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Abstract

The theory of potentials has wide applications in singular integral operators and harmonic analysis.
In this context, the Riesz potential inclusion theorems play an important role. Generalized Riesz
potentials associated with the Laplace-Bessel differential operator are studied. The article investi-
gates the properties of functions given in the form of these potentials. Local integral Q) characteristics
are used in the terms, and inequalities are established based on evaluations made in these terms. The
weight functions used in the inequalities are treated as monotonic functions.
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1. Introduction

The study of integral operators in terms of characteristics of type Q, takes its origin from the works
[1, 2], where the operators of classic Fourier harmonic analysis are considered.

In these studies, the starting point is to establish estimates connecting these characteristics of the
image with the same characteristics of the prototype of the operator from a certain class.
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These estimates make it possible to prove completely new theorems about the properties of har-
monic analysis operators from a certain class in spaces introduced in terms of these characteristics
(see. [3]).

In this work, similar studies are carried out for operators of harmonic Fourier-Bessel analysis.

The paper was devoted to establishing weighted inequalities for traces of function represented by
the generalized Riesz potentials based on the estimates obtained in terms of Q};(yxi characteristics of
locally summable functions. h

Due to the generality of the approach, the results obtained in this paper also contain the case of
classic Fourier harmonic analysis.

2. Some Designations and Preliminaries

Let R* be a Euclidean space of dimension n and m, k > 0, the integers, n=m+k2LR, , =
{(x,.x,,,)e R"™ 1x  >0,i=1,.. kLR, =R".

m+k

T, (u(x)=c, JO...JOu(x' =Y Ep Vst o ooos Fops Vi) ) [ S0 ey der, x€ Ry, 00", 5°€ R™ be a
i=1

generalized shift operator (GSO) generated by the Laplace-Bessel operator (see [4]):
(x) = i LA nf A/ Vst >0 >0
Bm+k7k ~ ax? ax x 8 m+1 9 I m+k )

Jj=m+1

(X i Ysi oy, = \/xiﬂ —-2x, ..y, . COSCL + Yo i= k ...k, C, be a normalizing factor. In what follows, we

Zymwyy CEyd i dt, () =y dy, ifye R

assume ’J/n,k 2(0,---,0,7’m+1, ) m+k)€ m+kk’

The designation y ,, n indicates the dimensmn of this vector, while k& the amount of its positive coor-
dinates. If k=0, then Y., =0€ R", é»kf(x) = f(y —x) is a normal shift and du, ,(y) =dy =dy,...dy, .

Whenn=m+k>2ands ¢ {1, ..., n — 1}, we split the space R;, by the direct sum of the space
R;, of the points  x = (x .,X, ) (the coordinates x , ..., x _are fixed and by the same token the inte-
gerém k, aredetermlnedsothat 0<m,<m,0<k, <k and m,+k =s,8'=n-s, k' =k—Fk,), and the
space R*,k, of the points x” so that x T( Xy, X )e R;,.

s

Note that in the same value of the parameters s, m_, k, the expansion x =T (,x,,x") is determined
unambiguously.
When G c R’ ,(G'c R;,) 1s a measurable set and p > 1

L,...(G)=[f —measurable.:|f : L,,, ,(G)|

= (IG|f(y)|p diL,, (y))up < +<>o]— (Lp,us,ks (w:G) = [f —measurable. : Hf L, , .

1/1p
= ([ Ifmew)de, () < +°°D

is a space of functions summable to the pth power (with weight w(y)) on the set G(G').

3. Main Part

Ifl1<p<+4eand x=«,, =n+

Yok ,R ( p,o) 1s a class of generalized Riesz potentials of the operators

of the form 1% (f)(x)= j K& |f(x)|) (o) du, , (), such that:

1) I“’ (f)(x) exists for almost all xe R, , ., where fe L, (R++kk)
2) there exists such a, € (0,a/ p) that



Agarzayev B et al., Results in Nonlinear Anal. 7 (2024), 154-159. 156

w(t)~t"™ ie.Je>0,ct™ <w(t)<ct™ t>0.

We introduce the designations

A,y =S+ [V, | @y @) = ()" .

/J/s,ks
We have

Lemma 3.1 (5) Let k20,5 {l,...m+k—-1},0<k <k,0<m <m,k +m =s51<p<ec and I;:keRM

(p,@, ;). Then there exists such C, >0 that for any function, f Llf; } (R;k) and any x =T (,x,, x)e R,
we have the inequality. '

12 (D@ <O (f, (), 0
where f,,(,x)= ||f(sx,-)||LN o (Bl xe R, and
Iypk“nhs (fp,s)(sx) = J-R;'k Ts;v(wp’amy% ( x ) x —(s+‘75¢ks‘))fp’s (S y)d.us,ks ().

This lemma allows to establish some estimates in terms of Q- characteristics of functions for gen-
eralized Riesz potentials I’ € R, (p,a,,).

Let  x :(le O ST PN A ) be chosen. We take te {1,...,s—1}. Expand the space R;k in direct
sum of the space R/, of the points ,( x)=((,x), ,...,(;x),) (here 1<s <...<s,<n) and the space
R, ., of the points ,(,x)" so that, .x =T (,(,x), (x))e R, .

When te{l,...,s},A

PV ks

belonging to L,, ({xe R, :|t(sx)| > 5}), for each number £ >0 and B,, =(t+1y,,, D/ p"

(,(,x)) denotes the totality of all functions measurable on the set R, and

For the function ue A4, , (,(,x)) we introduce the characteristics

1/p
(%) _ p
Qp,usﬁs (u’é) _{J‘{xER;ks:t(sx)%f} |u(x)| dlus,ks (x)} ’ 5 >0.
and the set
§ By x
T (&)= {u €A, (G [T QLY (w1)dr < 4es,VE > o}

And, by definition the function f(,x, x"), x=(,x, x")e R}

‘m+k,k

belongs to the set I (,(x,)), if for

almost all xe R, the integral J | £ (%, x") P du(,x") converges and f, (,x)e Iy, ()
R ’

Theorem 3.2 (6) Let 1< p<+co,n=m+k>2se {1,...n—1},Iy“:k € Rynk(p,an’k),

o, o
nsk o o, <t 2)
D p

and these exist such g, > 1 that,

1 1 a,—(a, . /Dp)
L1 - 3)

p qs as,ks

Then, if ¢ € {1, ..., s}, the following estimate is valid
th:f)z),ks (I;ik (f("s x,))7§) <C

4
EP P, (f, 1)dr,E > 0,(Q)
0

y TN
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where B, =+, k), ‘)/p fps(x)—”f(x )|| . ),xe Rsfks;C>O is a constant independent of f
and¢. e s

The obtained estimates allow to prove theorems completely new in content on generalized Riesz
potentials in the spaces in introduced terms of Q characteristics in weight Lp’y spaces (see [7,9]).

By definition, the non-negative function @(t),0 <t <, belongs to the set N if for small € > 0, for
almost all te (0,8)(p(t) >0, and Ve >0 the integral JZ(p(t)dt converges.

Let 1 <p < and ¢ € N. We introduce the spaces

[< ) ((p) {ue Jp,us‘ks (,(,x)): Hu lfu(uxl ((p)H Q‘( x)k (u, 5)) p(&)dE <+oo},

lt( %) ((p) {ue J;usi( (x,)): ”u l;(u’:)k ((P)” _||u( X, )” o (Bw) l;(“xl ((p)” < +c>o}.

~~~~~ k'g —8.R's

4. Proof of Theorem 2

Due to (¢,) the integral converges under the conditions of Lemma 2, therefore I ‘( ») ((p) cd ;‘:f (,(x,))
and consequently Theorem 1 holds. '
Assume

L_L(E_,) — éfﬁp,,t ¢1/qs (E_,) and 17(&_,) — (pl/p (E-’)E"(l—ﬁp,yt)’
then q p
0@ =(@@E™ ) and 0 = (")’
Then by means of the estimate (Q2), applying the Hardy theorem on a maximum function we get
(see [7-8]):
(f QT (7 (FC 26" w(é)dé) '

<c (f:(éiﬂ Tt jirﬁ Qe (f,,T)do)" dé )mh
<e([ @@ [ e ¢, ndovde)
<e([or @0 (oorde) =e([o() @ ¢ 0rds)

Theorem 2 is proved.
In the case t = 1, Theorem 2 for the Riesz potentials associated with Laplace-Bessel differential
operator in the appropriate setting was considered in [8,10].

5. Conclusions
Theorem 5.1 Let 1< p<+4oo,n=m+k>2, se{l,..n—1},
1 ;” L€ Rm (p,a, ), te {l,...s} and conditions (2) and (3) of Theorem 1 be fulfilled.
Then, if
o’ (8) = ["p(t)de.o() = [w(t)dtg.be N,

1

sup(-"jg—ﬁpaxqsw(g)dé )tlz (J‘;(p—% (é)é—a—ﬁpnt)p’ )? < oo,

o<t



Agarzayev B et al., Results in Nonlinear Anal. 7 (2024), 154-159.

158

then there exists such C > 0 that for any function fe L, ( (| (, x)|) R . k)

and for almost all x =T (,x, x")e R, .., there exists (I} )(x) and we have the estimate
12 (1)) L, (0 CO)R )| <Clf Ly, (6(,600). B

Lemma 5.2 Let ¢ € N and o’ (1) = J(p(é)dé 1>0.
0

Then
L0 @=L, (o ()R )L @=L, (o (x):R)

then appropriate norms are equal.

Proof.

oo

J@, o o) =[ [, e((.2)s(.3))] Hos () o 9() 2
w( () (7 (xw(l ¥))0(2)de))du,, ()
= [ () LN () 0 (E) e, ()

= [ (G (o)) o (o)) dig, ()

The second statement of the lemma is proved in the same way.

"
Ry

.
Rs,ks

Lemma 5.3 Let ¢ € N and the integral Jj o'” (&)ﬁ(l_ﬁf’"")‘ip d€ < e converge.

Then 1" (@)= d,,  (/(x,)) and 32 (@) =) ((x,))-

Proof.
Jj,cﬁp’z Ql(x) (fpﬁ’ dT J‘Q,(x)

DM kg Dl g

(£, ) [e()] " [e()] " Pt dr
g » .
<(f ( p(uf)k ps? )) dT)“”(!( Py, t'l) dr)"'? < +eo.

Dl kg

This proves I:"* (¢)c o, (t(xs))

The second statement of the lemma is proved in the same way.
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