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Abstract

In this paper, we used sb-ideal of an zb-algebra B to make a uniform structure (B, R) and then the
part R induce an uniform topology 7' in B. We demonstrated that the pair (B, ¢6) is a topological
zb-algebra and discussed related properties. Finally, we presented the translation of space (B,T) and
studied some of its properties that we consider essential according to our knowledge.
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1. Introduction

Yoon and Kim [1] and Meng and Jun [2] offer two types of algebra which are BCI-algebras(and BCK-
algebras). In [3] Sims presented a type of abstract algebra BCH-algebras. He has shown a specie of
BClI-algebras is a favorable subtype BCH-algebras. In [4] Neggers and Hee presented an incoming
algebra that they namely b-algebra and studied the algebraic properties of it. J. Neggers, Y. BAE,
and H. Sik. [5] provided a larger notion and description of d-algebras than BCK-algebras, and ana-
lyzed the link between the two. They studied alternative topologies in the same manner that they
studied synapses. Many mathematicians are still researching topological set theories in addition to
topological algebraic structures. In section one, we provided a set of initial definitions that we believe
will be useful to us in proving and formulating some theories and results in this section or the next,
and among these concepts and definitions is the definition of b-Algebra and sb-ideal from which we
know The set [i], ={j € B | i ~j} is the congruence class containing the element i. In section two, we
have provided a definition (Uniformity in zb-algebras) which helps us to obtain a topology. And that
this topology made the binary process continuous, and thus we got the topology of zb algebra, which
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we studied some of its properties and some of the relationships and examples of this space. Then we
examined the properties of space (B, T)) and that we found: If I and </ are sb-ideals in a zb-algebra B
and I € J. Then J is closed and open set of (B, T).

Definition 1.1: Let B # ¢, * be a binary operation, then the triple (B;*,0) is said to be a b-algebra If
the following conditions are met:

1. a*a=0
2. a*0=aqa
3. (a* b)* c =a* (c * (0* b)).

Va, b, ¢ € B and element 0 is called zero element in B.

Definition 1.2: [6] The set ¢ # S € B is called sub b-algebra of B if it is closed under the b-operation
and S is ideal of B if:

Bl oesS
B2)se Sandr*s e Sreveal s € S. for all r, s€ B.

Definition 1.3: [5] A non-empty subset A of a b-algebra (B;*,0) is called a b-ideal if it holds (B1) and
B3) (a*b)e A and (d*a)e A, Imply (b*d) € A, for arbitrary a,b, d €B,

Definition 1.4: A b-ideal A of Bis said to be a strongly b-ideal (sb-ideal) in B if the following condition
are met:

Ba)a*beAanddb*aeAimply(a*u)*(b*u)eAand w*a)*(u*b) €A Va,b,ue€B
Example 1.5: The set B ={0, ¢, 6, y,} with process * as specified below:

Table 1: Shows that the set B with the binary operation * is b - Algebra

* 0 ¢ o0 vy
0 0 ¢ o0 vy
e ¢ 0 y 0o
o o y 0 ¢
y y o ¢ 0

From table (1) the set B with * form b-algebra and A = {0, &} is sb- ideal

Definition 1.6: A b-algebra B is called zero b-algebra (zb-algebra) if satisfy the condition 0* a@ =0 for
all a € B.

Definition 1.7: A relation ~ on a zb-algebra B is called congruence if

1. A relation ~is an equivalence.
2. y~oe~6theny*e~o*§ forally, o, ¢ 6 €B.

Remark 1.8: If [ is sb-ideal from a b-algebra (B,*, 0). V y, 0 € B and ~ be relation on B such that it
define by y ~o if and only if y* 0 € I and 0 * y € I. Then ~ is congruence relation on B.

Proof. Since y*y=0€ I, ie.,y~y,VyEB.If y~0oand o ~¢, theny*o,0*ye land o * ¢, ¥ 0 € I. By
(B3)y *&, e *y € I and hence y ~ £. So ~ is transitive. It is easy to prove that ~ symmetry relationship
and by (B4) we obtained that ~ is a congruence relation on B.

We defined The set [i], ={j € B | i ~j} is the congruence class containing the element i and i ~j <
[i]], = [],- The set B / I={[i], / i € B} is all equivalence classes of B.

Lemma 1.9: If S be a sb-ideal of a zb-algebra (B, *, 0). Then S = [0].
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Proof. If 6 € S, then 6 * 0, 0 * 6 € S by (B2) and hence 6 € [0], i.e., S € [0]
Since

s

[0]S={s€B |6 ~ 0}
={ceEB|6*0,0*6€ S}
={ceEB|i*0€ S} (0SS
csS,

(B1)

it follows that S = [0].

Proposition 1.10: If S is sb-ideal from zb-algebra (B; *, 0) and define [s] * [x], = [6* x], V5, xE B, then
(B/S; *, 0) 1s a quotient zb-algebra.

Proof. Since 6 * x ~ 6" * v’ for any 6 ~ ¢, » ~ x".(By ~ is a congruence on B) This means that [6], * [x], =
[6 * x|, is well-defined. The rest is trivial.
A mapping f: (B, * 0,) — (B, 0, 0,) is called a b-homomorphism(hom.) when f(a*b) =f(a) o f(b), V a,

b € Bl and a trivial hom. 0, when 0,(a) =0,, Va € B,. Then we denoted the set of all b-homomorphisms
of B, into B, by b-Hom(B,, B,) (see [7]).

Proposition 1.11. Let S be a sb-ideal of the zb-algebra B. Then the mapping ( B — B/S defined by
{(6) = [s]g is a b-morphism of B onto the quotient zb-algebra B/S and the kernel of {'is precisely the
set S.

Proof: Since [6 * x|, = [6]4 * [x], {is a b-morphism. By Lemma (1.11) we know that:

g =

Ker({) ={c € B/ {(6) = [0]}
={6 €B/[6],=[0]g}
={6E€B/6~0}
= [0],
=3S.

Definition 1.12: [9] A b-algebra (B, *,0) is said to be b-transitive if 6 * 9 =0 and 9 * ¥ =0 imply 6* » = 0.
Lemma 1.13: [9] Let B be a b-algebra. Then for any 6, ¥ € B. Then if 6* ¥ =0 it follows that 6 = .

Theorem 1.14: Let {: B, —B, be b-morphism of a b-algebra B, onto a b-transitive b-algebra B,, it fol-
lows that B, / Ker ( = B,

Proof. Let a: B, / Ker {—B, such that a([c],,, <) =C(6). If [6] Kerg = [x] Ker then 6*x, v*6 € Ker (, and so {(6)
*{(x) =0 ={(x) *C (6). Lemma (1.15) we have {(6) = {(x), i.e., a([s],,, c) = a([x],, (). Thus a 1s well-defined.
So Vx € B,, 36 € B}, 3 x = (o) since (is inclusive. It follows that a([6],, ) = (6) ==, so o is inclusive.
If [6]Ker f # [x]Ker { then either 6*x ¢ Ker{ or ¥* 6 € Ker {. Assume that ¢ * v € Ker {. Thus T (6) * T (x)
= (6 * x) # 0 and hence {(6) # {(x). Then a is one-one. Since a([a]Ker( * o], c) = a([a*x]Ker( =lc*x) =
U(6) * ¢(x) = a([s],, () *a([x],, (). a is b-morphism. So B,/ Ker( = B,. So we omit the proof.

2. Uniformity in zb-algebras

Henceforth, B is a zb-algebra also %, K c B x B. Define:

HoK= {(b,, b,) € BXx B/ for some b, € B, (b, b,) € Y and (b, b) EK}.
4-1={b,b)eBxB/(b,b)eEH}
A={(b,b) / be B}

Definition 2.1: [4] By a uniformity on B, we refer to a non-empty collection X of subsets of Bx B that
meets the following criteria.:
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(ND)ACSH, Y HEeLX,

(N2)ifHeX, = H-1€X,
(N3 if feX,=>3VeX, >KoKCcH,
(NHIfH, KeEX=>HNKEX,

(Ns)iIf HEX, ] SKSBXxB=KE€EX.

A couple (B, X) is referred to as a uniform structure.
Theorem 2.2: If [ is a sb-ideal from zb-algebra B. If we define
ﬁ1={(6, v)EBXB/c*rvy€landx*c €I}
and let
W ={l, / Iis a sb-ideal of B}.
Then ¥ fulfillment of stipulations (N1)~ (N4).

Proof: (N1): If (6, 6) €A, = (6, 6) € /, since 6* 6 =0 € I. Hence A € /, for any i, € V.

(N2): For any #,in ¥,

(6.x)€EH,oc*relandr*c€El,
o x~o;,
o (r,0) EH,
© (6, x) € (4-1),
Hence (4-1),=H,€ V.
(N3): Since the relation ~ is transitivity. Then %, 0 4, S H .V 1, € ¥,
(N9): VY, H, € ¥, then:

(6, x)€EH,NH,o (6,v) €EH,and (5, v) EH,
ocfyye*relnd,
o6~
o (6, MEMH,

Thus #,n¥, =4, , € ¥. This establishes the theorem.

Theorem 2.3: The set X ={/f € B x B / 3}, € ¥ such that %, € / } fulfills the conditions for a unifor-

mity on B.

Proof: The collection X fulfills the provisions (N1) ~ (IN4) (By theorem 3.2). Also Let K € X and K € )X

C Bx B.Then 3K 1< K < JK. Thus )X € X and X fulfills (N5).
Let 6 € B and ¥ € X Define:

Ylo)={xeB/ (6, x)EH}

Theorem 2.4: The collection ﬁs ={Y [6] / ¥ € X, 6 € B} is neighborhood base at 5, making B a topo-

logical space.

Proof: Since (6, 6) € H, then 6 €  [o] for each 6 € B. Since ¥ [6] N 4, [6] = (4, N H)[6] the intersection
of neighborhood is also a neighborhood. Finally, if 4 [s] € Flﬁ then by N8 there exists K € X such that

K o K € . Hence for any x € K[s], K[x] € Hlo].

Theorem 2.5: The set p={0 €S B/ Vo€ 0,3 Y € X, i [6] € O} is a topology on B. Where B is a

zb-algebra.
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Proof: From the definition of ¢, Easy proof that ¢ is closed under arbitrary unions. Also if O, € ¢
and 6 € O N /. Then 3 K, T € X such that K[s] € O and V' [6] € /. Let Q =K n Y. Then Q € X. Also QO[]
€ K[s] n YT6] and so Y{s] € O N 4. Therefore O N Zf € ¢b. So ¢b is a topology on B.

Definition 2.6: If(B,X) is a uniform structure. Then the topology ¢ is termed the uniform topology on
B deduced from X.

Example 2.7: If B ={0, 6, x, 9} is zb-algebra with the table below:

Table 4: Shows that the binary operation * with the set B is zb - Algebra

* 0 6 x 9
0O 0 0 0 O
6 6 0 6 ¢
r » x 0 «x
9 9 9 9 0

Then {0} and B are the only sb-ideals of B. We can see that U{O} =A, and U, = B x B: Therefore ¥= {U{O},

Uyjand X={U<S Bx B/ U, c U for some U, € ¥}, If we take U = U, and I = {0}. Then U, = A. If we

take U = U,, then Uls] = {6}, V 6 € B and we obtain ¢6 = 2B, the discrete topology. Moreover, if we take

B as a sb-ideal of B, so Uls] = B, for all u belong to B and obtain ¢6 = {¢, B}, the indiscrete topology.
Let B be a zb-algebra and F, H be subsets of B. We define a set F'* H as follows:

F*H={f*h/feF, h e H}.

Definition 2.8: Let B be a zb-algebra and ¢b be a topology on B. Then pair (B, ¢) is termed topological
zb -algebra if the function “ * ” is continuous with regard to ¢b this definition is rewarded the following
property:

(C): If  is a set in the topology ¢p and 6, vr€ Boc*r €}, then 3/, Y, ep>56 €, x € H,and § * H,
c/.
Theorem 2.9: The pair (B, ¢) is a topological zb-algebra.

Proof: Let 6* x € O, with 6, € Band O € ¢b. Then 3 / € X, H[c* v] € O, I is a sb-ideal in B where #, €
Y. We will show that:

H,[6] * 4, [x] € Hlo * x].

Indeed, for any o € Z{ [6] and ¢ € U, [x] we have that 6 ~[ 9 and x ~I ¢. Since ~Iis a congruence relation,
Thus 6 * v ~[9*¢. = (6% x, 9% ¢) € §, S H. So 9* ¢€ Y, [¢* v] € H[c* x]. = 9* ¢ € O.

Theorem 2.10: [8] If S € P(B x B) such that V / € S meet the following conditions:

(a) AcH,
(b) Hv_leS’
(c0 IKES,>KoKC /.

Then there exists a unique uniformity A, for which S is a sub base.
Theorem 2.12: If = {FII / Iis sb-ideal in a zb-algebra B}, then § is a sub base for a uniformity of B.

Proof: 1t is lucid that the set p fulfills the axioms of the theory.
In Example 2.8, we can see that h = {ﬁ{o} =A, H,=Bx B}.

Theorem 2.13: Let B be zb-algebra and A={I € B/ I is a sb-ideals in B}, which is closed under inter-
section. Then any [ in A is open and closed in B.
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Proof: Let I € A and x€ Ic. So x€ ¥, [x] from that we obtain that Ic € U {], [x] / x € Ic}. We plea that #,
[x] € Ic for all x € Ic. Let 9 € ﬁl [x], then ¥ ~I 9. Hence x * 9 € I. If 9 € I, then x € I, since I is a sb-ideal
of B, which is a contradiction. So 9 € Ic and we obtain

U {Hvl [x] / x € Ic}c Ic.

Hence Ic = U {ﬁl [x] / x € Ic}. Since HVI [x] is open for x € B, I is a closed subset in B. We show that I =u
{H,[x] / xe€I}. If x € I then x € #, [x] and hence I S U {#], [x] / v € I;. Given x€ I, if 9 € /], [x], then x
~I 9 and so 9 * € I. Since x € I and [ is a sb-ideal of B, we have s€ I. And upon it we get U {FII [x] / x
e [}c I, 1.e., I1is an open in B.

Theorem 2.14: If I € A. Then FII [6] is open and closed in a zb-algebra B.

Proof: We confirm that (HVI [6])c is open. If x € (HVI [6])c, then 6 * x € Ic or x * 6 € Ic. We postulate that
xr * 6 € Ic. By applying Theorems 2.10 and 2.11, we obtain (H"I [x] * Hvl [6]) € H"I [x * 6] € Ic. We prove
that ﬁl [6] € (HVI [aDec. If ¢ € UI [b], then¢* 6 € (1/71 [g]*ﬁl [6]). Hence ¢* 6 € Ic then we obtain ¢ € (FII [6])
¢, proving that (%, [6]) ¢ is open. Hence 4, [¢] is closed and since #, [6] is open. Thus #, [6] is a closed
and open in B.

Theorem 2.15: Let TA be the uniform topology by A. Then TA = T{J}, where J =N{I / I €A}.

Proof: Let 3 and Q be as Theorems 2.4, Theorems 2.5, respectively. Put A, ={J}. Define Q = {F]J} and 3
={{ /¥, cH.Let O T, Givenanc € 0,3/ €3, > H[o] € O. By J C I, then /, € /f,, to any sb-ideal
Iof B.Since f€J,3T1€N>H,SH.SoH,[6] SH, [61<O. ThusOeT, By 4,€Q). So TAS T, On
the contrary,if Y€ T, then V6 € 7, 3 He RN Hle] €Y. So Y ,[6] €7, hence A is locked beneath inter-
section, J € A. Thus FIJ €J and soY' € TA. then T, € T'.

Theorem 2.17: Let I and </ be sb-ideals in a zb-algebra B and I < J. Then ¢/ is closed and open set of
(B, TD.

Proof: Put A =11, J}. Thus T, = T, and ¢/ is closed and open in (B, T)).(By Theorem 2.16).
Theorem 2.18: Let I, J be sb-ideals in a zb-algebra B. Then T, € T if J C L.

Proof: Let J € I. Put A, ={I}, ¥, = {FII}, R, = 7/ FII c 4} and A, =1{J}, Y2 = {I;IJ}, R, = o/ FIJ c i Let
O € T, Then Vs €0, 3 HeR,>Hlsl € O.SinceJ 1, S04, Y, H, 6] €O implies /, [6] < O. This
proves that //, € R, andso O€ T. Thus T, T,.

Recall that a uniform space (B, R) is said to be totally bounded if for each 4 € R, there exist al,...,

an € B,>B= UFI [a], and (B, K) is said to be compact if any open cover of B has its finite sub cover.
i-1

Theorem 2.19: Let (B, T1) be the topological space where Iis a sb-ideal in B. Then the next conditions

are on a par with:

1. (B, T) is compact,
2. (B, T) is totally bounded,
3. 3P={a,..,a}EB,3Va€BVai€ Pwitha*a €landai *a €I, Vi=1,..,n.

Proof: 1 = 2: It is clear by [9].

2=3:Letf,eX =>3a,..,a €l>B= UHV [a]. (By the space (B, T) is totally bounded). If a € B,
i-1
then3dai,>a € FII [a], subsequently a * a, a,* a € 1.

i
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3 = 1: V a € B, by presumption, Va, € Pwith a * a, a, * a € I. Hence a€ ¥, [a]. Thus B = U Yla].
i-1
Now let B = UOa for each O isopenin B.ThenV a, € Bia,€ 2,5a,€ O, , since O, is an open. Hence

aeQ
n n

H"I l[a] € Oai. Hence B = U Fl[ai] c LJO%, le., B= b, which means that (B, T') is compact.
i=1 =1 =1

Theorem 2.20: If [ is a sb-ideal of a zb-algebra B. Then HVI [6] is a compact set in a topological space

(B, T), for any 6 € B.

Proof: Let HVI [6] € an where VOa is an open in B. Since 6 € ﬁl [6], then 3a €Q,5a € O,. Hence FII
aeQ
[6] € O, proving that HVI [6] 1s compact.

3. Conclusions

Since Yoon D.S. Kim HS [1] uniform structures in BCL algebra has become a very interesting research
topic recently. Basically, they made the binary process of the Zb-Algebra continuous structure with
topological work obtained for a unified structure and got many useful and interesting results. Motivated
by this idea, we propose, to be taught investigated characterizations of topological zb-algebra and also
discussed and studied the separation axioms, some basic properties, connectedness and quotients of
topological zb-algebra and generalized topological zb-algebra.
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