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Abstract

Let R be a commutative graded ring with unity, & be a graded R-module, W be a multiplicatively
closed subset of homogeneous elements of ® and K be a graded submodule of & such that Anny(K) N
W = 0. In this paper, we introduce the concept of graded W-2-absorbing second submodules of & as a
generalization of graded 2-absorbing second submodules. We say K is a graded W-2-absorbing second
submodule of S, if there exists a fixed s, € W and whenever r ¢ K C H, where r,, ¢,€h(®) and H is
graded submodule of &, then either sargKgH or s t, KCH or oIty € Anng(K). Several results concern-
ing these classes of graded submodules are given.
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1. Introduction

Throughout this article, we assume that  is a commutative G-graded ring with identity and & is a
unitary graded R-module. Atani in [7] introduced the concept of graded prime submodules. Al-Zoubi,
Abu-Dawwas, and Ceken in [2] introduced the concept of graded 2-absorbing ideals of graded com-
mutative rings. Later on, Al-Zoubi and Abu-Dawwas in [1] extended graded 2-absorbing ideals to
graded 2-absorbing submodules. In [14], the authors introduced and studied the concept of graded
W-2-absorbing submodules as a generalization of graded 2-absorbing submodules. The notion of
graded second sub-modules was introduced in [5] and studied in [3, 4, 6, 8]. Recently, Al-Zoubi and
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Al-Azaizeh in [3] introduced and studied the concepts of graded 2-absorbing second submodules. Here,
we introduce the concept of graded W-2-absorbing second submodules over commutative graded rings
as a generalization of graded 2-absorbing second submodules and investigate some properties of these
classes of graded submodules.

2. Preliminaries

In this section we will give the definitions and results which are required in the next section.

Definition 2.1. (a) Let G be a group with identity e and R be a commutative ring with identity 1.
Then R is G-graded ring if there exist additive subgroups R, of R indexed by the elements g € G such
that R= @ R, and RR, cR®R, for all g, h € G. The elements of R, are called homogeneous of degree g.

geG

The set of all homogeneous elements of R is denoted by A(R), 1.e. AR) = U Rg, see [11].
geG

PNR=Y By

heG heGPh'

(b) LetR= @ ERg be G-graded ring, an ideal P of R is called a graded ideal if P =)

geG
P S‘g R, we mean that P is a G-graded ideal of R. Also, by P <iG‘i R, we mean that P is a proper

G-graded ideal of R, see [11].
(¢) A left R-module & is said to be a G-graded R-module if = @ S, with RS,CS, for all g, h € G,

geG
where & is an additive subgroup of & for all g € G. The elements of & are called homogeneous of

degree g. The set of all homogeneous elements of & is denoted by A(S), i.e, A($) = U S, Note that
eG
S, 1s an R -module for every h_G, see [11]. )

(d) A submodule K of & is called a graded submodule of Sif K=o, (KN S)) =&, K,. ByK <S5, we

mean that K is a G-graded submodule of &. Also, by K <{**S, we mean that K is a proper G-graded
submodule of &, see [11].

(e) If K is graded submodule of &, then (K :;, ) = {a € R | a¥ C K} is graded ideal of R, (see [7]).
Furthermore, the annihilator of K'in f is denoted and defined by Ann(K) = {a € | aK = {0}}.

() A proper graded ideal K of R is called a graded prime ideal if whenever r,s € A(R) with rs € K, we
have r € K or s € K. The graded radical of a graded ideal P, denoted by Gr(P), is the set of all £ =
de ol € R such that for each g € G there exists n €N with ¢¢ € P. Note that, if r is a homogeneous

element, then r € Gr(P) if and only if " € P for some n € N, see [13].

(g) A proper graded submodule P of & is called a graded prime submodule if whenever a € A(R) and
m € h(3) with am € P, then either a € (P:;, ) or m € P, see [7].

(h) A non-zero graded submodule K of a & is called graded second if for each r € A(R), the graded
R-homomorphism f: K — K defined by f(x) = rx is either surjective or zero. In other words, K is a
graded second submodule of & if 7K = K or 7K = 0 for every r € h(R). This implies that P = Ann(K)
is a graded prime ideal of ® and K is called a P-graded second submodule. The graded second spec-
trum of &, denoted by GSpeci(S), is the set of all graded second submodules of &, see [6].

(1) A proper graded submodule K of & is called a completely graded irreducible if K =N K , where

aEAN T’

{K },., is a family of graded submodule of &, implies that K= K_ for some o €A. Every proper graded
submodule of & is the intersection of all completely graded irreducible submodules containing it,
see [3].

() A graded R-module & is called graded comultiplication module (gr-comultiplication module) if for
every graded submodule U of ¥, there exists a graded ideal P of ® such that U = (0 :, P), equiva-
lently, for each graded submodule U of &, we have U = (0 :, Anny(U)), see [5].
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Definition 2.2. (a) A proper graded ideal J of R is said to be a graded 2-absorbing (briefly, Gr-2)
ideal of R if whenever r, s, t € h(R) with rst € J, thenrs € Jor rt € J or st € J.
(b) A non-zero graded submodule K of & is called a graded 2-absorbing second (briefly, Gr-2:-second)
submodule of & if whenever r, t € h(R), C is a completely graded irreducible submodule of &, and
rtK C C;then rK C Cor tK C Cor rt € Ann(K), see [3].

(¢) Anon-zero graded submodule K of & is called a graded strongly 2-absorbing second (briefly, Gr- 22" -

second) submodule of & if whenever r, ¢ € h(R), C,, C, are completely graded irreducible submodules
of &, and ritK C C, N C,, then T K C C, N C,or tK C C, N C, or rt € Ann (K), see [3].

(d) A nonempty subset Wof a G-graded ring R is called a multiplicatively closed subset (briefly, m.c.s.)
of RifO¢ W,1c Wandrt € Wioreachr,t ¢ W.

(e) Let WC h(R) be am.c.s. of % and K a graded submodule of & such that (K:, &) N W= 0. We say that
K is a graded W-2-absorbing (briefly, Gr-W-2%¢) submodule of & if there exists a fixed a, € W and
whenever rS,m, € K; where IS, € h(R) and m, € h(S), implies that a,r.s, € (K:; Q) or a,r,m, € Kor
as,m, € K. In particular, a graded ideal J of R is called a graded W-2-absorbing (briefly, Gr-W-2%)
ideal if J 1s a graded W-2-absorbing submodule of the graded R-module R, see [14].

() Let WC h(R) be am.c.s. of R and N <’ S with Ann (N)NW= 0. We say that Nis a graded W-second

(briefly, Gr-W-second) submodule of & if there exists w, € W, and whenever rN C K for some
r € h(®) and graded submodule K of &, then either w rN=0or w N C K.

Remark 2.3. Let K and H are two graded submodule of an graded R-module. To prove K C H, its
enough to show that if J/ is a completely graded irreducible submodule of & with H C J, then K C o,
see [12].

3. Results

Definition 3.1. Let W C A(R) be a m.c.s. of ® and K <i* & with Anngy(K) N W= 0. We say that K is a
graded W-2-absorbing second (briefly, Gr-W-2%:-second) submodule of S, if there exists w, € W and
whenever rgthK C H, where rpt, € AR) and H sg‘”’%, then either wurgK CHorwitKC H or w,rt,
€ Anny(K). In particular, a graded ideal P of R is said to be a graded W-2-absorbing second (briefly,
Gr-W-24s-gecond) ideal if P is a Gr-W-2%:-second submodule of &. By a Gr-W-29:-second module, we

mean a graded module which is a Gr-W-2%s-second submodule of itself.

Lemma 3.2. Let WC h(R) be a m.c.s.of Rand L= @ Lg<¢R. Let K be a Gr-W-2%-second submodule

geG
of S, then there exists w, € W and whenever t, € h(®), H < and g € G with LK C H, then either

waLgK CHorwtKCHor watth C Anny(K).

Proof. Let w t, K ¢ H and w,t,L, ¢ Anny(K). Then there exists bg €L, with wathbgK # 0. Now bgthK CH
and since Kis a Gr-W-2%s-second submodule of &, then bgwaK C H. We show that ngaK C H. Let c,€ Lg,
then (bg + cg)thK C H, we get either (bg + cg)waK CHor (bg + cg)thwa € Anny(K). If (bg + cg)waK C H, then
since bgwaK C H we get cgwaK CHIf (bg + cg)thwa € Anng(K), then since wuthbgK # 0 we get wt,c, ¢
Anng(K), but cgthK C Hso cgwaK C H. Thus ngaK C H. O

Lemma 3.3. Let W C h(R) be a m.cs. of R, L = @ Lg<jR and P = @ P, <UR. Let K be a

geG geG
Gr-W-2%s-second submodule of , then there exists w, € W and whenever H SZ”I’ Sand g, h € G such that
LgPhK C H, then either waLgK C Horw,P,KC Hor waLgPh C Anny(K).
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Proof. Let w L K ¢ H and w P,K ¢H. We show that w,L P, C Anny(K). Let r, € L, and t, € P,. By
assumption there exists x, € Lg such that wung ¢ H. Since nghK C H, by Lemma 3.2, wangh C
Anny(K), and hence (Lg\(H ) K)P,w, C Ann,(K). Similarly there exists y, € (P,\(H ) K)) with
w, L I © Anng(K) and Lg(Ph\(H ) K)w, C Anny(K). Hence w x I € Ann(K), wxt, € Anng(K) and
w,ry, € Anny(K). Since r,tx, = (r+x)g € Lg and y, +t, = (y+t), € P, (rg +xg)(yh +t,)K C H. Thus,
w,(r,+x) KC Horw(y, +t)KC Hor w/(r,+x)(, +t,) € Anny(K). If w (r, +x )K C H, then w r K ¢H.
So r, € Lg\(H h®) K) and hence wyrt, € Anng(K). Similarly if w (y, +t,)K C H, then w,rt, € Anny(K).
If w(r, + x )@, +t,) € Anny(K), then w (ry, + rt, +xy, +xt) € Anng(K) so w,rt, € Anny(K). Thus
waLgPh C Anny(K), as needed. O

Remark 3.4. Let U and Vbe two graded submodules of R. To prove U C V, its enough to show that if N
is a completely graded irreducible submodule of & such that V C N, then U C N, see([3], Lemma 2.2).

Theorem 3.5. Let W C h(R) be a m.c.s. of R. For K <& S with Anng(K) N W=0 the following statement
are equivalent:

1) Kisa Gr-W-2%s-gecond submodule of 3.
(1) There exists w, € Wwith wérgthK = wirgK or wirgthK =w’t,Kor wirgthK =0 for each rpt, € h(R).
(1) There exists w, € W and whenever rgthK C N, N N, where rpt, € h(®) and N, N, are completely
graded irreducible submodules of &, implies either rgthwaK =0 or wurgK CN NN,orwtKC
N NN,
(iv) There exists w, € W, and LgPhK C H implies either that waLgK C Hor wPKC H or wuLgPh -
Ann(K), for each L = g(:% L, <R, P= 0o P, <R and K<3°'S.

geG

Proof. (it) = (i): Let rpt, € h(R) and H Séub% with rgthK C H. By part (i1), there exists w, € W such that
wirgthK =w? rgK or w? rgthK =w?t,Kor wirgthK = 0. Thus either wzrgthK =0orw? rgK Cw? rgK =w? rgthK
C w’H C Hor w’t,K C w K= w? rgthK C w’H C H. Put w':= w?, so we have either w'argthK= 0 or
w'argK C Hor w't,K C H, as required. (1) = (ii1): This 1s clear. (iz7) = (i1): By part (i11), there exists
w, € W. Assume there are rot, € hA(R) such that wirgthK * wirgK and w? rgthK # w>t, K. Then there exists
a completely graded irreducible submodule N, N, of & with w? rgthK C N, w? rgthK CN,, wirgK ¢ N,
and w?t, K ¢ N, by remark 3.4. Now (w r)(w.t)K=w?rt K C N, N N,implies either w?r K C N, N N,
o o g o o g 1 2 o g 1 2
orw?t, KC N, NN, or w?r t,K=0by part (iii). If w>r K C N, N N,or w?¢t,K C N, N N,, then w?’r K C N,
o o g o g o o g
and w’t, K C N,, which is a contradiction. Thus wirgthK =0.
(1) = (iv): By Lemma 3.3. (iv) = (i): Let r,t, € h(®) and H <& with rt,K C H. Now, let L = Rr,
and P= Rt, be two graded ideals of  generated by Ity respectively. Then LgPhK C H. By assumption,
there exists w, € Wsuch that either waLgK CHorwPKC H or waLgPhK =0 and so either wargK CH

orwt K C Hor w,rt, € Anng(K). O

Remark 3.6. Let W C h(R) be a m.c.s. of R. Clearly every Gr-W-second submodule of & and every
graded Gr- Z‘S’t”s -second submodule K of & with Anny(K) N W= 0 is Gr-W-2**-second submodule of <.

However, the converse is not generally true, as the following example demonstrates.

Example 3.7. Let ® = Z and G = Z,, then R is a G-graded ring with = Z and R, = {0}. Consider
$ =7, as a Z-module Then & is a G-graded module with &, =7, and &, = {0}. Take W= Z\2Z. Then &
is not a Gr-W-second Z-module since for each w € W, 2Z, = 2sZ# wZ, = Z, and 2sZ, # 0. However, if
we consider w =1, and i, j € Z then there are three cases to consider:

Case 1:If i # 2n and j # 2n for each n € N, then
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y(1)*Z, = 2, = (V)%Z, = (1)%Z,
Case 2 : If i = 2n, and j = 2n, for some n, n, € N, then
1j(1)°Z, = 0.
Case 3 :If i = 2n, for some n, € N and j # 2n for each n € N, then
j(1)*Z, = 2Z, = (1)%Z,.
So, Z, is a Gr-W-2*%-second Z-module.

Lemma 3.8. Let W C h(R) be a m.c.s. of R and K be a graded finitely generated submodule of 3.
If WK =0, then there exists an w € W such that w K = 0.

Proof. Suppose WK = 0 and K is generated by x,, x,, ...., x € h(K), then K = Rx +Rx,+...Rx . We

have for every i = 1, 2, ...., n, £ = 0 in WK, which means there is w, € Wsuch that wx, = 0. Let
w, = ww,..w, € W.Then wx, =0, for each i =1, 2, ..., n and therefore w K = 0 as K is generated by
X5 Xyy wney X, O

Let W C A(S) be a m.c.s. of R. Then W* = {xg € h(R) : 2 is a unit of W'R} is m.c.s. of R containing W.

Theorem 3.9. Let W C h(R) be a m.c.s. of R. Then:
(@) If Kis Gr-2%* -second submodule with Anny(K) N W= 0, then K is Gr-W-2*-second submodule. In
fact, if W C u(R) and K is Gr-W-2*:-second submodule of ¥, then K is a Gr- 2% -second submodule
of 3.
() If W, C W, C h(R) are multiplicative closed subsets of, and K is graded W,-2-absorbing second sub-
module of S, then K is graded W,-2-absorbing second submodule of & in case of Ann (K)NW, = 0.

(¢) Kis Gr-W-2%s.second submodule of S if and only if K is Gr-W¥*-2%s-second submodule of .
(d) IfKisafinitely generated Gr-W-2*-second submodule of &, then WK is a Gr- 2 -second submodule
of WS,

Proof. (a) and (b) are clear.

(c) Suppose K is Gr-W-2%*-second submodule of &. First we want to show Ann (K) N W* = 0. To see
that suppose there exists X, € Anng(K) N W*. As X, € W, xﬁ/ 1 is a unit of W'R, so there exists w, € w
and a; € h(R) such that (xB/ 1)(%/%) =1, hence UX,a, = uw, for some u, € W, so Uw, = ux,0; € Anny(K)
N W, which is a contradiction. Now as W C W¥, by part (b), K is graded Gr-W*-2%s-second submodule
of &. Conversely, assume that K is Gr-W*-2%s.second submodule of &. Let rpt, € h(R) and H a graded
submodule of & with rgthK C H. Since K is Gr-W*-2%-second submodule of &, there exists w € W* such
that wargK CHorwytKCHor w,rt, € Anng(K). Since w, € W¥, w_/1 is unit of W'R, so there exists
w, ¢; € W and d € h(R) such that w, ¢ =w, w d. Then w, ¢ € W, note that (w, cj)rgth = (w, wad)rgth = w,
dsargth € Anngy(K). or (w, cj)rgK= (w, wad)rgK= w,ds, rgK CHor (wicj)thK= (w,wdt,K=w,dst KC H.
Therefore K is Gr-W-2%s-second submodule of .

(d) As Kis a Gr-W-2*-second submodule of &, there is w € W. If WK = 0, then as K is a graded
finitely generated, there is a U € W such that uﬁK =0 by Lemma 3.8. Hence Ann(K) N W# 0, a con-
tradiction. Thus WK # 0. Now let a, /tg1 , bj/vg2 € W-R. Since K is a graded W-2-absorbing second sub-
module of &, we have either a, bj w>K=a,w? Kora, bj w? K= bj w?Kora, bj w? K= 0. This implies that
either (a,/t,)(0, /v )W'K = (a,/t )W'K or (a,/t,)(b,/v )W'K = (b, /v )W'K or (a,/t,)(b /v )W'K =0,
as required. O
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Theorem 3.10. Let W C h(R) be a m.c.s. of R, and K<2° S with Anngy(K) N W=0. Then K is a Gr-W-2:-

second submodule of & if and only if WK is Gr- 2‘:;’3 -second submodule of & for some w_ € W.

Proof. Suppose that K is a Gr-W-2*-second submodule of & and r,¢, € h(R). Then for some w, € W, we
get w? rgthK =w? rgK or w? rgthK =w’t,Kor w? rgthK =0by Theorem 3.5. Hence rgthwiK = rngK or rgthsz =
t,w?K or rgthw‘zK= 0. Since Ann, (K) N W=0, then w?K # 0. So w?K is Gr- 2‘:;’3 -second submodule of S,
by [3, Theorem 3.2]. Conversely, let w?K is Gr- 2% -second submodule of &, for some w_ € Wand rot, €
h(R). Then rgthw?xKZ rgwiK or rgthwf’xKZ t,w’K or rgthw?xKZ 0 by [3, Theorem 3.2]. Thus w‘jxrgthK= ws rgK
orwrt, K=wt Korw’rt, K=0.Putu : w’®ec W, thenu’rt K=u’r Koru’rtK=utKoru’rt K=0.
o g o o g 'S o o g o g o g o o g
Hence, by Theorem 3.5, K is a Gr-W-2%s-second submodule of . O

Theorem 3.11. Let W C h(R) be m.c.s. of R. Let N C K be two graded submodules of S with Ann (K/N)N
W =0 and K is Gr-W-2%-second submodule of . Then KIN is Gr-W-2%:-second submodule of S/N.

Proof. Assume that Kis a Gr-W-29-second submodule of &. Let ryt, € h(R) and H/N Sf;”b S/N such that
r b, (K/N) C (HIN). Thus rt, KC H, H <" &. Since K is Gr-W-2%5-second submodule of S, then there is
w, € Wsuch that wargK CHorwtKCH or wargthK = 0. So, warg(K/N) C (HIN) or w t,(KIN) C (HIN)
or wargth(K/N) = N, as needed. O

Theorem 3.12. Let W C h(R) be a m.c.s. of R and K is a Gr-W-2%-second submodule of a graded
R-module . Then we have the following:

(1) Anngy(K) is a Gr-W-2** ideal of R.
(i) IfH <3 S with (H n K) N W=0, then (H :, K) is a Gr-W-2* ideal of R.
(i) There exists w, € Wwith w'K = w"'K, for all n > 3.

Proof. (1) Let Tty € h(R) and r b, € Anny(K), then there is w, 2 € W and rgthK C rgthK implies that
rwKCrtKortwKCrtKorwrtK=0.IfwrtK=0,wearedone. Ifrw KCrtK,thencrwK
g o g o g o g o g g o 8 g o
CertK=0,hencecrwK=0.1ft,w KCrtK, thenctwKCcrtK=0,soctwK=0.
“g g o o 8 o g o : )

(11) Let [ NS h(R) and rt,c, = (rgcl)th € (H :; K), so (rgcl)thK C H. Then there exists w, € W with
wargcAK CHorwct, KCwtKCHor w,rt,c, € Anny(K) C (H :;, K). Thus w,r.c, € (H:, K)orwyg,t, €
(H :, K) or w,rt,c, € (H: K).

(iii) Since K is Gr-W-2*-second submodule of &, there exists w € W. It is enough to show that w? K
= w!K, it is clear that w!K C w?K. Since K is Gr- W-2%s_second submodule and ww? K =w!K C w'kK,
either w? K C w!K or w’K = 0. If w’K = 0, then w’? € Ann,(K) N W =0 which is a contradiction. Thus
w? K C wiK, as needed. O

Theorem 3.13. Let W C h(R) be a m.c.s. and K is a Gr-W-2%-second submodule of S. Then the follow-
ing statement hold for some w_ € W.

(a) anaK C aﬁdyK or dywaK C adeK, for all Qs dy ew.
(d) (Anny(K) -, ade) C (Anny(K) i, waaﬁ) or (Anngy(K) :,, aﬁdy) C (Anny(K) 1, wudy), for all g, dy e W.

Proof. (a) Let K be a Gr-W-2%*-second submodule, then exists w_ € W. Let N be a completely graded
irreducible submodule of & with adeK C N, where Qg dy € W. Then anaK C Nor wadyK C Nor waaﬁdyK
=0. As Ann (K) N W=0, we get waaﬁdyK # 0. If for each completely graded submodule of & we have
anaK C N (resp. wadyK C N), then we are done by Remark 3.4. So suppose that there are completely

graded submodules N, and N, of § with aquw K ¢ N, and w,d K ¢ N,. Since K is Gr-W-2%s-second
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submodule of S, wadyK C N, and aﬁwaK C N, As adeK C N, NN, we get wudyK C N, NN,or aﬁwaK -
N, N N,, which is a contradiction.

(b) Let r, € (Anny(K) :, aﬁdy) N AMR). Then rgaﬁdy € Anny(K). By Theorem 3.12 (i), Anny(K) is Gr-W-
295 jdeal of R, so w,rag € Anng(K) or wargdy € Anny(K) or waade € Anny(K), for some w_ € W. Since
Anng(K) N W= 0, then waaﬁdy ¢ Ann,(K). Thus r, € (Anny(K) -, waaﬁ) orr € (Anny(K) =, w&dy). O

Lemma 3.14. Let § be gr-comultiplication R-module, W C h(R) be a m.c.s. of Rand K <2 . If Ann(K)
is a Gr-W-2% ideal of R, then K a Gr-W-2%s-second submodule of .

Proof. Let rpt, € h(R) and H < & with rgthK C H. Thus Annm(H)rgthK = 0. Since Ann(K) is a Gr-W-
29bs jdeal of R and AnnR(H)rgth C Anny(K), then there is w, € W such that either w, AnnR(H)rgK =0or
w Anng(H)t,K=0 or wargthK =0.If wurgthK =0, we are done. If w_ Ann%(H)rgK =0or w Anny(H)t,K=0,
then Anng,(H) C Annm(wargK) or Anng(H) C Anng(w t,K). Since & is gr-comultiplication module, wargK
CHorwtKCH. O

Example 3.15. Let 8 = Z and G = Z,. Then R is a G-graded ring with 8, = Z and ®, = {0}. Let S =Z
as a Z-module, = is a G-graded module with & = Z and &, = {0}. $ is not a gr-comultiplication module,
see [15, Example 3.3]. Take the multiplicative closed set W = Z\{0}. The graded submodule ¢Z of S,
where g is prime number, is not Gr-W-2%-second submodule of &, since take n =3, m = 2 € Z, then
for all w € W we have w*(3)(2)qZ# w*(3)qZ and w*(3)(2)qZ # w*(2)qZ and w*(3)(2)qZ # 0. But Ann,(qZ)
=01s a Gr-W-2%s ideal of Z.

Theorem 3.16. Let & be a gr-comultiplication R-module and W C A(R) be a m.c.s. of R: If the
zero graded submodule of S is Gr-W-2% submodule, then every K<i®S with Ann (K) " W=101isa
Gr-W-2%-second submodule of §.

Proof. Let Sbe a gr-comultiplication R-module with the zero graded submodule is Gr-W-29s-submodule
and K< with Anny(K) N W= 0. We show that Ann,(K) is Gr-W-2** ideal of R. Let rt,, ¢, € h(®)
and rt,c, = (re)t, € Anng(K). Then there exists w, € W such that row K=0orctwKCtwK=0
or w,rt.c, € Anny(¥) C Anny(K). Thus Ann (K) is Gr-W-2¢ ideal of R. By Lemma 3.14, we get the
result. -
Definition 3.17. We say that & satisfy the double annihilator conditions (DAC) if P<®, then

P = Ann((0 :, P)). A graded R-module & is said to be strong gr-comultiplication module if & is a
gr-comultiplication R-module and satisfy the DAC conditions.

Theorem 3.18. Let S be strong gr-comultiplication R-module and K< S with Anng(K) N W=0, where
W C h(R) be a m.c.s. of R. Then the following are equivalent
(a) Kis Gr-W-2%s.gecond submodule of 3.
(b) Anng(K) is Gr-W-2 ideal of R.
() K=(0:, 1) for some Gr-W-2*: ideal I of ® with Anny(K) C L
Proof. (a) = (b): From Theorem 3.12.
(b) = (0): Since ¥ is gr-comultiplication R-module, K = (0 :, Anny(K)). We can see the result clearly.

(c) = (a): Since S satisfy the double annihilator conditions (DAC), Ann,((0 :, I)) = I. By Lemma 3.16,
we get the result. O
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Lemma 3.19. Let W C h(R) be m.c.s. of ® and K be a Gr-W-second submodule of . Then there
exists w, € W and whenever rgthK C H, where ryt, € h(R) and H S‘Z‘b 3, then either w,r, € Anng(K) or
wt, € Anny(K) or w K C H.

Proof. Let K be a Gr-W-second submodule of & and rgthK C H, where rpt, € AMR) and H Si;”b &, Then rgK

C (H:t), since K is a Gr-W-second submodule of &, there exists w € W such that w,r, € Anng(K) or
wt, K C H, we will show if w t,K C H; then w t, € Anny(K) or w K C H. Assume that {, K C (H :, w ),
since K is a Gr-W-second submodule of &, we get either w t, € Anny(K) or w? KC H. If w t, € Anny(K),
we are done. Suppose w?K C H, let N be a completely graded irreducible submodule of & such that
w?’K C N, then either w K C N or w?K = 0, since Ann,(K) "W =0, we get w? K+ 0, so w K C N. By
Remark 3.4, w K C w?’K. Hence w K C H. O

Theorem 3.20. Let W C h(R) be a m.c.s. of R. Then the sum of two Gr-W-second submodules is a Gr-W-
29s_gsecond submodule of 3.

Proof. Let K|, K, be two Gr-W-second submodules of & and let K= K, + K,. Let rgthK C H, where rpt,
€ h(R) and H is graded submodule of &. As rgthK1 - rgthK C H and K, is Gr-W-second submodule of S,
there exists w , € Wsuch that w_, r,€ Anng(K)or w t, € Ann (K ) or w , K C Hby Lemma 3.19. Also,
K, is Gr-W-second submodule of &, there exists w , € Wsuch that wyr, € Anny(K) or w_,t, € Anny(K,)
or w K, C H. Without loss of generality, we may assume wy,r, € Anny(K) and w K, C H. Now, Set
w,=w, w, € W. Thus wargK C H and hence K is a Gr-W-2%s-second submodule of . O

al a2

As shown in the example below, the sum of two Gr-W-2%-second submodules is not necessarily a
Gr-W-2%s.second submodule.

Example 3.21. Let R = Z and G = Z,. Then R is a G-graded ring with ® = Z and , = {0}. Let & = Z
®Zjasa Z-module, where k£ € N and p,q are distinct prime numbers. Then & is a G-graded module
with§=Z®0and S, =0 Z . Put W= {t € Z: ged(t, pg) = 1}. So Wis a m.c.s. of Z. We have 7. 0
and 0 @ qu both are Gr-W-2%s-second submodules. However $ is not a Gr-W-2%s-second Z-module,
since p*S C 0 @ Z x, p"'tM 70 Zyp , ptM 70 Z}, and tp*S # 0 for each t € W.

Lemma 3.22. If P is Gr-W-2%% ideal of R, then Gr(P) is Gr-W-2% ideal of R.

Proof. Let Ity € € h(R) and rb,c, € Gr(P), so there exists n € N such that (rnghc]L " e P. Since Pis Gr-W-
2%s jdeal of ! and rigch € P, then there exists w € Wsuch that either w, 't € Por w,rich € Porw tich
€ P. Hence (wargth "= Wt € Por (ngCA)n = wyrich € Por (wit,.c)" = w't:c: € P. Therefore, w,rt, €
Gr(P) or w,r.c, € Gr(P) or w t,c, € Gr(P). Thus Gr(P) is Gr-W-2 ideal of R. O

For a graded R-submodule U of &, the graded second radical of U is defined as the sum of all graded
second R-submodules of & contained in U, and its denoted by GSec(U). If U does not contain any
graded second R-submodule, then GSec(U) = {0}. The graded second spectrum of & is the collection of
all graded second R-submodules, and it is represented by the symbol GSpecs (). On the other hand,
the set of all graded prime R-submodules of & is called the graded spectrum of &, and is denoted by
GSpec(S). The map ¢ : GSpec’(S) — GSpec(R/Anny(S)) defined by g(U) = Ann(U)/Anny(S) is called the
natural map of GSpec’(JI); see [12].

Theorem 3.23. Let & be a gr-comultiplication R-module and the natural map ¢ of GSpec’(K) is sur-
jective, if K is Gr-W-2%s-second submodule of S, then GSec(K) is a Gr-W-2%s-second submodule of .
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Proof. Let K be Gr-W-2%:-second of &. By Theorem 3.12 (i), Anny(K) is Gr-W-2¢ ideal of . Hence
Gr(Anng(K))is Gr-W-2ideal of Rby Lemma 3.22. Using [12, Lemma 4.7], Gr(Ann.(K)) = Ann (GSec(K))
so Anng(GSec(K)) is Gr-W-2° ideal of ®. By Lemma 3.14, we get the result. O

Theorem 3.24. Let W C h(R) be a m.c.s. of R and ¢ : S — ' be a graded monomorphism of graded
R-modules. Then we have the following:

1) If Kis a Gr-W-2%s-second submodule of $, then @(K) is a Gr-W-2%-second submodule of &'.

1) If K is a Gr-W-2%s.second submodule of &' and K C @(S), then ¢ '(K) is a Gr-W-2%-second
submodule of .

Proof. (i) Anng(p(K))NW = 0, since Ann (K)NW =0 and ¢ graded monomorphism. Let rot, € h(R): Since
Kis a Gr-W-2*-second submodule of &, there exists w_ € Wsuch that w? rgthK = wirgK or w? rgthK =w’
t,K or w? rgthK = 0. Hence, wirgthgo(K) = wirgqo(K) or wzrgthgo(K) = w’t,p(K) or wirgthgo(K) =0.

(1) Since Ann (K) N W = 0, then Ann (f(K)) " W= 0. Let r,t, € h(R). Since Kis a Gr- W-2%s-second
of of &, then there exists a fixed w, € W such that wirgthK = wirgK or wirgthK = w’t, K or w?, rgthK =0.
Thus wirgthfl(K) =sr gfl(K) or wirgth Y(K) = wt,f(K) or w? rgthfl(K) =0, as needed. O

Theorem 3.25. Let R = R, x R, be graded ring, where R, and R, be two commutative graded rings with
1#0andlet W C ®R), and W, C R,)), be two multiplicatively closed sets. Let & = S, X S, be graded
R-module, where S, is a graded R,-module and S, is a graded R ,-module. Suppose that K=K, x K, <,
If either Ann, (K) N W, #0 and K, is a graded Gr-W,-2**-second submodule of S, or Ann,,(K,) N W,#0
and K, is a Gr-W -2*-second submodule of &, or K, is Gr-W -second submodule of &, and K, is Gr-W,-
second submodule of 32, then K is Gr-W-2%-second submodule of 3.

Proof. Suppose K, is a Gr-W,-2*-second submodule of &, and Ann,, (K)N W, # 0. We will show that
K is Gr-W-2%s-second submodule of &. Then there exists (w,), € Anng, (K)NW,. Let ((rl)g, (r2)g)((t1)h,
(t,))KxK, C H xH,, where (ri)g € (§Ri)g, (t), € ), and H, <o S, where i = 1, 2. Then (rl)g(tl)hK1 CH,.
Since K, is a Gr-W,-2%%-second submodule of &, there exists (w,), € W, such that (wl)e(rl)gK1 C H or
(w),(),K, € H or (w1)6(}"1)3,(1%),11{1 =0. Putw,=(w,), w,,) € WxW,. Then we((rl)g, (rZ)g)le K, CH,
xH, or w((t,),, (¢,),)K.x K, C H xH, or we((rl)g, (r2)g)((t1)h, (t,) ) K x K = 0. Therefore, K is Gr-W-2:-
second submodule of &. Similarly for if Anng (K) N W, # 0 and K, is a Gr-W,-2%*-second submodule
of &,, then K is Gr-W-24*-second submodule of &. Now suppose K, is Gr-W,-second submodule of &,
and K, is Gr-W,-second submodule of . Let (ag, xg)(bh, y)K XK, C H xH, where a, € (§R1)g, x, € (RZ)g,
b, € ®R)h,y, € R)h, H is graded submodule of &, and H, is graded submodule of &,. Then we have
agth1 C H andx gth2 C H,. As K| is Gr-W -second submodule of &, there exists w’ € W, such that
w,a, € Anng, (K) or w'b, € Anng, (K ) or w' K, C H by Lemma 3.19. Similarly, there exists w” € W,
such that wix, € Anng,(K,) or w"y, € Ann,,(K,) or w"K, C H, by Lemma 3.19. Without loss of generality,
we have three cases:

Case 1: If w'eag € Anng, (K) and w'K, C H,, then
(W', w'e’)(ag, xg)K1 XK, = w’eagK1 X w'e’ngz COxK,CK xK,.
Case 2: If w'a, € Anng (K)) and wix, € Anng,(K,), then
W', w'e’)(ag, xg)(bh, v K xK,=0
Case 3: If w K, C H and w'K, C H,, then
W', whb,, y)K xK,C W, w)K xK, C H x H,

Hence, K is Gr-W-2%s-second submodule of . O
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Definition 3.26. Let W C R be m.c.s. of ® and K<8S with Anny(K) N W= 0. We say that K is e-W-2-
absorbing second (e-W-2*-second) submodule of &, if there exists w, € W and whenever r¢ K C H,
thenwrKC HorwtKC HorwrtK=0,foreveryr,t e R, andH<S”b<‘

Definition 3.27. Let W C R be a m.c.s. of ® and K< such that Anng(K) N W= 0. We say that
K is a e-W-second submodule of S, if there exists w, € W and whenever r K C H, where r € ® and
H<3"S, then wK C Hor wrK=0

Theorem 3.28. Let R = R, x R, be G-graded ring, where ® and R, be two commutative G-graded rings
and let W, C (R), be m.c.s. of R, and W, C (R,), be a m.c.s. of R,. Let = xS, be a graded R-module,
where S| is a graded R,-module and S, is a graded R,-module. Suppose that K = K, x K, <. Then
the following conditions are equivalent.

(1) Kis e-W-2%s.second submodule of 3.

(i) Either Anng (K) N W, #0 and K, is a e-W,-2**-second submodule of &, or Ann,, (K,) N W, # 0 and
K, is a e-W -2%-second submodule of $, or K, is e-W,-second submodule of & and K, is e-W -second
submodule of S,.

Proof. (i) = (ii) Let K = K, x K, be e-W-2*-second submodule of &. By Theorem 3.12, Ann(K) = Ann,,
(K)) N Ann,(K) is Gr-W-2* ideal of R. Thus either Ann,, (K,) " W, =0 or Ann,, (K,) N W,=0. Assume
that Ann, (K) N W, # 0. We show that K| is a e-W,-2**-second submodule of ,- Let rt K, C H, for
some r,,, t, € R,), and H, <S”b<‘ . Hence (1 r, )1, t)K x K, C$ xH, Slnce K is e-W-29bs. second
submodule of &, there exists w, = (w,,, w,,) € Wsuch that (w,,, w )(1 r, )K xK,CS xH, or(w,,w

(1,t)K, xK,CS$ xH,or(w,,w,)1,r,)1,t)K xK,=0,it follows that either w r K - H orw t K

e2 e2 T2 — e27e2 72

- H or w,r,t, 2K =0. 50 K, is e-W,-2*-second submodule of &,. Similarly if Ann, (K,) N W2 # 0, then
K, is a e-W -2-second submodule of & . Assume that Ann,, (K)) N W, =0 and Ann,(K,) N W, = 0.
We show that K| is e-W,-second submodule of &, and K, is e-W,-second submodule of &,. Note that there
exists w, = (w,,, w,) € W satisfying that K is e-W-2-second submodule of &. Suppose that K| is not
e-W,-second submodule of &,. So there exists a , € (), and H| <sub $, suchthata, K, C H butw, K L H,
and w,a K, # 0. Moreover, Ann,,(K,) N W, =0 so w_k, # 0. Thus by Remark 3.4, there ex1sts a com-

pletely graded irreducible submodule N, of &, such that w K, ¢ N,. Furthermore,
a,, N(1,0K xK,Ca, K x0CH x0CH xN,.

Since K is e-W-2-second submodule of S, either (w ,, w )(a,, DK, x K, € HxN, or (w,,, w,)(1, 0)
K, x K, CHXxN, or (w,, w,)(1, 0)(a,, DK, x K, =0. Hence, w K, C N, or w_ K, C H orw,a, K =0,
which them are contradictions. So K| is e-Wl-second submodule of X Slmllarly one can see that K| is
e-W,-29%-second of &,.

(ii) = (i) Suppose that K is a e-W -2**-second submodule of & and Ann,, (K,) " W, # 0. We show that
K is e-W-2-second submodule of &. Then there exists w" € Ann , (K)NW,. Let (c,, c)(d,, d)K, X K, C
H x H, for somec,d, € (R), c,, d, € R,), and H (resp. H) <z \9 (resp. §,). Then ¢, d K, C H,. Slnce
K is a e-W -24- second submodule of S, there exists w’ € W, such that w'c K, C H or w'd K, C H, or
w'ed K =0.Putw, = (W', w"). Thenw (c, c)K xK, C H xH,orw/(d,,d)K xK,C H xH, orw (cl, c,)
(d,, d)K, x K, = 0. Thus K is e-W-2%*-second submodule of $. Similarly if K, is a e-W,-2%*-second sub-
module of &, and Anng, (K)) N W, # 0, then K is e-W-2%*-second submodule of &. Assume that K is
e-W,-second submodule of & and K, is e-W,-second submodule of &,. Let a,, b, € ), x,,, v, € (R,),
and H (resp. H) S‘Z‘b 3, (resp. §,) such that Let (a,,, x,)(b,,, v,,) K, X K CH x H Then we have a b K,

C H and x,y K C H,. As K, is e-W,-second submodule of &, then there exists w, € W, such that
w, a, €Anng (K)orw,b, € Anny (K) or w, K C H by Lemma 3.19. Similarly, there exists w, € W,
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such that w x, € Anng(K,) or w,y, € Anng, (K,) or w,K, C H,  Without losing generality, we can
infer w, a, € Anng, (K) and w K, C H,or w, a, € Anng, (K) and w_x, € Anng, (K)) or w K C H,
and w K, C H,. If w_a, € Anng, (K)) and w,K, C H,, then

(wel’ we2 )(ael’ xe2 )Kl X KZ g welaelKl X we2x62K2 g OXHZ g Hl X HZ'
Ifw,a, € Anng (K) and w x, € Anng(K), then
(w

Ifw,K C H and w,K, C H, then

weQ)(aael’ er)(bel’ yeQ)Kl x K2 = 0'

el?

(wel’ weZ)(ael’ er)Kl X K2 g (wel’ weZ)Kl X K2 g Hl X H2'

Thus K is e-W-2%5-gecond submodule of S. O
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