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Abstract

The authors consider a quarter-symmetric semi-metric (QSSM) connection in the tangent bundle and
study the connection on submanifold of co-dimension 2 and hypersurface concerning the QSSM con-
nection in the tangent bundle. Totally geodesic (TG), totally umbilical (TU), Gauss, Weingarten and
Codazzi equations concerning the QSSM connection on submanifold of co-dimension 2 and hyper-
surface in the tangent bundle are obtained. Finally, we deduce Riemannian curvature tensor, Gauss
and Codazzi equations on a submanifold of co-dimension 2 and hypersurface of Riemannian manifold
concerning the quarter symmetric semi-metric connection in the tangent bundle.
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1. Introduction

The study of semi-symmetric metric connection on a differentiable manifold M was initiated and
developed by Friedmann and Schouten [1] in 1924. It is well known that a linear connection is called
a semi-symmetric connection if its torsion tensor 7' is of the form T (X, V) = o)X, — o(X)),,
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where the 1-form o is definedby w(X) = g(X,, U) and U is a vector field. A metric connection with
non-zero torsion on a Riemannian manifold was introduced by Hayden in 1932 and known as Hayden
connection. Later on, Golab [2] introduced the quarter-symmetric metric connection in M with the
linear connection V in 1975. A linear connection V is said to be a quarter-symmetric connection if
its torsion tensor T satisfies T' (X, V) = n(Y )X, — n(X)$), where X, ), are arbitrary vector fields,
n is a 1-form and ¢ is a (1,1) tensor field. A QSSM connection V defined by onyo = VXOyO - n(X)Y, +
gpXx, V)& where X, V, are arbitrary vector fields, V denotes the Levi-Civita connection concern-
ing Riemannian metric g and ¢ the vector field defined by g(¢, &) = n(X,). The connections such as
symmetric, semi-symmetric, quarter-symmetric non-metric connection have been recently discussed
by ([3-15]).

On the other hand, in the foundation of the differentiable geometry of tangent bundles, it is clas-
sical to study some geometrical structures and connections deploy natural operations transforming
structures and connections on base manifold to its tangent bundle. Tani introduced the notion of
prolongations of surfaces to tangent bundle and developed the theory of the surface prolonged to the
tangent bundle concerning the metric tensor [16]. Lifts of a semi-symmetric non-metric connection
(SSNMC) from statistical manifolds to the tangent bundle studied by Khan et al. [17]. Khan studied
the lifts from P-Sasakian and an LP-Sasakian manifold to its tangent bundle associated with a QSM
connection in [18] and [19] respectively.

Submanifold theory is an important topic in differential geometry. Gauss Codazzi and Weingarten
equations are fundamentals of submanifold theory. We investigate the relation between the con-
nection of the ambient manifold and that of the submanifold in the tangent bundle. Also, We have
deduced Weingarten, Gauss and Codazzi equations for submanifold of codimension 2 and hypersur-
face of a Riemannian manifold with a QSSM connection in the tangent bundle.

The paper is organized as follows. In Section 2, a brief account of tangent bundle, vertical and
complete lifts. Section 3 deals with the study of submanifold of codimension 2 and hypersurface con-
cerning QSSM connection in the tangent bundle. Totally geodesic and totally umbilical submanifold
of codimension 2 and hypersurface concerning such connection in the tangent bundle are investi-
gated in Section 4. Moreover, We establish Weingarten equations concerning QSSM connection in
the tangent bundle in Section 5. Finally, we calculate the Riemannian curvature tensor, Gauss and
Codazzi equations for a QSSM connection on a submanifold of codimension 2 and hypersurface in the
tangent bundle.

2. Preliminaries
2.1. Vertical and complete lifts

Let TM_ be tangent bundle of n-dimensional differentiable manifold over M with the bundle projec-
tion m,n : TM — M . The vertical and complete (V & C) lifts of a function £, a vector field X, 1-form
w, (1,1) tensor field F and an affine connection V are f', A7, o', FV, V¢ and f°, X¢, o°, F¢, VVcorre-
spondingly ([20-22]).

The characteristics of V & C lifts with mathematical operators are presented as ([23], [24])

(fOXO)V = fOVXX’(foXO)C = fOCX(}/ + fEJVXoC’ (2.1)
Xovfov = O’Xovfoc = Xocfov = (Xofo)V7XocfoC = (Xofo)c, (2.2)
oy (V) =0,0) (X)) = 0 (X)) = 0, (X)), 0f (X)) = w0, (X)), (2.3)

foVXoC z(f()Xo)V’fochC = (foXQ)C, (24)
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ot Xy ) =AY 0 A “= A (2.5)

Ve =(V ) Ve =(Vy )" (2.6)

2.2. Vertical and complete lifts of '(M_, M ) to TM

If f, is a function on M _ , the vertical lift £V of f, to TM ., is given by f\V=f o zM . Let U be neigh-
borhood of p in M ,,. Then the function f fits with £, in U u M, containing p. The complete lift f¢
of f is given as fé = yo"@i f n ﬁl‘v}m O). If X'O 1s an element of (M _,, M ), the vertical Lift ?OV to
TM . is defined by X, fC =(X,f)” and complete lift X," to TM . is defined as X, fC =(X,f)C, for
each f e30(M,,,) along M, .. Similarly, If @, is an element of I(M_, MM). The vertical lift 537
and complete lift @’ to TM,,, are defined by @\ (X, )= (@,(X,)" and @l (X, ) = (@,(%,))° for each
X, e 3)(M,,,) respectively ([19], [25], [26], [27]).

-1°

2.3. Submanifold of codimension 2

Let M, (dim=n + 1) be a differentiable manifold and M _ (dim=n — 1) submanifold submerged in

n+l

M .. by mapping 7: M — M . . The differentaibility dz of the submerged 7 is shownby B ([28-29]).

n+l

Assume that the Riemannian manifold M ,, has a metric tensor of 3. In such case, the submanifold
M _ likewise has a metric tensor g, making it a Riemannian manifold such that

8(¢X,, ) = 8(BpX,,BY)), (3.1)

forall X, Y, in M _ .
If M and M ., are orientable, then mutually orthogonal unit normals IV, and N, defined along
M . such that

8BpX, N)=gBpX, N,) =8N, N,
&N, N) =g, N,)=0 (3.2)
forall X in M __. :
A QSSM connection Von manifold M ,, provided by ([18], [30], [31])
Vi =V X —i(X)P% + 86X, NP, (3.3)

where Vbe Levi-Civita connection concerning to the Riemannian metric g, 7 is a 1-form, ¢ is a tensor
of type (1,1) such that g(¢X0, J0) = (X, ¢J,) and the vector field P given by g(P, X)) = /(X ).
Let us put

P=BP+ N, +uN,, (3.4)

Pis a vector field in the tangent space and A and u functions of M .
Let V Riemannian connection induced on M _, form V on the enveloping manifold wrt normals IV,
and N,, then we infer

Vg BY) = BV, ) + h(Xy )N, +k(Xy, )N, (3.5)
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where for all X, J,in M _, h and k denote II fundamental tensors of M _ . In the same way, if the
connection V be 1nduced on M , from the QSSM connection Von M ., we 1nfer

V g BY) = BV, %)+ m(Xy, )N, + n(XO,yO)NQ, (3.6)

m and n are (0,2) tensorfields of M _ ([32], [33], [34]).

Let TM _, and TM , be the tangent bundles of Riemannian manifolds M _ and M _ respectively.
Let g€ be the complete lift of a Riemannian metric g”in TM _ and g¢ induced metric from g¢ such
that

g((pX)C, YO) = g“B(px,)C, BYO), (3.7)

for all X¢ Y¢in TM |
Operating complete liftby mathematical operators on both sides of the equation (3.2), we get

3°(B(gX,)°,NO) = g°(B(gx,))° ,N)) =0,
E°(B(px,))“ NS = °(B(gX,))“,Ny) =0,
g°(NE,NE)=g“(NY . N)) =0,
g°(NS,NS)=g°(Ny ,NY) =0,
g°(NE,NS)=g°(NY ,NS) =0,
g (NY ,NE)=g°(NY ,N§) =1,

(3.8)

where N, NE,N} and N are V & Clifts of N, and N,, accordingly along with submanifold 7M__
Operating complete liftby mathematical operators on both sides of the equations (3.3) and (3.4),
we get

Ve B = BXcByo — (H(BX,)(Bg)) +(&(BgXy, BY,)P)°
V8 e BYS =V BY —G°(BX)(BoR)") - (7 (BXE)(BgR)°) (3.9)
+(8°(BpX,) . B )PV +(8°(BpX,)" . BY)P°

for all X%, Y¢in TM, _,, where V¢ denotes complete lift of V wrt 8¢ determined by ZEPC, XE) = [(X)©

where 7, qbc PC are complete lifts of form #, (1,1) tensorfield ¢ and vector field P.
P¢ = BP® + ANC + uN€,
L LA (3.10)
PY =BPY + AN, + uN},

where P is a vector field and 4 and u are functions of M .. Now, we are going the prove the following
theorem:

Theorem 3.1 The connection VC induced on the submanifold T (M _)) from ve of a Riemannian
manifold with a QSSM connection is also a QSSM connection.

Proor: Let ve be the induced connection from %C on the submanifold 7' (M ) from the connection %C

on the enveloping manifold concerning the unit normals N, and IV, whose complete and vertical lifts
are N, NV, N¢and N} respectively.

Operating complete lift with mathematical operators on both sides of equation (3.5), we obtain

Ve BY = BOVS IO + RS YONY +BY (X, 3N (3.11)

+RC(XE,0° )N;’ + RV (XS0 )NQC,
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where bV, h¢, k" and k¢ are V & C lifts of II fundamental tensors ~ and % respectively of M ..

In the same way, if V¢ be connection induced on 7' (M, _,) from the QSSM connection VCon T
(M,_), we have

V8 BY = BV )+ mE (g JON] +m" (x5 30 INT 312
(X5 NOINY +n (X5 3N,

where m", m¢ n" and n® are V & C lifts of II fundamental tensors m and n respectively of M ..
In the view of equations (3.9), (3.10), (3.11) and (3.12), we have

BV ) +mO (g, RONY +m” (X5, 0" )NY
+nS(XE,YONY +nV (xXC,00)N,C
= BV ) + R (X, 0ONY + R (x5, 00N
+kC(XC NOINY + BV (XE, 3N (3.13)
~(7° (BXS ) (Bg)Y ) - (7" (B )(Bp))°)
+&%(BgX,), BN )(BPY + ANY + uNY)
+&°(BpXx,)" , BYC)BPC + ANE + uNS).
Comparison of tangential and normal vector fields, we get
Ve = Vi =7 (BB ~ 7" (BXG)(BpR)"
+8°(B(pX,)°, BY)PY + g°(B(px,)", By )PC,
where A and u are choosen such that
mC (x5, 00) =hC (x5, 30) + 48° (B(gx,)C . BYY),
m¥ (x5, 0°) = b (X5, 30) + 28° (B(gX,)" . BYY),
n® (X5, 00) = k(X 00) + ug® (Bgx,)°, BY),
n¥ (X5 00) =R (X5, 00) + ng® (B(px,)" , BY).

(3.14)

Thus,

VS = Ve Xy —[A5, 00 1= 7 (BXF)(BoX)”
i7" (BXs )(Bg))”
+7% (BYE ) (BgX,)”
+7" (BYC)(BpX,)C.

(3.15)

Hence, V¢ induced on TM _, is the QSSM connection. Hence the proof is completed.

Let M .. (dim=(n + 1)) be a differentiable manifold and M be hypersurface in M ,, by mapping
7:M ., — M and by B the mapping induced by 7 from 7" (M) to T (M , ), where T'(M ) and T (M ,,)
denote tangent bundles of manifold M and M ,, respectively.

As an immediate consequence of the above theorem, we have the following corollary:

Corollary 3.1 The connection induced on the hypersurface TM  from of a Riemannian manifold with
a Q@SSM connection concerning the unit normals N¢ and NV is also a @SSM connection.
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Proor: Let V¢ be the induced connection from V¢ on the hypersurface TM  concerning the unit nor-
mal N whose complete and vertical lifts are N° NV. Then we have,
and

Ve BY = BV W) + Ry YONY + 1Y (x5, 3" )N, (3.16)

where for all X¢, Y on TM  and h is the II fundamental tensor of the hypersurface M whose C & V
lifts are h° and hV respectlvely on T (M).

Let V¢ be connection induced on hypersurface from Ve concerning the unit normal N whose C &
V lifts are N¢ and NV.

BXCByO = B(V4e ) +m (X5, 0 )NV +m¥(xE,3°)NC (3.17)

where m®and m" are complete and vertical lifts of (0,2) tensor field m on M .
From equation (3.9), we have

B(VCJ0 )= VBXC BY’
~(7(BXS )(Bp)" ) - (3" (BXS ) (B n (3.18)
+8°(Bpx,))", BY)PY +(8°(Bpx,)" . By )PC.
In view of equations (3.16) and (3.17) in the above equation, we get
BV () +mC (a7, YONY +m" (X5, 3" )N®
—B(vccy0 )+ hC(XENONY +hY (xE,0°)NC

~(7CBXEY BN ) — (77 (BXEYNBPY))
+(8°(BgX,))° ,BYF)PY +(&°(Bgpx,)" ,BYF)PC.

(3.19)

Making use of equation (3.10) in equation (3.19), we get
BV ) +mC (x5, 3ONY +m" (x5, % )N®
= B(vccy0 )+ hC(XE,0ONY +hY (xE,)C)NC
—(7° (BXS) By ) - (77 (BXS ) (BpN)) (3.20)
+&°(Bpx,)¢, By )(BPY + ANV)
+&°(Box,)" , By )(BPC + AN©).
Comparison of tangential and normal vector fields, we get
Ve =V~ BX))BY)" ~7i" (BAG (B
8°(B(pXx,)° ,BY)P" + 3°(B(gX,)" . By )P°
mC Xy, 00) = hC(XE 0 + 28 (B(gX,)C, By )PV
m" (X5, 00) =hY (X, 00) + 28° (B(gX,)" , By )PC.
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Thus,
Vi = V5eXs — 15,0 1=~ (BX) ) (Bp)”
-7 (BXY )(Bg))*

~ i (3.21)
+7 (B )(Bg,)"”
+7" (BY))(BgX,)".
Hence, V¢induced on M is QSSM connection. Thus, the proof is completed.
4. Applications
Lete, e, ....., e _, be (n — 1)-orthonormal vector fields on the submanifold M _ . Then the function

n-1

h(e;,e;) + k(e;,e;)]
2( -1) ;
is mean curvature of M _ wrt V and

n-1

z m(e;,e;) + n(e;,e;)]

i=

2(n 1)

is mean curvature of M _ wrt V.
Definition 4.1. If 4 and k are zero, M, is said to be TG wrt the Riemannian connection V.
Definition 4.2. M _ is said to be TU wrt V if h and & are propotional to g.

Now, we call TM _ is TG and TU wrt the QSSM connection V¢ for m® m", n®and n" are zero indi-
vidually and are proportional to g¢ respectively.

Theorem 4.1. In order that the mean curvature of TM _, wrt the connection VC may coincide with that
of TM _, wrt the connection V€ it is necessary and sufﬁczent that P° and P" are in the tangent space of
™

n+1’

Proor: In the view of equations (3.14), we have
mC (e, e0)+n (e e ) =h (e el )+ kO (el e ) + (1 + 11)g° (B(ge,)", Bey)
mY (e€,ef)+n' (ef,el) =" (e e’) + kY (e€,eC) + (A + 1) 3% (B(ge,)” , BeL).

Summing up for i =1, 2, ..., (n — 1) and dividingby 2(n — 1), we get

mc(e-C e.C)+nc(e-C e.C)zhC(e-c e-C)+kC(eiC,elC)

m" (ef,e’)+n" (ef,ef) =h" (e’ ,ef) + kY (eF ,ef)

iff A=u=0.
In the view of equation (3.10), it follows that PC = BP° and PV = BP". Thus the vector fields pe
and P" are in the tangent space of TM _ . Hence, the proof is completed.

Theorem 4.2. The submanifold TM _ is TU wrt the Riemannian connection Ve iff it is TU wrt the
QSSM connection V°.

Proor: From equation (3.14), the proof is simply obtained.
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As an immediate consequence of theorem 4.1 and theorem 4.2, we have the following corollaries
on hypersurface:

Corollary 4.1. In order that the mean curvature of TM . wrt the connection V¢ may coincide with
that of TM _, wrt the connection V° it is necessary and sufﬁczent that PC and PV are in the tangent
space of TMn

Proor: The proof is trivial.

Corollary 4.2. The hypersurface TM is TU wrt the Riemannian connection VC iff it is TU wrt the
QSSM V°.

Proor: The proof is trivial.

5. Weingarten equations for the QSSM connection in the tangent bundle

In this section, Weingarten Equations concerning the QSSM connection V¢ on the submanifold ™ _,
in TM ,, are investigated.
The Weingarten equations for V¢ are presented by

(a)VBXC ——BH" X’ +1(XE)NY
OV, Nf =-BHOXF + UX;)NY, -
(Ve Ny =-BK" X7 + (XN,
(d)VBXCNQC - —BK°X’ + 1(XC)NE,

where HS, H", K° and K" are complete and vertical lifts of tensor fields H and K of type (1,1) such that
(@& (H X7, 9 =h (X5, %)
(0)8° (K Xy, 3)0) = k(X5 0)
@87 (HY X5, %) =h" (X5, 0)
(@)g" (K X5, 50) = k¥ (X5, )
Making use of (3.3) and (5.1a), we get
«NC =—BH XE + (XC)NE + B (XO)EY + 3V (XE)EC)

BXO . . o (5.2)
V6 NC = -BM, X + UANE,
where M X¢ = H°XC — n°(XO)EY — nV (XO)EC
BXCNC ~BKXC + I(X)NE + B (x&)eY +n" (x0)&9)
. . - (5.3)
V6 NE = -BMAL + (XN,
where M, X = KX — n%(X)EY — n"(XOES.
Similarly,
v V C NN % c
VS NV = -BHXC + XN + Bl (x8)e 64

Ny =-BM,xf + U XE)NY,

BXC
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where MVXS = H'XC — n°(X)&Y
NY =-BKVXE + UXO)NY + B (XO)&!

BXC

v 3 c C\nNTV (5.5)
BXCN =-BM,X; +I(X; )N, .
where MYXC = H' XS — n“(X5)¢Y.
The equations (5.2), (5.3), (5.4) and (5.5) are Weingarten equations concerning the QSSM connec-
tion in the tangent bundle. We have the following theorem:

Theorem 5.1. The connection V¢ induced on the submanifold T (M,_)) from Ve of a Riemannian man-
ifold with a @SSM connection. The Weingarten equations concerning the QSSM connection are given
by (5.2), (5.3), (5.4) and (5.5).

As an immediate consequence of the above theorem, we have the following corollary on
hypersurface:

Corollary 5. 1 The connection induced on TM, from the Riemannian manifold concerning the QSSM
connection VC. The Weingarten equations concerning the QSSM connection V¢ on T™ in TM ., are
given by (5.11) and (5.13).

Proor: The Weingarten equations are given in the following form

V
on NV =-BH"x¢
c e (5.6)
B e N¢=_-BH X,
where for all &, Y, on M and H is a (1,1)-tensor field of M defined by
BUHCXE, V) = hUXE, YO (5.7)
8Y(HXS, YO) = h"(&, V) (5.8)
In the view of equation (3.3), we have
Ve NG =VE N =79 (BA)GN) ~ i7" (BAG)($N)°
o L _ (5.9)
=V NC =i BXOGN) - 7" (BX )N .
Put ¢ N = —B¢, where £ is a vector field on M .
VS oNC = vC Né + B(°XE)BE” + (¥ XC)BEC) (5.10)
Making use of equation (5.7) in equation (5.10), we get
Ve o NC=-BHX{ + B(n® (X)) + 1" (X))E)
° c coe (5.11)
B e N¢=-BM Xy,

where
MXC = HOXC = 15(XOE" — n(XO)E
for arbitrary vector field X on M .
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Similarly,

V¢ NV = %g%cNV + B(°x0)ev (5.12)

Bx{
Making use of equation (5.7) in equation (5.12), we get

V¢ NV =—BH"XC + B(n°(x°)&"
By - OC 0 (5.13)
- -BM"x¢,
where

MVXC = H'XC — p(XO)Z".

The equations (5.11) and (5.13) are Weingarten equations concerning the QSSM connection on TM,
in TM ... Hence, the proof of corollary is completed.

6. Riemannian curvature tensor and Gauss and Codazzi equations for the QSSM
connection in the tangent bundle

This section deals with the study of Riemannian curvature and equations of Gauss and Codazzi con-
cerning the QSSM connection on TM,_, in TM . .
Let K° and K° be the curvature tensors of TM and TM , concerning V¢ and VC respectively. Thus

KBxE,BY Bz =V¢, vg%cézf _vg%cvgxgézg

C
e s o 6.1)
_V[BX(?,B%C]BZO
and
C C C C C C C C C C C C
KC(x$, 092 :VXOCV%CZO —V%CVXOCZO _v[xo,yo]czo (6.2)

Then the equation of Gauss is given by
KBx¢,BYC,Bzf ,BU )= K¢ (Bx{,BY’,BzE ,BU")
+hY (X5 UDRC QY 2)
+hC (X5 UDRY O, Z)
~hY Q) UOR(Xy . Zy)
~hCQIF,UHRY (XS, 20).
where KC(BXOC, ByOC, BZOC, B Ue) = gC(K'C(BXOC, B)/OC, BZOC, B UY) and the similar expression for K°(X¢,
¢, 28, UL for M, .
The equation of Codazzi is given by
KC(BXS , BY)N" = BV HY W VS H X))
KC(BXS , BY )N = BV H Y -V  HCX))
KC(NV,N%BXxE =o.
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Let I%C(BXOC, ByOC)BZOC be the Riemannian curvature tensor field of the enveloping manifold TM
concerning the QSSM connection V¢. Then

PC/n1vC PyIC\DP=C —C = C n~C
RE(BX],BY)Bz§ =V V5 B2

5C %0

n~C = C n~C
Voo BZS -V Bz

[BXS ,BY
In the view of the equations (3.12), (5.2), (5.3), (5.4), (5.5) and (3.15), we get
RE(Bxy,BY)BZy = B{R®(Xy ,))) 2y

+m " {HO) (@Xy)Y = @) (@R), 28NN
+m" G (#X))C + 7)) ($X,)"
~(X, )" (83 = (X)) ($N)°, 29NNy
+m”{HO) (9Xy)Y — @) (@R)Y, ZENNY
+Bim” (x$,ZHHCYE +mC &8, zEHHY Y’
—m" (¢, ZHH XS -mC ), z5HHY X¢
+nV (XS, ZEHHYE +nCx$, 28V HY )
0V, ZHHXE -nCQ)°, 28 H X8}
—B{m" (X5, 2 ) +mE Xy, 208" ()
—m¥ (N, 20X - mC 7, 20" (X!
~B{m" Xy, 257" Q) - m” ), 25" (X e
~B{n" (X, 2 )i Q) +nS (X5, 20" (0°)
—nV Q) 25 i (Xs) = nC Q) 25" (X ey
~Bin¥ (x5, 205" Q) —n¥ (7, 20 (X ONES
0 1G9 — X)) N ZENNE
+n " {GOY) (9X)C + @GN (pX,)Y
~X)Y R~ XN @R ZE NN
+n{GHOY (8X)Y — X)) ()Y 2NNy
HVGem O 28) = (VSem )X 25 WNT

(6.3)

HOVSmOO 20) = (V5emENXS 20 3NY
HVSen" ), 20) — (Von¥ NS, Z0RNS
HVSen ) 20) = (V5en )X 20N
XY mE Q) ZE)NY +mY (°, 28)NE
-, ZNY —n¥ O, 25 )NY

U HmE (XS, 25)NY +m" (X, 25 )Ny
“nC(xC,ZE)NY —n¥ (XC, ZE)NE),
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where RY(XC, X9)ZE being the Riemannian curvature tensor of the submanifold TM  with QSSM
connection V°. We have the following theorem:

Theorem 6.1. Let RYXY, X)Z be the Riemannian curvature tensor of submanifold TM, , with
QSSM connection VC, then the Riemanpian curvature tensor RE(BXS, BYY)BZE V° of the enveloping
manifold TM . concerning the QSSM V° is given by equation (6.3).

Substituting
RC(BXC, BYS, BZC,BUS) = g9(RY(BXS, BYO)BZE,BUY)
and
RO(XE, YE, 26, UO) = g%RUXE, YO ZE, UO.
Then from (6.6) we can easily show that
RC(BXE,BYC,BzE,BUC) = RC(xE )¢, 28 ,U°)
+m" (X8, 28g(HCYL,U°)
+mC (xS, 20 g(HY ), U°) (6.4)
-m" Q) 27)g(H Xy ,U°)
-mC ), 20 e(HY XE,U°)

RC(BXE, By ,BZE N =m" (xE, 257 ) + mE (xS, 287" ¢
—m¥ Q27 (X5) = m Oy, 20" (X))
+m " {(GHQY)Y ($X,)° + N (9X)" (6.5)
DY @R = XD @R 25}
+m G (#X)" = (X)) @R, 25}
The equations (6.4) and (6.5) are known as Gauss and Codazzi equations concerning the QSSM con-
nection in the tangent bundle. We have the following theorem:

Theorem 6.2. Let K C and K€ be the curvature tensors of TM ., and TM . concerning v¢ and V¢
respectively. The Gauss and Codazzi concerning the QSSM connection are given by equations (6.4)
and (6.5). 3

The curvature tensor concerning the QSSM connection V¢ of TM is

RCBxEL,BY)BzE =v¢ V¢ Bzf

Bx{ " By
SC g€ pzC O R =C
_VB%CVBXOCBZO —V[BX&B%C]BZO .

By virtue of (3.17), (5.11) and (3.21), we get
RE(BAY, BY)BZ§ = BIR® (X5, %) 2] +m" (X7, Z YH Y’
+mC (X, ZOHY N -mY ()°, 2 HC XS
—mC Q) 2 H X3} - BimY (Xy, 257 Q)
+m (X, 25" 0 —m" Q) 25 i (X))

~mCQC, 257" (XE XY (6.6)
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~Bim" (X5, 205" Q) - m” Q) 2" (X )E°
+mY (GO () — (XY (9, ZEHNE
+m 4G (8X,)° + GO ($X,)”

~X)Y @N)E = XN PN, ZENNY

+m G (8X)Y - @G(X)Y (83))Y 2N

where RC(X(?,))OC)ZC —VC VC ZC VC VC ZC VCX 5 ]ZC 1s curvature tensor of the QSSM
connection. o

As an immediate consequence of the theorem (5.1) and theorem (5.2), we have the following
corollaries:

Corollary 6.1. Let RE(XS, Y©)ZE be the Riemannian curvature tensor of hypersurface TM with QSSM
connection V€, then the Rlemanman curvature tensor RC (B ByC)BZC V€ of the envelopmg mani-
fold TM, concerning the QSSM connection V° is given by equatwn (6.6).

Corollary 6.2. Let K¢ and KC be the curvature tensors of TM and TM ., concerning Vv and V€ respec-
tively. The Gauss and Codazzi equations con cerning the QSSM connection are similar equations
obtained from Theorem 6.2.
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