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Abstract

In this manuscript, we present the concept of neutrosophic controlled pentagonal metric space
(NCPMS), and prove some new fixed point results. Furthermore, we established many interesting
outcomes for contraction maps. At last, we show the uniqueness and existence results for fractional
differential and integral equations to illustrate the validity of the main outcomes.
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1. Introduction

The concept of metric spaces (MS) and the Banach contraction principle are the backbone of fixed-
point theory. Several academics are drawn to the spaciousness of the axiomatic interpretation of MS.
There have been several generalizations about MS. This illustrates the beauty, attraction, and scope
of the notion of a MS.
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The idea of fuzzy sets (FSs) was introduced by Zadeh [1]. In modern research involving the set-
theoretical underpinnings and logic of mathematics, the adjective “fuzzy” appears to be a particularly
popular and common one. In our opinion, the fundamental explanation for this rapid development.
There is a great deal of confusion in the world around us for the following reasons: the information we
develop from the environment, the concepts we employ, and the facts arising from our observations
or measurements are all unreliable and inaccurate in general. For this, any formal description of the
real world or some of its characteristics is naturally idealized and approximates reality as it exists.
FSs, fuzzy orderings, fuzzy languages, and other ideas enable us to approach and explore the level of
uncertainty mentioned above in a rigorously formal and mathematical way.

The concept of FSs was effective at modifying various mathematical concepts present in its idea.
In 1960, Schweizer and Sklar [2] defined the concept of continuous t-norms. Fuzzy MS notion was
introduced by Kramosil and Michalek [3], in 1975. The authors had given the notion of fuzziness, via
continuous t-norms, to classical concepts of metric and MS and compared the idea of alternative MS
generalizations, specifically statistical and probabilistic types. In 1988, Garbiec [4] demonstrated the
fuzzy interpretation of the Banach contraction principle in fuzzy MS. Recently, Ur-Reham et al. [5]
demonstrated some a—¢-fuzzy cone contraction theorems with application of integral type equations,
in 2021.

Furthermore, Park [6] established an intuitionistic fuzzy MS that supports both membership and
non-membership maps. Konwar [7] given the notion of an intuitionistic fuzzy b-MS and proved a
few fixed point theorems. The notion of intuitionistic fuzzy double-controlled metric-like spaces was
introduced and fixed point results were demonstrated by Ishtiaq et al. [8]. With the use of a relation,
Saleem et al. [9] developed the idea of graphical fuzzy metric spaces, a generalization of fuzzy metric
spaces, and demonstrated fixed point outcomes. Saleem et al. [10] established fixed point results and
presented the idea of a fuzzy triple-controlled metric-like space in the sense that the self-distance
might not equal one. Saleem [11] introduced the notions of fuzzy rectangular and fuzzy b-rectangular
metric-like spaces and proved fixed point results. Saleem et al. [12] established fixed point results and
presented the concepts of controlled rectangular fuzzy metric-like spaces and extended b-rectangular
spaces. Furqgan et al. [13] introduced the notion of Fuzzy n-controlled metric space and proved fixed
point theorems. As expansions of fuzzy triple-controlled metric spaces and fuzzy extended hexagonal
b-metric spaces, Hussain et al. [14] introduced pentagonal-controlled fuzzy metric spaces and fuzzy
controlled hexagonal metric spaces, and established fixed point results. In 2020, Kirigci et al. [15]
initiated the concept of neutrosophic MS that is used to deal with naturalness, non-membership, and
membership. Simsek and Kirigci [16] proved fixed point theorems in the surrounding area of neutro-
sophic metric space (NMS). In the year 2020, Sowndrarajan et al. [17] demonstrated some fixed point
theorems in NMS. Itoh [18] explained an application respecting random differential equations in
Banach spaces. Mlaiki [19] coined the notion of controlled MS and demonstrated several fixed-point
theorems for the contraction map. Sezen [20] initiated the concept of controlled fuzzy MS and derived
a distinct type contraction map. For related articles, see [21-28]. In 2022, Gunaseelan et al. [29] intro-
duced neutrosophic rectangular triple-controlled MS and proved fixed point theorems (FPTs). In 2023,
Gunaseelan, et al. [30] introduced orthogonal neutrosophic rectangular MS and proved FPTs. Using
an iterated multifunction system that consists of a finite number of neutrosophic B-contractions and
neutrosophic Edelstein contractions, Saleem et al. [31] proposed the idea of multivalued fractals in
neutrosophic metric spaces. As a generalization of neutrosophic metric spaces, Uddin [32] introduced
the concept of controlled neutrosophic metric-like spaces and demonstrated fixed point findings. The
notions of &-chainable neutrosophic metric space and generalized neutrosophic cone metric spaces
were presented by Riaz et al. [33], which also demonstrated fixed point findings. Neutronosophic
2-metric spaces demonstrated fixed point theorems on generalized neutrosophic cone metric spaces
were first proposed by Ishtiaq et al. [34], which also showed common fixed point findings. In 2023,
Gunaseelan et al. [35] introduced the concept of neutrosophic pentagonal MS and proved FPTs.
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In this article, we introduce the concept of NCPMS and prove FPTs. The following are the main
aspects of this paper:

+ To introduce the concept of NCPMS;
* To show several FPTs for contraction functions;

To find the uniqueness and existence of the solution of an integral, and fractional differential
equation (FDE).

2. Preliminaries

In this part, we offer some definitions to help readers clarify the key findings.

Definition 2.1 (/6]) Let ®:[0,1] x[0,1] — [0,1] be a binary operation is called a continuous triangle
norm if: [label=()]
l.v®h,=h, ®v,Vv,h, €[0,1];
2. ®1s continuous;
3. v®l1=v,Vve[0,1];
4. e h)®i=v®(h, ®I1),V,h,,1€[0,1];
5.If v<i and h, <d, with v,h,,i, d€[0,1], then .
Definition 2.2 (/6]) A binary operation © :[0,1] X [0,1] — [0,1] is said to be a continuous triangle
co-norm if:
1.vOh, =h, Ov,Vv,h, €[0,1];
2. O 1s continuous;
3. v00=0,YVve[0,1];
4. (WOR)OT =00 (h, ©1),Yv,h,,ie[0,1];
5. If v<i and i <d, with v,h,,i,de[0,1], then VO h, <TOd.
Definition 2.3 (/7]) Let " # &, ® be a continuous t-norm, ©® be a continuous t-co-norm, b > 1 and A
@ be F'Ss on G xU* x(0,+c0). If (U*,A,®,®,0) fullfils all ©,Y,c U" and $X, >0:
. AO,Y,R)+D(O,Y,,R )<
. AO,Y,,R,)>0;
. AO,Y,,R)=10=Y,;
. AO,Y,,R) =A(Y,,0,R);
. AO,0,b(R, +a)) 2 AO,Y,,R) ® A(Y,,0,0);
. A(@,Y,,") is a non-decreasing map of R* and JLQ}Q@(@,E, X)=1;
. D(O,Y,,R)>0;
. PO,Y,,R)=0iff O =Y,;
. ®D(O,Y,,8)=D(Y,,0,X);
10.9(0,0,b(X, + @) <P(O,Y,,X) OP(Y,,0,q);
11. ®(0@,Y,,") is a non-increasing map of R* and hm P(0O,Y,,X,)=0,

Ry oo

© 0N U A W N e

Hence (00", A, ®,®,0) is an intuitionistic fuzzy b-MS.

Definition 2.4 ([15]) Let UO* # 3, ® is a continuous t-norm, © be a continuous t-co-norm, and A, @, S
are NS’s (neutrosophic sets) on " xU" x(0,+) is called a neutosophic metric on O*, if VO,Y,,0e U,
the given axioms are fulfilled:

1. AO,Y2,R)+P(O,Y2,R)+S(O,Y2,R")<3;

2. AO,Y2,8")>0;
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CAB,Y,,K)=1, V X >0 O=Y,;

. AO,Y,,8)=A(Y,,0,K.);

L AO,0,8 +a)2 AO,Y,,8) ®A(Y,,0,0);

. AO,Y,,"):(0,+00) —[0,1] is continuous and lim A(O,Y,,N.)=1;
. D(O,Y,,N)<1;

L. PO,Y,N)=0V X >00=Y,;

. D(0,Y,,N)=D(Y,,0,X.);

N, —+oo0

10. @(0,0,8 +2) <P(O,Y,,X) OD(Y,,0,9);

. D(0,Y,,") :(0,400) —[0,1] is continuous and Nlim P(O,Y,,X)=0;

12. S(O,Y,,N.) <1;
13. S(O’Y25N/) =0V & >01iff © :YZ;
14.8(0,Y,,8.)=S(Y,,0,X.);

.8(0,0,8 +5)<5(O,Y,,N)OS(Y,,0,5);

16. S(O,Y,,) : (0,+e) —[0,1] is continuous and Nlim SO,Y,,8)=0;
17.If & <0, then A(O,Y,,N.)=0,9(0,Y,,X.)=0;

Then, (O",A,®,S,®,0) is called a neutrosophic MS.

Definition 2.5 [35] Let O #J,® be a continuous t-norm, © is a continuous t-co-norm and

AD,E

be NS’s on " xU* x(0,+0e0) is called neutrosophic pentagonal metric on O, if for every 6,0 € U*

and all different g,Y,,0 € O, the following axioms are fulfilled:

1.

© 00 I O Ot &~ W N

10
11

12.

13
14

15.

16
17

AO,Y,,X)+P(0O,Y,,X)+E(O,Y,,N)<3;

. AO,Y,,N)>0;

A, R)=1, ¥ K >0iff O=7,;

. AO,Y,,8)=A(Y,,0,K.);

CAO, 0,8 +5+G+E) 2 AO,Y,,8)® A(Y,,8,0) ® A(g,h,d) ® Ah, 0,¢);
- A(©,Y,,):(0,+e2) »[0,1] is continuous and lim A®,Y,,X.) =1;

. D(O,Y,,N)<L;

L PO,Y,,8)=0,V X >00=Y,;

. @(0,Y,,8)=0(Y,,0,X);

L D(O,0,K +5+{+E) SPO,Y,,K) OP(Y,,§,5) OP(§,1,§) OP(h, 0,8);

. @(0,Y,,):(0,+) —[0,1] is continuous and lim &(O,Y,,X.)=0;
Z(0,Y,,X)<1;

. E6,Y,,8)=0,V X>0=0=Y,;

. Z(0,Y,,8)=2(Y,,0,X);

Z(0,0,8 +5+G+7) 5E(Q,YZ,N)®5(Y2,§,§)@E(g,ii,(j)(as(ﬁ,g,@);

. 2(0,Y,,):(0,+e) »[0,1] is continuous and lim Z(6,Y,,X.)=0;

 —>+o0

JIfR, <0, then AO,Y,,X)=0,0(0,Y,,8)=1and S(O,Y,,X ) =1

Then, (0",A,®,5,®,0) is said to be a neutrosophic pentagonal MS.

In this article, we propose the concept of NCPMS and show that FPTs.
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3. Main results

In this part, we present few fixed point theorems in NCPMS.

Definition 3.1 Let O # & and £ : 0" xU" —[1,+e0) be a non-comparable maps, ®,O are the continu-
ous t-norm and t-co-norm, and A,@,=Z is a NS’s on O XU~ X (0,+e0) 18 called neutrosophic controlled
pentagonal metric on U7, if for any ©,p0 € 0" and all distinct g,Y,,h,p € U, the following axioms are

fulfilled:
1. A©,Y,,X)+®(O,Y,,8)+E(O,Y,,8)<3;

2. AB,Y,,8)>0;

3. A@,Y,,8)=1, ¥V X >0iff O=",;
4. A(@7Y2’N/):A(Y2,@,N,);

5

N,
- AB,0,8 +5+4+6)2 A0, Y, ——)®AY,, 8, — )® A(g,h, )® Alh,0,——);
G ’ 5( 28 5( B 5<h 0)
6. AO,Y,,"):(0,+e0) —[0,1] is continuous and Nlirnm AO,Y,, N,) =1;
7. ®(O,Y,,X)<1;
8. ®(O,Y,,X)=0,V X >00=Y,;
9. ®(O,Y,,X)=D(Y,,0,K.);
S ¢
10. @(O,0,N. +s+§+¢)<PO,Y,,——) O D(Y,,8,———— )@ (8,h, YOD(h,0,——);
’ 5(@’ 2) ’ 5( 28 5( h) é(h,g)
11. let @(O,Y,,") : (0,+e) —[0,1] be a continuous and Nlimm(D(@,Yz, N.)=0;
12. 5(0,¥,,8)<1;
13.2(0,Y,,8)=0, V X >050=Y,;
14. £(0,Y,,X)=2(Y,,0,X.);
N, S ..
155(@,Q,N,+§+Q+C)S:(@,Y 7—)®E(Y 7g7—)®E(g9 ’ )O ( 7Q’ )
R{CAS) CTE(Y,, 8) 5( 1) é(h 2)

16.let =(O,Y,,"):(0,+e) —[0,1] be a continuous and Nlim =(0,Y,,X)=0;
17.If X, <0, then A(O,Y,,X.) =0,0(0,Y,,N.)=1and S(O,Y,,X) =1

Then, (O*,A,®,Z,®,0) is called a NCPMS.

Example 3.1 Let O ={1,2,3,4,5} and & : 0" xU" — [1,+) be a function given by £(@,Y,)=0 + Y, +1.
Define A,@,Z : 0" xU" x(0,+) —[0,1] as

1, if @=v,
A(O,Y,,R, )= , . .
(0.Y,.X) X , if otherwise,
X, +max{0,Y,}
0, if O=Y,

A(O,Y,,8.)=2 max{0,Y,}

, 1f otherwise,
X, + max{O,Y,}

and
0, if 0=y,
Z(0,Y,,%)=<max{0,Y,}

. , 1f otherwise.
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Then, (0",A,®@,=Z,®,0) is a NCPMS with continuous t-norm v ® A, =vh,, and continuous t-co-norm,
v O a =max{v,a}.

Proof. Now, we prove 3.1, 3.2 and 3.3 remains are clear.
Let ©=1,v,=2,g=3,h=4 and ¢ =5. Then

N +5+G+E N +E+GHE

ALBN +5+G+k) = —— = — .
N +S+g+k+max{l,b} N +S+q+k+5

Otherwise,
N
L2 Ny &a2 ¥
§(1,2) 5(‘:/2)+max{1,2} X +8
5
A28 — o 823 s
523) % + max{2,3} $+18
g
AG 49y EBY _ g
£(3,4) 5(54)+ma"{3’4} G +32
and
ARy _s4n k.
S5 é(f 5 + max{4,5} k+50
That is,

N +5+G+Ek . K8 g k
N +5+G+Ek+5 N +85+18G+32k+50

Then 1t satisfies all N,,§,(j,k > 0. Hence,

AO,e, 8 +5+G+k) 2 AO,Y,,K)® AY,,4,5) ® A(&,0,§) ® A€, k).
Now,
max{1,5} B 5

D(1,5,8 +5+G+k)= 2 = .
N +S+g+k+max{l,b} N +5+G+k+5

Conversely, however,

(1,2 N, )= max{l,2} _ 8
£(1,2) 5(1/2)+max{1’2} N +8
(2.3 S )= max{2,3} _ 18
’ ,5(273) i+max{2’3} §+18’
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®(3,4 q )= max{3,4} _ 32
£G3.4) 75(?()] ) + max{3,4} q+32
and
D45 k - _max{d,5} 50
&(4,5) g(f 5)+max{4,5} k+50
That 1s,
5 8 18 32 50

)

- . 3 S max{ )~ Y .. ’ 3°
N+S+g+k+5 N +8 5s+18 g+32 k+50

Then it satisfies all N,,§,éj,k > 0. Hence,

D(O,c, X +5+G+k) <DO,Y,,K)OD(g,0,5) OD({,0,0) OD(g,¢, 7).
Now,
max{l,5} 5
N +5+G+k N +5+G+k

E1,5,8 +5+G+k)=

Conversely, however
N | _max{l,2} 8

=(@1,2, —) )
5(172) N/ N/
£(1,2)
_ S max{2,3} 18
=(2,3, = - =—,
e~ s s
£(2,3)
=(3.4 q )_max{3,4}_g
UE(3,4) q q’
£(3,4)
and
=(4.5 k )_max{4,5}_@
=4, E45) 7 T
$(4,5)
That 1s,
N+S5+G+E N5 ¢k

Then it satisfies all &,5,(1’,]% > 0. Hence,
E(O.6, 8 +5+{+k)<Z(0,Y,,8)0Z(Y,,4,5) 0 Z(&,0,§) O Z(0.¢,§).
Hence, (0", A,®,=Z,®,0) is a NCPMS. O

Remark 3.2 The previously given example is also true for continuous t-norm v ® @ = min{v,a}, and
continuous t-co-norm v © @ = max{v,a}.
Remark 3.3 The above example is not a neutrosophic pentagonal MS if &£ =1.
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Example 3.4 Let 5" ={1,2,3,4,5} and & : 0" xO* — [1,+) be a function given by £(0,Y,) =0 +Y, +2.

Define A,®@,=Z : 0" xU”* x(0,+) —[0,1] as

1, if O=v,
AO,Y,,R,)= X, . ;
( 2 X) ——, if otherwise,
X+10-Y, |
0, if ©=Y,
®O,Y,,8)= -, P ~
( 2> X) |@—Y2|2, otherwise,
R+10-Y,|
and
0, if @=v,
0,Y,,X)=1 |@-Y,F : -
( 2 ) |—2|2 , if otherwise,
X+10-Y, |

Then, (0",A,®,=2,®,0) is a NCPMS with continuous t-norm v ® A, =vh,, and continuous t-co-norm,

v O a =max{v,a}.

Proof. Now, we prove (v, x) and (xv) remains are clear.
Let ©=1,v,=2, g =3, h=4 and o =5 and . Then

N +5+G+k N +E+GHE

ALB,N +3+G+E)=

Otherwise,
N,
N £(1,2) X
A(L,2, = = ,
( 5(1,2)) R _gp NH5
£1,2)
S
A28 by @B 5
( 5(2,3)) S |o_gp 5*7
£(2,3)
p
AG.A, ] y— $(3,4) =“<'1'
5(3,4) q +|3_4|2 q+9
§(3,4)
and
A(4,5, k )= — £(4,5) __k
5(4,5) B s sp k11
$(4,5)
That 1s,

N +5+G+k A k
N +5+G+Ek+16 N +55+TG+9k+11

N +5+G+h+|1-5F N +5+G+Ek+16
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Then it satisfies all N,,§,d,k >0. Hence,
A©,€,K. +5,4,k) 2 AO,Y,,8) ® A(Y,,4,5) ® A(F,0,4) ® Alo,€, k).

Now,
[1-5F _ 16

N +5,G,k+11-5F N +5,§,k+16

®(1,5,8 +3,4,k) =

Conversely, however,

_ 2
0,2~ )= 122l _ 5
£1,2)
= _ 2
®2,3—y-—12=3 T
£(2,3)
.o _ 2
w34, y-_ 1374 -9
5(3’4) L+|3_4|Z q+9
$(3,4)
and
. i
o5y 14=5F 11
£(4,5) k , k+11
———+]4-5]|
$(4,5)
That 1s,
16 5 7 9 11
——————<max ,— ,— = .
N +5,G,k+16 N+5S5+7 G+9 k+11

Then it satisfies all N,,§,(j,k >0. Hence,
D(O,6,K +35,G,k) <P(O,Y,,K) 0OD(g,0,5) OD(F,0,0) OD(0,¢,7).

Now,

L 1-5F 1
5(1757N/+8’q7k): | V5| = = ?
N +5,g,k X +5,4,k

Conversely, however

2
sy 1=20 5
£(1,2) N X
£(1,2)
_ 5 12-3F 7
=(2,3, = - =—,
3529~ 5 5
£(2,3)
. _ 2
=349 y 13741 9
£(3,4) ] qd
£(3,4)
and
. .
=45, y_14-5F 11

"E(4,5) k k
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91t
Gk

E(0,¢,8 +5,4,k) < Z(0,Y,,N) O E(Y,,8,5) 0 Z(&,0,d) © E(0,¢,§).

That 1s,

fn(I\I

16 5
fﬁmax —,
N +35,9,k N,

Then it satisfies all X.,5,d,%>0. Hence,

Hence, (O*,A,®,Z,®,0) is a NCPMS. ]

Remark 3.5 The above example is not a neutrosophic pentagonal MS if & =1.

Definition 3.2 Let (O*,A,®@,Z,®,0) is a NCPMS, an open ball is then defined = (0,r,X.) with center
O, radius r,0<r <1l and X, >0 as follows:

20,5, 8)={Y,e T : A©,Y,,8)>1-}®O,Y,,X)<FEZ(O,Y,,X)<F}.

Definition 3.3 Let (O, A,®,=,®,0) is a NCPMS and {0, } be a sequence in O*. Then the sequence {0, }
is called:
1. a convergent exists if there exists @ € U” s.t.

lim A@,,0,%.)=1,1im ®(0,,0,8)=0,lim 2(0,,0,8)=0, V X >0,

T—>+eo

2. a Cauchy sequence, iff for every a > 0, R, > 0, there exists 7, € N s.t.

N)<a,®O, N)<a, V t,p=1,.

r+q’

A@©,,6,,,,8)21-a,o(0,

T+q’

If every Cauchy sequence convergent in O, then (0", A,®,=Z,®,0) is said to be a complete NCPMS.

Lemma 3.1 Suppose {0, } be a Cauchy sequence in NCPMS (0" ,A,®,Z,®,0) s.t. O, # 0, furthermore
p,7e N with v #p. Then, the sequence {©_} converge to at most one limit point.

Proof. By contradiction, assume that ©®, - © and 0, — Y, for @ # Y,. We can find, lim A(O,,0,8.) =1,

T—>+eo

lim®(©_,0,8)= OZlm'( ,0,8)=0 and UIim AO,,Y,,X)=1, lzmd)(@ ,Y,,8)=0, le:( , Y, N.)

T—teo T—+oo

=0,V & >0.Suppose

N, N,
A(@,YZ,I\’,) > A[@ @T,W]@) A[@T,@T+l,él§(@—r+1)}

N, N,
®A|0,,,0,,,,——— |®A|O,,,Y,,——————
[ ' ’ 45( 1+1’@1+2)] ( ’ ’ 46(@”2’Y2)]

->1®1l®1l®l, as T —> +oo,

N, N,
CD@, N d) @@,— d) @?8 1’—
(O nit)= [ f4é<@@>]® [ “1E0,.6 >]

N, N,
O(D @‘H— ’@‘H— A A Y GQD @’H— ’Y N
( ' ’ 46( r+1’91+2)] [ ’ ’ 46(@r+2’yz)]
00060000, as T — +eo,

h e N,
= @ ,N <z 8 (&) e ) a@ 17—
( YZ ) ( T 45(@@)} ( T T+ 45( T+1 J

N, _ N,
@T+17@‘r+27 ‘:’ @1-_,_27 29
45( T+1? 1:+2) 45( 1'-*—2’Y )
0000000, as T — +oo.

N——
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That is, A(O,Y,,N)21®1®1=1,9(O,Y,,X)<00000=0, and Z(0,Y,,X.)<00000=0. There-
fore © =Y,, i.e., the sequence converges to at most one limit point. Ol

Lemma 3.2 Let (O",A,®@,Z,®,0) is a NCPMS. If for some 0 <6, <1 and for every ©,Y, in U", & >0,

A©,Y,,8)> A[@,Yz,%}@(@,\(z, x) SQ(@,YZ,%}

1 1

0

1

N,
E(@,YZ,N,)SE[@,YZ,—],
then @ =Y,.
Proof. We have

X 0

1

N X
A©,Y,,8)> A[@,YZ,E}QD(@,YZ,N,) S@[@,Yz,—r}

E(@,vz,x)ss(@,vz,%}re N, X, > 0.

1

Now
. N,
AO,Y,,X)=1lim A[@’YZ,EJ:L
1
. N,
P(O,Y,,N)< hm(l?[@,Yz,e—T}: 0,
1
— . N,
Z(0,Y,,X)<lim = (@,Y2,§]= 0,~8 >0.
1
By definition of (iii), (viil), (xiii), that is, @ =Y, O

Theorem 3.1 Let (O*,A,®,=Z,®,0) be a complete NCPMS in the company of & : 0" XU — [1,4e) with
0<86, <1and assume that

lim A©,Y,,K)=1,lim ®(@,7,,X)=0 and lim Z(O,Y,,&)=0, (3.1)

N/ —+oo

vV O,Y,e U and X, >0. Consider y: " — U* be a map fulfilling

A(3O,5 Y,,0,8)> A©,Y,,X.),
®(70,5Y,,08)<®(O,Y,,8) and E(30,7Y,,08)<Z(O,Y,,X.), (3.2)

V©,Y,e U and X, >0. Then has a unique fixed point.

Proof. Consider @, be a point of " and define a sequence @, by O, = y°0, = y0__,,7€ N.
By using (3.2), V X, >0, we get

A@,,0

T+17?

N,
0N )=A(yO_,,y0.,0K8)=2A0O, ,,0 ,K)= A[@T_Z,@T_l,g—)

1
ZA[@TB, T2,%J2---2A{80,@1,%}

1 1
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N
0X)=2(y0_,,y0_,6X)<P(O_,,0 ,X)< d)[@r_z,@r_l,g—)

( 1+1’
1
N, N,
[81 3’@1’ 27612 ]< [@O’@l’erlJ'
and
. . N,
( T+179N’):‘:’(y@1717y@1—7‘\.’) ( 1—17 ) [ 127@1-179_]
1
- N, — N,
S:(@Tﬁg’@‘FQ,E)S‘“S:(@O,@l,F).
We obtain
N,
( HUON')ZA[@O’QUT]’
61
N,
QD( M,GN,)S@(@ 0, ”J and H(@ M,GN,)SE[@O,@UF} (3.3)
1 1
Consequently,
. N,
( 1+2’9N’)zA(y@‘r—l’y@‘Hl’eN)>A( T-1° t+1’N)>A( r2’@’9 ]
1
N, N,
>A( -39 117912) >A( 0? 27911)
N,
43( T+270N) @(y@ 17y@,+1,9N)<@( T-1° T+17N)<¢( 1'27@ 79 ]
1
N, N,
(81 37 11’02 ]S (@0’@2’011}
and
—_ . - N,
( 1+2’0N’)=~(~y@‘r—l’y T+1? ) "‘(@‘r 12 ‘r+17 ) ( 12’@’0 J
1
_ N, _ N,
S:[@TS, 11,02J< -35[60,82,0”].
We obtain
N,
A( r+2’9N’)2A[@0’@2’911}
N, N,
( 1+2,9N)<(D[ @2,7} and ( T+2,9N)< “[ 0,@2,0”}. (3.4)
1

It follows that

A( @r+3 ’

0

1

QN) A(y@ l’y@1+2’6N)>A( 7-1? 1+2’N)>A( T— 2’@r+1’£]
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> A @H,@T,% =2 A @0,@3,% ,
61 01
BO,,0,,,08)=D(50, ,,6..,.0,8)<D@O._,,0.. K)<D (@”’@T”’%J
1
N, N,
<®|0,,,0,— |<<D|0,0,,— |
91 91
and
- — . . — — N,
':(@r’@‘HB’QlN’) == (y@‘r—l’y@rJrZ’N’) < ':’(@1—1’@r+2’N’) ) [@TZ’QTH’Q_J
1
- N, — N,
We obtain
N,
A(@T,OM,OIN,)ZA[@O, S’F}
1
N, - — N,
P(0,,0,.,0,X)<®| (8,0, |, and Z(6,,0,,,0X)<Z| 6,0, | (3.5)
1 1
Similarly, forj=1, 2, 3, ..... , we have
N,
A(@r 7@‘r+3j+1’91N’) 2 A[@o ’@3j+1’FJ’
1
< N, — _ N,
dj(@r’@rmm’eﬂv/)—@ @07@3j+1’F ’ and :'(81’81+3j+1’91‘\”)£‘: @0’@31+1’F ’ (3-6)
1 1
N,
A(@T’@T+3j+2 ’91‘\”) 2 A(@O’@3j+2 ’FJ’
1
N, — — N,
(D(@r’@1+3j+2’91N’)S(p @0’@31+2’F , and :(81’@r+3j+2’91N’)S: @0’@31+2’F ’ (3-7)
1 1
N,
A(@r ’@1+3j+3’918’) 2 A£@o’831+3’F}
1
DO ,0 ON)<D|O,,06 X d =2(©.,0 ON)<Z| 06,606 al 3.8
( 79 r+3i+32 V1 ')— 07 3j+3’F , an “( 79 2 7+3j+3° 71 ')—“ 02 3j+37F : ( . )
1

Similarly, we get for eachj=1, 2, 3, .....,

N N,
A@O,,0, . .8)240,,0,—~_|s4l0,06,—
( 0 3j+1 ) ( 0 1 45(@0,@1)] [ 0 1 46(@1,@2)]

N, N,
®A|O,,0,————— [®--®A|O,,0,,—— )
[ ’ 146@(@2,@3)] [ TR 15(@3j,@3j+1>]
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N, N,
®6,0, .%)<0|0,6,—~ __|lod|e, 0,
( 0 3j+1 ) [ 0 1 45(@0,8)j ( 0 1 45(@1,82)J

N, N,
@d) @78 T e (OXX Q 8’@7 )
( ’ 1495(@2,@)] [ B U (O M)]

N, N,
£,,0,,,8)<E2|06,06,—— |05|06,,0,————
s 771 4£(9,,0,) 7 4¢(0,,0,)

X, X
0Z|6,,60,———— |0--0E|6,,6,,— :
( ’ 1495(@2,@)] [ ’ 1495115(@3j,@3j+1)]

and

Now, from 3.6, we get

A©, HM,GN,)ZA[@O@_ LJ

235+ 0171

N, N,
> A @,@,— ®A| 6,0, ————F——
( BT ] ( ’ 149;%(@1,@2)]

N,
®---®A| O J

0’ 17493)+1 -2 (@3] @3]+1) (3.9)
( T+3)+176N’)S(D[@0’ 31+1’011]
N, N,
<0|6,,0,— —— 02| 6,,0,,————
( 7Y 40! 15(@0,@1)] L 1 40 15(@1,@2)]
N,
Q"'Q(p[@m@l’ 03J+T 25( )J (3.10)
3j? 3]+1
and
_ X,
( r+31+1’9 N) S = (@07@3j+1’FJ
1
N, he
<2(0,6,——— [02]6,,6,,———
( o 46, 15(@0’@1)J [ o 46, 15(81’82)]
N,
0 0E|6,,6, :
[ 0 1 93J+T 25(@?],@3”1)] (311)

In the same manner, we get for everyj =1, 2, 3,

N, N,
A@©,.0,.,,8)>A|0,6,———— |®A|l0,0,———
( 0 3j+2 ) [ 0 145(@0’@)} [ 0 1 46(@1,82)J
N, N,
®A| 0,0, ———— (@@ A| O,,0,, ;
( 0 1 465(@2,8)] [ 0 2 493] 15( s 3]+2)]

N N
®0,,0, ,8)<0|0,,0,—_|loo|e,6,——
( 0 3j+2 ) [ 0 1 45(@0’@1)j ( 0 1 45(@17@2)\]
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N, N,
oPle,.0 —— 0---09|6,,0,, — ,
( o 4915(@2’@3)] [ o 4913) 15(@3j783j+2)]
and
N, N,
=,,9,,.,,8)<506,0,—— |05|06,,0,, ———
( 02 ~3j+2 ) [ 021 45(80781)] ( 021 46(@1,@2))

N, N,
0=l0,0,————  |0--0E2|6,,0,,— )
( v 4915(@27@3)J L o 4913] lg(@3j’@3j+2)]

Now, from 3.6, we get

N,
A@©,,0,,.,,0N)> A(@O,@SWF]
1
N, N
ZA @7@7— @A @’@,—
( 021 461715(@0,@1)] [ 0 1 401115(81’@2)]
N,
® @ Al 6,0, ——— ; (3.12)
0 2 4013) 25(@Sj’83j+2)]

N,
45(81 ’@r+3j+2 ’91‘\’/) <o (@0’ 3i+2’F]
1

N, he
<Q|6,,0,—— —— 00| 0,,0,,— ———
[ v 49;15(@0,@1)] ( ’ 149;%(@,@))

N,
OQ(D 8()9@2a ]7 (313)

46131”_25(@& ’ @3j+2)

and

P T+3)+20 3j+2? 9171
1

20,0 91&)35[@0,@ ‘\"J

IA

N, N,
z10,0,— |0£5|6,,0,————
( v 491115(80’@1)J ( v 461115(@1’@2)J

N
0 0E|6,,0,—— : 3.14
( 0 2 4913] 25(83j,83j+2) ] ( )

In the same procedure, we have for every j =1, 2, 3,

N, N,
A6,,0, ,,8)>4|0,06,—— |®A|0,,0,——
0 3j+3 ( 0 1 45(@0,@1)J ( 0 1 46(@1,@2)]

XN N
®A| 0,,0,,—————— |® A| 0,,0,,————
[ o 4915(@2,@3)] [ o 4955(@3,@4)J

N
@...@A @0,@3, ,
j’@3j+3)

4677&£(0,
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N, N,
®6,,0,,8)<0|0,0,—— 00|0,,0,,——
0 3j+3 [ 0 1 45(@0’@1)] [ 0 1 46(@1,@2)J

N, N,
0P| 6,,6,————— 0P| 6,,0,,—————
( ’ 14915(@2,@3)} ( ’ 14955(@,@)}

N,
@...@(p{@o,@g’

4013i_15(@3j > @3j+3 ) }

and
N, N,
z,,0,.,,8)<=2|06,0,—— [02|06,,0,,———r
( 0 3j+3 ) [ 0 1 45(@0,@1)\] ( 0 1 45(@1,@2)J
N, XN,
0=l0,0,——— 026,60, ————«—
( ’ 14915(@2,@3>J ( ’ 14935@3,@4)]

N,
o---0&2|06,0,, : .
v 4913]15(@3j’@3j+3)]

Now, from 3.6, we get

N
A@©,,0,.,,.,,6,8)> A [@0 Oy
1

N, he
ZA 80’@1’1—1— @A @058151_1—
467¢(0,,0,) 4071E(0,,0,)

N,
®--®A| 6,0, — ,
0°3 49131+T2§(@3j,@3j+3)] (3.15)

N
®0,,0,,,,,0K)<D (@0, Sj*S’F]
1

XN X
<P@|0,,0,—— " —— 00| 0,,0,,—— ——
( o 49;-%(@0,@1)] { o 49;-15(@1,@2)]

N,
002 6,0,,— , 3.16
[ 0 3 4913]+T—2€(@3j,@3j+3)] ( )

and

~ _ X,
= (@17@r+3j+3701‘\”) <=z (@0’@3#3’FJ
1

N, N,
<Z106,,0,—— |02|06,,0,———
( o 49171‘5(807@1)] [ v 491115(81’@2)]

N,
0+0E|6,,0,,—— : (3.17)
[ 0 2 40131 25(8&,@3”3) J

Using (3.9)—(3.17), for each case T — 4+, we deduce that
lim A(©,,0,,,8)=1l®l®---®1=1,

T—>+eo

lim ®(6,,0., ,8)=0000--00=0,

T—>+eo
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and

lim £(6,.,6,,,8)=000000=0.

Therefore, {0} is a Cauchy sequence. Since (0*,A,®,=5,®,0) is a complete NCPMS, there exists
limo, =6.

T—>+eo

Let us now evaluate truth that © is a fixed point of y, using 3.1, 3.1, 3.1, and (3.1), we obtain

A©. 50,8 z/{@ @T,@Je@ A[Q,@,mﬁ]

® A @m,@wm] (@Hz’y m]
=A @,@,,ﬁ%@]é@/{y@wﬁv ﬁ]

® Al 36,50 m,ﬁ}@/{y@m,y ’WJ

N,
®A|0,,0,,,——
[ ' 40 15( 1+1’ +2))

® A(@T+l ’ @’ #
4915( T+27 y@)

N, N,
@(0,50,8)<P|0,0,,———— 0D @T,@H,—
(o0 35555 22 o0 @)
N, N,
Q(D @r+ 78‘t+ ’— Q(D 81'+ ’y@ 7N
[ ' ? 45( r+1’ +2)] ( ’ 45( +2’y@)j
N, N,
=0 0,0,—/—— ¥0, Y0, ———
oo ba ) [ e on]
O?| yO_,y0 y@#
, o 45( T+17 1:+2) T+1 ’ , 45(@r+2 ’ y@r)
N N,
0,0, OY ANCAINCIN
f f4§<@@>} [ " 4677¢(0, ]

he
ch @T’@T+’ T— qu r+’
( ' 40 ' ( T+17 r+2)] [ ' 5(@1+2’y@)J
—>0000000=0 as T — +oo,

)—21®1®1®1=1 as T — +oo,

and

X - X
_(@,y@ N, ) <z (@ @T,WJQH [@r’@f+l’—4€( T+1 ]

N, N,
@E @TJr ’@‘z‘+ ,— =) @TJr ay 7—.
( ' ? 45( T+1? ‘r+2) J [ ’ 45( r+2’y@) J
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N N
=210.6. 557 |9F| 9055 6
( 45(@,@)] [ BAEC) J
- J

46(0,,,,0)

N
0= |y0,,50,, VIR ¥0,.,,50,
( ' 45( T+1? r+2) '

N, N,
<z|0,6,———|oz|0,,,0,—
( 45(@,@)] [ APTREC) )]
N, N,
OF 81’@T+’ = OF 81+ 7@7—
[ ' 40 15( 1+17 +2)] ( ' 405(@+2’y8)]
-0000000=0 as T — +oo.

Hence, yO = 0. Let yi =i for some i € ", then
12A(l,@,N,)=A(yl,y@,t\’,)2A[l,@,9—]=/\(yl,y@,0 ]
1 1

N,
2A[i,@, 2] >A(l@9 }—)1 as T — oo,
1 1

0<®(i,0,8)=D(31,50,K.) Sdb(i,@,%]ztb(j}i,y@, 5 }
1 1

<o i,@,% <@ l@ —0 as T — +oo,
0 91

1

and
= —_ . Y U 4 ...
0<EW,0,8)=2i,y0,8)<E|1,0,— |=Z| y,y0,—
91 61

N,
SE[ —2]_ -SE[i,@N]—>O as T —> +oo,
6 5
]

by using (ii1), (viii) and (xiii), © =1.
Definition 3.4 Let (O",A,®,Z,®,0) be a NCPMS. A map y:0" = U" is an neutrosophic controlled

pentagonal contraction (NCPC), if 30<6, <1, s.t
! 1< |— L 4 (3.18)
A(PO,PY,,N,) AO,Y,, X))
P(PO,PY,,N)S0P(O,Y,,N), (3.19)
and
(3.20)

=Z(PO,PY,,N)<0,2(0,Y,,X), V 0,7, U,

and N, > 0.
Now, we show the theorem for NCPC(neutrosophic controlled pentagonal) contraction
— [1,+°), and suppose that

Theorem 3.2 Let (O*,A,®,=,®,0) be a complete NCPMS with & : 0" xU*
(3.21)

lim A(O,Y, N,)=1,Nlim @(0O,Y,,N)=0, andxlim Z(0,Y,,X)=0

N, —>+oo
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VO,Y,e 0" and X >0. Let y: 5" — " be a NCPC. Moreover, assume that ©, € 0" be an arbitrary, and
7,9€ N, where 6, = y°'0, = yO_,. Then, y has a UFP.

Proof. Consider ©, be a point of U* and define a sequence O, by O, =30, = yO_ ,,7€ N. From using
(3.18), (3.19) and (3.20), ¥ X, > 0,7 > g, we deduce

1 1 1 ~
AO,,0,,,,X) A(YO,_,,y0,,K.)
<e[ ! } 6,
(717 7N’) (rl’ ’N/)
1 < ! +(1-6,)
A( ,0...,8) A©,,,0,X)
92

< +6(1-06)+(1-6.).
2@, ..6..%) (1-6)+(1-6,)

Proceeding in this way, we conclude
1 < 0/
X) AGO,,0,K)
+---4+0,(1-6,)+(1-6,)

G +O7(1-6)+672(1-6,)

‘r+1 ’

39—1+(01“+01”2+---+1)(1—01)
A(©,,0,,K.)
< ooyt
A0,.0,.8) 1-6,).
We obtain
1
61’ <A(@ 1—+19N)’
SR E——6 1)
AO,,6,,K.)
P0,.,0,,,8)=D(y0_,,y0,,8)<0P0O._,,0,,X)=D(y0_,,70, ,X.)
<9 ®0. ,,0 ,,8)<---<6/D(O,,0,,X),
and

( r+1’ ): :(}"@T 173’ N ) <0 ( T-1° 7‘\") = :(yer_g’ye‘;_p‘\")

<92'( .0 ,,8)<---<6/5(0,,0,,K.). (3.22)
It again follows that
1 1= 1
A©,,0,,,,X) A(GO, ,,50,.,,8)
1
A ]
A( 7-1? 1+17 )
0, _o,
A( 7-17? r+1’N)
1 < 91 +(1-8,)
A(O T+27 ) ( T-1? 1+1’ )
92

<—( o /)+91(1—91)+(1—91).
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149
Proceeding in this way, we conclude
L <%  Lera-e)+00-6)
A©,,0,,,8) A©6,,0,,N)
+--+6,(1-6)+1-6,)
c O et 1)(1-6)
A(6,,0,,X.)
<8 La-e,
A(0,,0,,X,)
We obtain
1
T <A@6,,0.,,N), (3.23)
% a-e
A(6,,0,,X.)
®6,.,0_,,8)=0(0. ,,y0_,,8)<0P0O,_,,0_  ,8)=D(0O._,,y0.,KN,)
<000, ,,0,,8)<--<67D(O,,0,,N.), (3.24)
and
20,,0, ,,8)=2(90_,,y0,.,,8)<0,5(6,,,0_,,8)==2(y0_,,y0_,N.)
<0’2(0._,,0.,8)<---<0/2(6,,0,,X.). (3.25)
Consequently,
S S — -1
A0, ,,N) A0, ,,50._,,,N.)
<6, L
A@©,_,,0_,,N)
0
= 1 -6,
A, ,,0._,,X)
SN S 6, £(1-6)
A©,,0 ,,8) A@©O, 0. ,,N)
< o/ +60,(1-6)+(1-6,)
T AO,,,0.,8) v
Proceeding in this way, we conclude
! < % +0/7'(1-6,)+6/°(1-6,)
A©,,0.,,8) A@©,,0,,8)
+---460,(1-6,)+(1-6,)
< __ &% +(07 +677 +--+1)(1-6,)
A6,,0,,X.)
<—L +(1-6).
A6,,6,,X.) -6
We obtain
- 1 <AB,,06._,,K), (3.26)

91
(16
A©,,0,,K.) -6
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®06,,0_,,8)=0(y0,_,,y0_,,8)<0P0O,,,0 ,,K8)=D(yO0,_,,y0_,,N.)
<0!®@O,,,0,,,8)<--<0/D(6,,0,,N), (3.27)
and
=0,,0.,,8)=5(0_,,y0_,,8)<6,=0,_,,0_,,8)==2(y0_,,y0_,,K)
<0!2(0,_,,0.,8)<--<0/2(6,,0,,N). (3.28)
Similarly, forj=1, 2, 3, ...... , we get
~ ! <A@©,.0,,,,..X)
% a-e)
A(B,,0,,,,K.)
®(0,.0,,,,.,,6,8)<6,06,,0,,,8) and (0,0, ,68)<6/5(0,0,,,K), (3.29)
1
01- = A(@r ’ @T+3j+2 4 N, )
4+ (1-6)
A(B,,0,,,,N.)
®(0,,0,,,,6,8)<6;00,,0,,,,8) and 26,0, ,,68)<6/2O,0,,,~), (3.30)
. 1 <A@©,.0,,.,.X)
— L+ (1-6)
A©,,0,,,,,X.)
®(0,,0,.,,,,.0,8)<6/0(0,,0,,,,%) and Z(6,,0,,.,,6,K)<6E(6,0,.,,K). (3.31)

By using 3.22, we have

N, N,
AB,,0,,8)2A0,0,——— |®A|O,0,, ———
( 0 4 ) ( 0 1 45(80,@1)J ( 1 2 46(@1,@2)]

N, N,
®A|0,,0,———— |9 4] 6,6, ————
( ’ 345(@2,@3)] [ ’ 445(@3,@4)]
o 1 . +(1-6,)
AlOL,O,—— Al B L,O,——
[ o 45(@0,@1)J ( o 45(@1,@2)J
® 1 ® !
2 3
% . +(1-6%) o o +(1-6)
A @0,91,7’ A @0’@1,7’
4£(0,,6,) 4£(0,,0,)

N, h
®06,,0,8)<D|06,,0, — |0D|06,,0,,——
©rOuit) ( ’ 14&(@0,@0] ( 1 245(@1,@9]

N, N,
o®|06,0,—— |09|06,,0,,———
[2 345(@2,@?,)} [ 445(@3,@9]

N, N,
<®|0,,0,——— )b 06,0, ——ro
( ; 145(@0,@»} 1 [ ’ 145(@1,@»}

K
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and

Similarly,

N, he
Q6P| 0,,0,,——— |06/P| 6,,0,,———— |,
(° 1 5(@2,(9)] 1 ( 145(@3,@9}

- N
O Ountt) =2 (@‘”@“4«5(@0,@)] (8“@2’46(@1,@2)J
- N
[@2’@3’45@2,@ JO“ [@3’@4’45@3,@4)]
N,
(@0,@1,45(@—0’@)J®9 (@0,@1,45(@—1’@2)J

N N
00’=|0,,0,—— |06°=|6,,06,,
1 ( ' 14&5(@2,@?,)] [ " 4ge,.0,) ]

[1]

[

<

N, N,
AB,,0.,8)2A0,,0,,———— [®A| O,,0,,—————
(€ Ortt) [ ’ 145(@0,@)) ( 1 244‘(@1,@2)]
N, N
®A| 0,,0,,———— |®A|6,,0,,————
( ’ 345(@2,@3>J ( ’ 445(@3,@9]

N, N,
®A|0,,0,———— |®A|06,,0,,———
[4 45(@4,@)] ( 645(@5,@6>]

N,
®A| O9,,0,,————
( v 46(@6,@»]

1
e ®
L % +(1-6,)

N, .
A(@O,@pég(@m@l)j A(@O,@p%(@p@)J

® ! ® 1
2 3
% +(1-6%) % +(1-67)
AlO O, —— Al OO, —
[ v 45(@2,@3>] [ v 45(@3,@4)J
® 1 ® 1
4 5
% . +(1-6}) 6 +(1-6))
AlO O, ———— AlO O, ————
[ ’ ' 45(@4’@5)] ( ’ ! 45(@5’@6)]
® 1
6 B
% +(1-67)

A 6,6,
[ ' 145(@6,@7)]

N, N
906,,0.,8)<0|0,0,—— |®P|0O,,0,, ———
(€ Ortt) ( ’ 145(@0,@0} ( 1 245(@1,@2)]
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he he
®D|06,,0,,——— |®P| 6,,0,,————
v 486,,0,) ( v 45(@3,@)}
N he
®®|0,,0,— |®®|06,,0,, ————
vago,.0) [ T 45(@5,@>]
N,
®P| 6,,0,,————
v48(6,,0))

N, N,
<P @,@1,— 0 @0’817—
- [ : é(@o,m}@ ( 45(@@)}

"7 4¢(0,,0,) 771 4¢(0,,0,)

N,
00D | O 0 —
LY T 48(0,,0,)

N N
00/®|0,,0,,———— |06/®|06,,0,,————
ST e ) ( v 45(@3,@4>J

N, : ,
0b'®|0,,0,,————— Qefcp[@ 2] L]

and

[n]

N,
£6,06.,8)<206,,0,— O
OO 8) [ ° 145(@0,@»}

ona
4£(0,,6,)

N, N,
0z|e,0,——— |0=|06,,0,,————
’ ’ 45(@27@3) [ ’ ! 45(@3794)J
N, N,
©=|0,,0,—— |02|6,,6,,——
vrago,.0) ( ' 45(@5,@6)}
N,
06,0, ——
v 48(6,,0,)
N, N,
<£/6,6,——— |06=2|6,,60,———
(o055 2% 50 a5
N, ,
00’2 0,,0,————— |06’= eo,el,L
4£(6,,0,)

v 48(0,,0,)

N 5 N
00'=|06,,60,——— |06’2|6,,0,,———
T 6,0 ) [ 145(@5,@6)J

N,
00°E| O 0, ——— |,
LY T 4éo,,0,)

We obtain for eachj=1, 2, 3, ....,

A@®,,0

3j+1 7

X)>
) 1 ® 6,

N, N,
A OO, Al O,,0,—————
( ’ 146(@0,@1)) ( ’ 14&(@1,@2)}

+(1-6,)
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1
6’ ’

+(1-6Y)
V7 4¢(0,,0,,,)

N, N,
®06,,0,,,,N)<?|06,0,—— (00P|06,,0,,———
( 0 3j+1 ) { 0 1 45(@0’@1)] 1 ( 0 1 45(@1’@2)]

. N,
0--00’d6,0,,———M—
' [ o 45(83j’@3j+1)}

and

N, N,
26,,0,,,8)<2|0,0,—/——— |06,2|6,,0,,———r
0 3j+1 0 1 46(@0,@1) 1 0 1 45(@1,@2)

‘ N,
0---060206,,06,—— — |
' [ o 45(@3 @3j+1)]

j’

Now, from 3.22, we get

A(@T,@TW,OIN,)zA[@O,@ X ]

3j+l’F
1
. 1 . +(1-6,)
Al O ,@ ,—, Al 6 a@ 7—/
( ’ ' 4011_15(@0’@1)] [ ’ ' 491115(@17@2)]
1
@ ® o , (3.32)
1 . +(1-6Y)
Al 6,0, ———
[ o 401 15(@3;7@3”1)]
N,
@(@r7@r+3j+1’91‘\.’) <@ [@0’@3141’F]
1
N, h'd
<P(6,0,—— (00D |6,,0,———
[° 1495-14:(@0,@1)} 1 ( 149;*5@1,@2)}
0--00'd|6 .0 X (3.33)
AR T ’ .
' ‘ 491 15(@3j’@3j+1)

and

= - he
2(0,,0,,,,,,08)< = (@0,@ J

3419 Hr-1
91

<

03]

N, N,
6,,0,,————— |06,/ 60,,0,, —————
(“ 1405-1»:@0,@1)} 1 ( 1465-15@1,@2)}

. N,
0---06"%|6,,0, . .
1 [ 0 1 491115(83j’83j+1)} (3 34)
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Similarly, we obtain for eachj=1, 2, 3, ....,

1 1
A6,,0,,,,8)2 ®
1 6,
o . +(1-6,)
Al O ,@ ,7/ A| B, 9@ 77/
[ v 45(@0,@1)] [ v 45(@1,@2)J
1
@@ 03j s
L +(1-6Y)

N,
A OO, ———
( o 45(@317@3“2)}

N N
®0,0, ,8)<P|0,,0,—__|ood|0,,6,—
( 0 3j+2 ) ( 0 1 45(@0,@1)J 1 [ 0 1 45(@17@2)}

- N,
0---06|06,,0,, ——— |,
' ( v 45(@31’@3j+2)J

and

N, N,
2©,6,.,8)<2|0,0,—~ _|06z|0,6,—
( 0 3j+2 ) [ 0 1 45(@0,81)] 1 [ 0 1 45(@1’@2)]

. N,
0-060°2|0,,0,—— |
' [ . 45(@3]'7@3142)]

Now, from 3.22, we get

A©..6,.,.,.6,8)> A(@O,@ X ]

3j+2’F
2 1 ® 0 1
x 1 o +(1-6,)
Al O ,@ ,T_—) Al B a@ 71-,—/
[" a6, 15(@0,@»] [ " 4, 15(@1,@»]
1
B @ = , (3.35)
1 +(1-6")

N,
-
( . 401 15(@3j’@3j+2)]

®(0,,0,,,,,6,8) <P [@O,@ LJ

3j+2’011—1
N N,
<®|0,,6,——— |06®|6,,0,,————
[ o 49;-15(@0,@1)J ' ( o 49;-15(@1,@2)]
0--06’®|6,,6 X (3.36)
1 0229 - ’ .
491 15(@3j’@3j+2)

and

02 ~"3j+2? 91_1
1

£(0..6,,,.,.68)< = [@ o LJ
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X
062|6,06,— ——
] ' [0 46/7£(0,,0,)

N,
4911_16 (@3j ’ @3j+2 ) .

In the same manner, we obtain for each j =1, 2, 3, ....,
1

N
<E|0,0,————
[ T 40/76(0,,0,)

0--067= [@0,@2,

A6,,0,,,,8)> ®

|

(3.37)

1

1

0

1

N,
Al 6,0, ———
{ "7 4E6,,0)

1
@

®

J Al

+(1-6,)

,0, ,7/
’ ' 45(@17@2)j

3
91

ki

N,
Al 6),O,,
[ 7V 48(0;,,6,..)

N,

®O,,0, ,,8)<P| 0,0 ,——
(G- Cs- ) [0 450,,6,)

@...@9131@(@0’@3’ N,

and

0.6 e

26,0, ,8)<2|06,,0,, —— —
(OO [ 7456,.6)

@---@9?5[@0,@3, al

3j+32 Hr-1
oA }

4£(0,;,
Now, from 3.22, we get

N,
AO,,0 2)

T+3j+37

01;\‘,)2/1(80,

> 1

|
Joas

48(0,,

@Sj+3) J

+(1-6)

N,
L@

0, —————
7717 4¢(0,,0,)
N

0,0 ,—’
771 4¢(0,,0,)

|

@31+3)

fensin

1

0

1

®
A[@ (&) X

,@ ,—’
77 4077E(8,,0,)

+(1-6,)

|

6
1
he
46775(0,,0,,;)

o,

3

O, ——| A|©
‘ 1491’-15(@0,@1)J (
A[@O,

1
N
+3j+3’018’) < ¢[@0’@

3j+37 nr-1
0; ]

N
?|0,,0,——F ——
[ 7 46/7E(0,,0,)

b
,

I(CINC)

T
<

N,
4677°(0,.0,.,)

o-oeﬁjcp[@m@g,

J

J@@p[@o,@

(3.38)

>

+(1-6)

N,
46/7£(0,,0,)

|

(3.39)
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and

—_ N
':(QT’QHBH?’G N, ) [ o’@%wa’ 91 1 ]

X X
0,,0,—— |06,E0,,0, ——
T 407E(O,,0) ' T 4077E(O,,0,)
1 0 1 1 1 2

) N,
0---00"206,,0,, )
1 ( 03 46" 15( %3 } (3.40)

<

03]

Using (3.32)—(3.40), for each case , we deduce

lim A©,,0,,,8)=1®1® --®=1,

lim®@©,,0, ,8%)=0000--00=0,
and

lim 2(©,,0,,,8)=0000--00=0.

T—>+eo

Therefore, {0_} is a Cauchy sequence. Since (U*,A,®,=Z,®,0) be a complete NCPMS, there exists
limoO_ =06.

T—>+oo

Using (v), (x), and (xv), we have

%-1@1 1 Y -6,
A(30.,70,K.) A©.,0,X.) AO.,0,X.)

> < A(3O,,50,%).
% a-0)
A@6,,0,K.)

Utilizing the above inequality, we get

N, N,
A(@7y@7N') 2A| O @1-7— @T’@‘L”r ’—
( 1, @)J [ 4666,.6,, ]
N N,

[@m,@f+z’4§( 0. Hz)] (@”2’3’@ W}
o
45(@ 0. 4£(0,,0,,,)
X X
@A(y R I +2)j [y@“’y@ W]
A(@,@, J® —
i 45(@ 0. 6"

Al O_,0. ,7&
45( r+1
91

1 +(1-6)
T 45( T+1? +2)

+(1-6/")

®
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®
% +(1-6)

A @M’@’L
45(@14—2’}]@)
->1®1l®l®1l=1asT - +co,

N,
@(@,y@ I\’) ¢[@,@T,45(@ o )]Q@[@T,@Hl,m]

N, he
G@ Q‘H ’@r+ ’ OQ @1+ ’y@ 7N
( UM age @HZ)J ( ’ 4§<@+z,y@)J

T+1?

N,
<d| 0,0, D y0 ,,y0 ,————
’46«9@)]@ [y %, J

N, N
oD| y6,,50, .., Od| Y0, ,y0,—————
V4¢@0,,,,6 +2)] [ ' 4£(0,,,,70)

<®|06,0, 0o D @”,@HL
R el

@61@ @r’@‘ﬁ—l’L Oed) @Hl’@L
45( T+1? 1:+2 45( r+2’y@)

—->0000000=0 as T — +oo,

and

N,
5(0.50.8)SE 0.0, o s 05| 0,6, 5 oo
45(9 e,) 4£0,,0,,)

N N
@ ,@ 5 o) @+ ) Y e~ N
[ o o 46( T+17 r+2)} ( o y 45(@ +2’y@)]
&(

8]

O]

[1]

N
@7@1—, = y8_7y 1’—
( 45(@@)J ( ' 4£(0.,0,,,) ]
y0,,y0 ud Z|y0,,y0 —N
v T+1,4 1+1’@r+2) v ’45(@+2’y@)
N,
0,0,,———— |06'=E|0,_,, ,,—
45(@@)] [ ' 4£(0,,0,,) J

N, N,
0021 6,,0,., z o= [065]6,.0, z———
' ( ' 45( T+1? 1+2)J ' [ 45( r+2’y@)J

—-0000000=0 as T — +eo.

<

(]

Therefore, y@ =©. Let 1 =i for some i € U”, then
L 1 ~
AO,,N) AGO, 1, .)

<o —1 __q|«—L 4
A(O,I,X) AO,I,X)
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which is a contradiction.

D(O,i,N.)=D(y0,yi,X.)<0,P(O,[,X)<P(O,i,N.),
which is a contradiction, and

Z(0,i,N)=52(y09,3,8)<0,5(0,,X)<E(O,,N),
which is a contradiction. Therefore, we must have A(©,1,X,) =1,0(0,i,X,) =0, and Z(60,i,N,) =0, hence,
O =i. O
Example 3.6 Let 0" =[0,1] and £ : 0" XU" —[1,+e) be a function given by

1 if O=Y,,
£(0,Y,)=11+max{O,Y,}

if O=zY,
1+ max{0,Y,}

Define A,@,5 : 0" xU* x(0,+e) —[0,1] as

N,
N+lO-Y,|
|@_Y2|
N+lO-Y,|
1O -, |
N

A©O,Y,,K)=
P0O,Y,,N)=

Z(0,Y,,KX)=
Then, (U0",A,®,2,®,0) is a complete NCPMS with continuous t-norm v ® s, =vh,, and continuous
t-co-norm v © h, = max{v,h, }.

s . . 1-5°
define y:0" - O” by (@)=

and let 6, € [%,1), then

_ -0 _ K2
A(y‘@,y'vz,elx,)zA(l 1? ,1 > ,01‘\’,)

11
~ O.N. ~ O.N.
- 1-5° 1-57" |5° -5 |
0N, + — oN + 2 —2 1
! 11 11 ! 11
N, 116X, N,
S 6, _ 6 > = AO,Y,,K),
QN,+|@—Y2I 1108.+10-Y,| X+|O-Y,]
! 11
1-3° 1-57"
D(90,yY,,08)=D , 0N
O,y PRSI ) ( 11 11 1 J
1-5° _1—57Y2 |5€ 57 |
~ 11 11 11
- 1-5° 1-3":| 1570 -5 |
O.N, + - oN + 2 —2 |
! 11 11 ! 11
—EJ_ ~Yo _ _
57 -5 _ 10=v,1  10-7,] =9(0,Y,,X),

T110X+15° 57| 116X+10-Y,] X+l0-7,|
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and

-6 Yy
'—‘(y@hy\(z:e‘\.)_‘—‘(l > 71 > 91“’]

11 11
|1—579 _1—542 |5*9 5 |
| 11 11| 7
- 0. X, Y
—9_ =Yg _ _
LR R YL PP L EL N TR 3)
116,N. 116,N. X,

Hence, all of the hypothesis of Theorem 3.1 are satisfied, and is the only fixed point for y.

4. Applications

Now, we remember some elementary concepts from the theory of fractional calculus. For a function
O € C[0,1], the Reiman-Liouville fractional derivative of order &, >0 is follows as

1 O@)de s
r-5)dt 2l oo - Do)

proved that pointwise identified on [0,1], where [§,] is the integer element of the number 6,,I" is the
Euler gamma function.
Now, let the given FDE

‘DO +(£,0(8)=0, 0<{ <1, 1<E<2;
0(0)=0(1)=0, (4.1)
where f is a continuous function from [0,1]x 2R to DR, and ‘D* denotes the Caputo fractional deriva-
tive of order £ and it is denoted by
ey ,[ HOLI
: (T &) 7o (§ —ef

The given Equation (4.1) is equivalent

o) = [ &0, 0,
for all ®e€ Y and { € [0,1], where

[CA-oF" - -

, 0<e<{<l,
AC.0)= )
M 0<{<c<l.
re

Consider the space of all continuous functions C([0,1],98) = U" be identified on [0, 1]. Define A,® and =
as follows:

N *
AO(L),Y,(£),X.) = ce011N+|@(§) O vV ©,v,e 0" and X >0,

N *
D(O(8),Y,(8),X)=1~ {e[01]N+|8(C) O vV 0,Y,e 0" and X, >0,
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and

E(0(0),Y,(5),X) = su

E[O 1]

|@(§)N—Y(C)| vV 0,Y,e 0" and X, >0,

with continuous t-norm and continuous t-co-norm define by v®h, =v-h,, and v O A, = max{v,h,}.
Define & : 0" XU — [1,+0) as

N,

0,Y, N)=— "
6,7y, 8) N+1O-Y,|

Then, (O*,A,®,Z,®,0) is a complete NCPMS.
Theorem 4.1 Consider the nonlinear FDE (4.1). Suppose that the given conditions are holds: [label=()]
1. there exists § € [0,1], and O, Y, € C([0,1],9R) s.t.
1§(£,0) = (&, Y,) IKIO) =Y, (D) |;

2 supJ.Q(C 0)dg <0, <1.
£el0,1]

Then, the Equation (4.1) has a unique solution.
Proof. Let y:0" — U defined as

v'0) = [ Q¢,0f¢,0)d:.

It is clear that if @ € U is a fixed point of y then ©" is a solution of the problem (4.1).
Now, v 0,v,e 0", we deduce

o,N.
46[01]6N+|y@((:) yY, (§)]

oN
= sup
celoilg x| J' Q,OfC, @(c))dc—J Q(E,0f(C, Y, (c))dc |

~ sup oN
telonlg & 4 J.Q(C ) 1§(£,0(c) = (£, Y, (c) | de
N,
2 sup
teton) N+ 1O(8) =Y, (0) |
> AO(£), Y, (), X)),

6N,
D(YO({),5 Y, (£),0,8.) = 1_iﬁ?]ex+|y@(§) . O]

A(GO(E),yY, (£),0,8.) =

o\
=1-sup
0l g x4 |J' QO @(c))dc—j Q(E,0f(8, Y, (0))de |
=1-sup L
0l g J' QL0 1§(£,0() -5, Y, () | de

~ sup N,
celon N+ 1O(0) =Y, (0) |
SD(O((),Y,(8), X)),
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and

150(5) -5 Y, (D)

E(O0(),y Y, (£),6,8) = sup

celo) o,N
| [ 01 0 de - [ 2,01, ¥, @) |
= sup
tefon) 0N,
[[2¢.011¢.00) -1, v, d
= sup
celo] oN
< sup HE LB =00, ).

Hence, all of the hypothesis of Theorem (3.1) are satisfied and ¥ has a unique fixed point. Therefore,
an Equation (4.1) has a unique solution. Ul

5 Conclusion

The concept of NCPMS was proposed in this study, as well as several new forms of fixed point results
that may be provided in this innovative context. We have supplemented our work with illustrative
applications for checking the effectiveness of new findings that were better than existing methods in
the literature. Saleem et al. [36] introduced the notion of neutrosophic rectangular extended b-metric
spaces and proved fixed point results. It is an interesting open problem to neutrosophic pentagonal
extended b-metric spaces and proves fixed point results.
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