0.K9) 0 s

Gy (Ko,0,0) + G, (0,0,0)
G (0, Kp,0) + G (0,0,0)

Q g IC b b
G, (0,0,K0) + G, (0,0,0) »(K0.0.0)

Gy (0,90,0)

.. . 1
This is not possible as V+ 0 +Q < PR Therefore, we have, K¢ =¢.
s
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Again, from condition (3) of this theorem, we have

5 (He.Ko.Ke) + G, (Hh,, Ko, Ko)
G,(Ho,Ko,Ko) + G, (th,qu),lC(p)
G, (Ko, Hh,,Kp)+G,(Ko,Ko, Ho)
G,(Ho, Ko, Ho) + G,(Ho, Ho, He)

G, (th,lC(p,IC(p) +G, (Ko, Ko, HK )
G, (Hh,,Ko,Kp)+G,(Ko- Ko, He)

G, (Ko, Ho,Kop) + G, (Ko, Ko, Ko)
G, (Ho, Ko, Hh,)+G,(Ho, Hp, Hp)

G, (Ko, Ko, Kop)

G, (Kh,,Ko,Ho)
G, (Hh, Ho, Ho) 3
+O

G, (Kh,,Ko,Hp)

G, (Kh,.Ko,Ko)

Taking the limit n tends to infinity,
Gy(@, Ho, Ho) 3 (V +0)G,(0,0,Hep) 3 25(V + 0)G, (0, Ho, He),

. . _ 1 .
this is again contradiction as (V +0®) < PR Therefore, we have Hop =Ko =¢. Thus, ¢ is a common
S

fixed point of H and K.
Uniqueness: Consider 8 as another common fixed point of H,K with 6 # ¢.

I  Gn(H0.K6,K0) + G, (Hh, . Ko.K6)
G (Ho,Ko,Kp) +G,(Ho,Kp,Kop)
G, (K6, Hop,K0)+ G, (Ko, Ko, Hp)
G,(HO,K0,Ho) +G,(HO,HO,HO)
o 5 (H0.K0.K0) +G,(K0,K0,HKO)
G,(Ho,Ko,Kp) +G,(Ko - Ko, Ho)
0 % (K0, Ho,Ko) +G,(Ke, Ko, Ko)
G,(HO,K0,Hp) +G,(HO,HO, HO)

G,(K6,K0,K0)

G,(Ko,K6,H0)
G, (Hp,H0,H0) 3 A

G,(Ko,K6,H0)

gb(IC(p9IC99IC9)

G,(0,0,0) 2 (V+0+Q)G (9,0,0), which is not possible. Therefore, ¢ = 6.

Example 3.8 Let Y=C and G,(h,j,k)=|h—jl+|j—k|+|k—-h]| for every h,j,keC. It is a complete
complex valued G,-metric. Define H(h) Zg and K(h) 22. Here, we note that H is continuous with
H(Y) < K(Y) and hence compatible.

By taking A=V=0=Q= % and s=1 condition s*(A+V +0 + Q) < % is satisfied. Also, condition
(3) of Theorem 3.7 is satisfied. Hence, by above theorem, mappings H and K has 0 as their common
fixed point.

Conclusions and Future Works

In this paper, some common fixed point theorems of compatibility by using rational inequality incom-
plete complex valued g, -metric space are proved. Our results will help new researches to obtain new
results in complex valued G, -metric space and in other extensions of complex valued metric space.
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