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Abstract

This paper explores the application of fuzzy theory to solve fractional heat equations using a novel
approach, the Optimal Homotopy Asymptotic Method (OHAM). We introduce a semi-analytical
method to address fuzzy fractional-order heat equations, aiming to overcome the limitations of exist-
ing approaches. Our methodology leverages the generalized Caputo-Katugampola (CK) definition
with two parameters o and p, to define fractional derivatives. Through this research, we present a
comprehensive framework for tackling this challenging problem. To illustrate the effectiveness and
feasibility of our method, we provide several practical examples. The results are presented in tables
and figures, and our approach is compared to the exact solutions. This study not only contributes to
the field but also offers a powerful and efficient way to address fuzzy fractional heat equations with
increased accuracy and reduced computational effort.
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1. Introduction

In the last three decades, there has been a significant surge in interest in fractional calculus, pri-
marily due to its established utility in various fields of physics, biology, and engineering. Because
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the fractional-order differential operators are non-local, they can more accurately explain some phe-
nomena than integer-order differential operators. It is frequently employed to substitute a fractional
derivative for the traditional time derivative in evolutionary equations [1-4].

Fuzzy differential equations (FDEs) play a pivotal role in expanding the repertoire of system models
and fundamental tools for diversifying the array of machine models utilized across physics, engineer-
ing, biology, and other medical disciplines [5—7]. They find applications in addressing production
problems, optimization tasks, artificial intelligence, diagnostic procedures in clinical settings, cosmo-
logical studies, and the development of specialized robotic systems, and serve as valuable tools for
modeling uncertain nonlinear systems [8]. Hoa et al [9] have made major contributions to non-integer
order differential equations with fuzzy solutions. They broadened the concept from classical to arbi-
trary order, resulting in important results in fuzzy fractional calculus. They also obtained significant
results while employing the "Caputo generalized Hukuhara" fractional derivative. They looked into a
few fascinating subjects concerning fractional-order fuzzy problems. Other significant investigations
can be found in [10-14]. Several numerical and analytical methods have been developed for solving
fuzzy fractional differential equations, such as the Power series expansion method [15], Sumudu
transform [16], Adomian Decomposition Method (ADM) [17], Gegenbauer Wavelet Polynomials [18]
and Variation Iteration Method (VIM) [19].

Caputo-Katugampola (CK) fractional integral and derivative [20] is a revolutionary fractional
integral and derivative concept that generalizes the fractional derivatives with two parameters and
retains certain essential and basic features of Caputo and Caputo-Hadamard derivatives [21]. The
parameter values have a significant influence on the used derivative, presenting a helpful tool for cre-
ating fractional calculus models. In modeling and simulations, the CK derivative has two fractional
parameters that provide greater generalization than other fractional formulations.

Optimal Homotopy Asymptotic Method (OHAM) has now evolved as a result of Marinca [22] and
is used to solve nonlinear problems without relying on a tiny parameter. When compared to the
Homotopy Perturbation Method (HPM), it was established that OHAM provides the best solution.
Furthermore, unlike the Homotopy Analysis Method (HAM), OHAM does not require any initial guess
or being aware of the h-curve. Furthermore, like the HAM, OHAM contains built-in convergence cri-
teria, but with a greater degree of flexibility. OHAM 1is also parameter-free and provides more pre-
cision than approximate analytical approaches of the same order of approximation. The downside of
OHAM is that it necessitates the solution of a set of nonlinear algebraic equations at each order of
approximation, and this technique comprises multiple unknown convergence-control factors, making
calculation time-consuming. Over and above that, OHAM has been carried out effectively in a variety
of technological and mathematical domains [23—-26].

The general heat equation can be applied to the flow or distribution of heat in a thin rod, plane, or
space from a high-temperature point to a lower-temperature point during a particular time interval.
The considered equation is one of the diffusion equation’s special instances. Using the heat equation,
one may anticipate that the heat flow will continue until the temperature of all bodies or particles
remains constant [27]. The fuzzy fractional heat equation was investigated by Snehashish and other
researchers [28] using the HPM. The variational iteration method (VIM) was discussed and inves-
tigated to solve fuzzy time-fractional diffusion equations which is taken in the Caputo sense [29].
Furthermore, the analysis for semi-analytical methods especially the Laplace transform along with
decomposition techniques and the Adomian polynomial for Two-Dimensional Heat Equation under
the Caputo—Fabrizio fractional differential operator was introduced by Sitthiwirattham et al [30]. The
time-fractional heat equation has been investigated using the spectral tau technique under non-local
conditions where CPs6 and their modified polynomials were used to choose suitable sets of basis func-
tions [3]. Additionally, the one- and two-dimensional heat partial differential equations (PDEs) with
generalized Lucas polynomials (GLPs) involving two parameters are utilized as basis functions by the
tau and collocation methods to convert the heat equations into subject to their underlying conditions
into systems of linear algebraic equations [31]. Investigating the convergence analysis of the shifted
fifth-kind Chebyshev polynomials (5CPs) utilized a spectral tau solution to the heat conduction equa-
tion is introduced in [32].
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This paper develops a novel efficient approach for solving FFHE in one dimension with CK deriv-
ative of two parameters using OHAM. This algorithm is based on selecting appropriate parameters
that ensure the guaranteed convergence of solutions. Combining the fractional derivative form as CK
definition with a powerful algorithm that regulates the convergence parameters (OHAM) will ensure
an accurate solution that obeys real-world data.

An outline of this article is as follows: Section (2) goes over some basic definitions and preliminaries
that will be used throughout this work. Section (3) proposes the defuzzification of a fuzzy fractional
heat equation. Section (4) shows the general form of fuzzy fractional OHAM. In Section (5), we use
OHAM’s convergent analysis and provide a structural formula for the fuzzy fractional heat equation.
In Section (6), we will illustrate and analyze the capabilities of the suggested fuzzy fractional OHAM
in addressing a test scenario through our findings. Lastly, some concluding remarks for this work are
presented in the final section.

2. Preliminary

Some essential definitions and basics of fuzzy and fractional calculus with Caputo-Katugampola frac-
tional derivatives are introduced in this section.

2.1. Fuzzy concept

Zadeh created a fuzzy set theory [33] in 1965. It is regarded as carrying crisp or (classical) set
theory [34]. The crisp sets notion classifies the membership of items on a set’s topic in binary terms,
with a detail either belonging to or not belonging to the set. Fuzzy set theory is defined by a mem-
bership function with a value in the interval [0, 1] and is defined as an extension of the classical set
theory.

Definition 2.1: [35] Let A:X > [0,1] be a fuzzy set. The § -level ({ -cut) representation of a fuzzy set
A is defined as:

[A], ={se XI6A(s)>¢}, ¢ €[0,1]
Definition 2.2: [36] A triangular fuzzy number is a fuzzy number defined as triple numbers a; <o, < a,

with the base on the interval [ay,a;] and at x = a, as a peak point and membership function is as the
following:

0, x<oy;

S0 .
, 0 X<y,

oy — 0y

o(s;ay,04,0) =

a;—S )
, Oy X<,

O3 — Oy

0, x>aoy.

such that the ¢ -level as follows:

[S(S)JC Z[al +8(ay —oy), 0 —C(ay —a2)], ¢ €[0,1]

Definition 2.3: [37] Let S be the set of all normal upper semi-continuous convex fuzzy numbers with
¢ -level bounded intervals that satisfy the following condition:

[6(s)], ={seR:o >(Y, ¢ e[0,1].
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An arbitrary fuzzy number is represented by an ordered pair of membership functions
[5 (s)] .= [6(s),0(s)] ¢ for all which is satisfying

1. 0(s) is normal: there exists s, € R such that d(s;) =1.
2. 6(s) 1s convex: Vs,t e R and A €[0,1], it holds that:

S(As+ (1 —-A)t) 2 min{(5(s),o(t)}
3. 0 is upper semi continues: for any s, € R, it satisfied that d(s;) > lims_m(iﬁ (s).
4. {seR:6 >} is compact subset of R.
In the parametric form, which is represented by an ordered pair of functions

[6], =[8(s),6(s)], =[6(s;€),0(s;8)], ¢ €[0,1], that hold the below conditions:

1. 4(s;¢) is a bounded left continuous non-decreasing in [0,1].
2. 6(s;¢) 1s a bounded left continuous non-increasing in [0,1].

3. 8(s;8)<6(s;¢).

Definition 2.4: [38] Let h:M—8S bea map, so, for interval M < S denote a fuzzy function with crisp
variable, and we define { -level set as

[A(s)], =[A(s:0).1(s:)] se M [0,1],

where S sets all upper semi-continuous normal convex fuzzy numbers. That is, the fuzzifying func-
tion i1s a mapping from a domain to a set of fuzzy ranges. In a mathematical sense, the fuzzifying
function and the fuzzy relation coincide.

Definition 2.5: [39] Given a function g : S — T, where S =S, xS, x...x S, and let A=A xAsx.. . x Ay,
where A;1=1,2,...,n, be n-fuzzg subsgt in S and t = g(s,,8,,...,8,) in T. Then, the extension principle
allows defining a fuzzy subset B=g(A) in T by:
B= {(8,65(0) 1t =8(8,,85,...,8,),8,,85,...,8, € S}.
such that,
sup mll’l{5gl (31 )’ 522 (82 )9 [REE] 5;1n (Sn )}’ I‘f g_l (t) * ¢a

61§ (t) = 4 815598, eg_l (t)

0, Otherwise.
the extension principle can be written for n=1 as
B={(t,55(t):t=g(s),s€S}.
such that,
sup 16;()} if, g () #¢,

55(t) =se 0
0, Otherwise.

For s,t e S’, and A eR, the sum s+t is [s+ tl, =[sl, +[t]. and the product A.s is [4.s], = Als], and the

diameter of the ¢ -level set of s as diam[s], =[s({) - s(£)].

Definition 2.6: [40] Let s,t S. If thereisre S:s=t+r, then r is said to be the Hukuhara difference
of s and t and it is denoted by s Ot.
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Definition 2.7: [40] Let s,t be two fuzzy numbers then the distance D[s,t] (Hausdorff distance) is
defined as

Ds,t] = supmax{|s(&) (&) |,1s() —+(&) |}

0<¢<1

Definition 2.8: [41] Let g: I — E and sy € I. Then the fuzzy function g is said to be Hukuhara dif-
ferentiable (H-differentiable) at s,, if there is g'(s,) € E, and for h >0, there are g(s, +h) © g(s,) and
8(s,) © g(s, —h) such that

g(50+h)@g(so)_l- g(So)eg(SO_h)
h - Lmh%O h .

g'(sy) =1lim,_,,

Definition 2.9: [42] Let g: I — E for se I c R. The n'"* order Hukuhara differentiable functions at t

[g®)], =[g(t:¢),8(t:0)1.V¢ [0,1].

The functions g(t;¢ ),é(t;g ) are both n'™ order Hukuhara differentiable functions and

2”@, =" )" tOLvE <[0,1].

2.2. Caputo-Katugampola fractional derivative

The Caputo-Katugampola derivative is a novel fractional operator that generalizes the idea of Caputo
and Caputo-Hadamard fractional derivatives.

Definition 2.10: [21] Both left and right generalized fractional integrals of the function [, called the
Katugampola fractional integral are respectively given by:

L f)= £ [ ) o).

and

)= B [ ) fo)ds,

where 0<a<b<w, f:[a,b]> R is an integrable function, and a >0 and p>0 two fixed real
numbers.

The following properties of the fractional integral operator I** where o > 0,p >0, and for constant
c € R, holds:

L I%P TP fx) = 102 f(x) = I f(x) = T 1 f(x),
2. I (cf(x)) = eI (f(x),

p“F(n + 1}
3. I (x")=——P 2

F(a +n+1]
Jo}

The first two properties are found in [43]. and the Proof of property (3) as follow.

n+ap

X
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Proof. By Definition (2.10) and set a =0 we have

I“P(x") = P (xP —sP)*H(s™)ds.

(e )I

P
Using the Beta function B(.,.), and change variables u = s_p , we obtain
x

n

I**(x™) = (—a)x“’”"r(l —u)*t u’du.

F(a +n+1j
Jo}

Definition 2.11: [21] Let 0<a<b<ow, f:[a,b] >R is an integrable function, and for
m-1<a<m, meN and p>0. Both left and right Caputo-Katugampola fractional derivatives of
order a, p are respectively defined by:

a -m+1 (p 1D(A-m)

“DIrf(x) = ™ (s)ds,

_a)J. (x sp)a m+1
and

( 1)m a-m+l b s(pfl)(lfm)

r(m a) x (xp _SP)a—m+1

“ Dy f(x) = ™ (s)ds.

The following properties of CK fractional derivative can be held for constant ce R, a <x <b where
a>0,p>0,m—-1<a<m and f e C’[a,b], first three properties can refer to [21, 44]:

1. ©D*"(¢)=0,
2. “DIPILPf(x) = f(x),

a,p o,p P Py 1-p d ’
3' Ia+’ CD f(x) f(x) z ]( )' x —-a ) |:[x Ej f(x)] |x=a’

F(n+1)l“[n—m+lj
P

4. DR (x") =

oa-m . .n—op

p* "x
F(n—m+1)l“[n—a +1j
P

We going to prove property (4).
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Proof. By Definition (2.11) and set a =0 we have

a-m+l x s(pfl)(lfm) dm

Cper ()= L x")ds.
") I'(m-a) O(xp—sp)“”’”l(dxm )

P
Using the Beta function B(.,.), and change variables u = s_p , we obtain
x

'n+1)p*™
I'n-m+1DI'(m-o)

= [+ Dp™ x" B m—a,ﬁ—m+1
I'h-m+1DI'(m—-a) Io}

w—m F(m—a)l“(n—m-kl]
1—‘(n + 1)P xop P

_F(n—m+1)r(m—0‘) r(n—a+1j
Io}

CDa,p(xn) -

n
1 —m
X" j0(1 —w)" My dy

F(n+1)F[n—m+1j
P

a-m ,.n-ap

X

Jol
F(n—m+1)F(n—a +1J
Jo}

Remark 2.12: [45]
e When p -1, the Caputo-Katugampola fractional derivative is simplified to the standard Caputo.

e When p—0", the Caputo-Katugampola fractional derivative is simplified to the Caputo-
Hadamard derivatives.

3. Fuzzy Fractional Heat Equation
Let’s examine the equation governing fractional heat transfer in dimensional instances which may be
written inside the forms:

+B(s)0<s<lt>0 (1)

D= V(s 1) = A(s )62V(s 2
S

referring to the initial/boundary conditions:
V(s,0) = £(5),0(0,t) = g(t),V(L,t) = 2(t),
V(s,t) .

1s the fuzzy
os”

where V(s,t) 1s the fuzzy function of ¢ and s as the crisp variable. Furthermore,

second partial derivative with s, here, D*” V(s,t) fuzzy time fractional H -derivative of order v,&,o,
here A and B are given continuous positive and real-valued functions, respectively. V(s,0) is the
fuzzy initial condition where f (s) is fuzzy number and V(O t) as well as V(l t) is fuzzy boundary con-
ditions with g, z being fuzzy convex numbers. Now the defuzzification of Eq. (1) with { €[0,1] is as

follows [46]:
[V(s,0)], =[V(s,£:0),V(S,:0)]. @)
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[ DirV(s.0) ] =[ D Vis.:0). D0 V(s.:0) |. ®)

PV(sp) | _| V(s,t:8) 8V (s,t:0)
0s” c 0s” T s? . @
(4], =[A60.46.0)] 5)
B, =|B::£).Bs.0) . ®)
[V(.0)], =[V(.0:0).V(s,0:0) | (M
[Vo.n] =[VO.60.V0.60]. ®
[Van] =[vaso.vaso] ©)
F®)] =[ {010, (10)

2], =[2©).e©)]

()

(2], =[2©).20)].

where,

[F®)], =[4,OwE.6,Cw6) |
[AG) ], =[,Ow ()6, s) | (12)
[B©) ], =[4,0w©.6, ).

such that @i(g ) and &i(g ), 1=1,2,3 are lower and upper convex fuzzy numbers and w(s) is a crisp

function of the crisp variable s. Now, by the fuzzy extension principle, the membership function can
be defined as follows

{ws,t;o = min{V(5,5(¢)):5(¢) e V(s,:)}, )

V(s,t;¢) = max{V(s,6(¢)):6(5) e V(s,t;5)1.

Now, by fuzzification of Eq. (1) and defuzzification of Eqs. (2-13), we can rewrite the Eq. (1) in the
following formula. The lower term of Eq. (1).

2 .
DV (5,60 = 6, LS 44 o),

V(s,0;0)=¢, (O (s), (14)
V(0,t:4) = 2(0),V(L,t:8) = 2(0).
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The upper term is

_ _ 277 .
lﬂ”%£9=%@W®9¥%#2
V(s,0,¢) = ¢, (O (s),

V(0,5:¢) = 8(¢),VI,t;¢) = 2(E).

+ 6,y (s),
(15)

4. General OHAM Technique for Fuzzy Fractional Heat Equation

OHAM is an amendment of the HAM that is primarily based on minimizing the residual error. In
OHAM, the management and adjustment of the convergence vicinity are supplied conveniently. The
production of fractional OHAM in a crisp environment turned into formulated in [26, 47]. To solve the
fuzzy fractional heat equation, there is a need to fuzzify and then defuzzify OHAM. Consider the fuzzy
differential equation for all { €[0,1] as follows:

Df"P‘N/'(s,t;C) = .71,7 (s,t,V(s,t;§);§)+ f(s,t;g),O <s<l,

S (16)
B V,u =0,
ot

where ‘N/(s,t;é’ ) 1s the fuzzy fractional function of the crisp variables ¢ and s and D;*” XN/(s,t;C ) is the
linear operator of Eq.(16) and Zln =[A,,Ay] is the fuzzy fractional function of fuzzy variable V. Now,
we can formulate fuzzy fractional optimal homotopy ®(s,t;¢; p) :[0,1]1x[0,1] > R which satisfy the fol-
lowing homotopy:

H(®(s,:$5p),p) = (1= p) (L(D(s,583p) - (s,6:))
—H(&; P)(L(D(s,5:¢ ) a7
— Ay ((@(s,8;55 ), P) — f (8,86,
with 0< p <1 is an embedding parameter, ﬁ(g ;p) 1s a non zero auxiliary fuzzy function for p #0
and ﬁ(C;O) =0. When p=0, CT)(s,t;g;O) = Vo(s,t;g) and when p =1, a)(s,t;g“;l) = V(s,t;é) which is the
exact solution. Therefore, the approximate solution a)(s,t;é’ ; p) will differ from the initial guess to the

exact solution when p deforms from 0 to 1. The following form is used to pick the auxiliary conver-
gence control function 77((4 ; ) and in this situation:

—_~ k o~ .
H(&:p)= ) Ki§)p', (18)

where, Ki(¢)= [I_{ (& ), Ki(& )J the auxiliary convergence constants to be determined in each ¢ -level

set. Employ Taylor’s series to get an approximate solution &)(s,t;r; K i(£)) for 0<¢ <1 as follows:
D(s,t;C: Ki(0) = Vo(s,t:0) + Y Vils, s Ki())p'. (19)
i=1

Substituting Eqgs. (18) and (19) into Eq. (??), we construct the general form of fuzzy fractional OHAM
to explain the heat equation by equating the coefficient of identical powers of p. (1)
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i=1

~ k ~ —~ . ~
(1—p)[Df"p {Vo(s,t;C)+2Vi(s,t;Ki(C);€)pl}—f(s,t;C)J
- N p N N N i (20)
=2 Ki§)p' (D" {Vo(s,t;é)+Zvi(s,t;Ki(C);C)p‘}—An(s,t,V(s,t;C);C)—f(s,t;é))-

Afterward, equating each power of p coefficient to zero in the homotopy form of Eq. (16). This method
generates a system of linear equations based on Vo(s,t;¢),Vi(s,t;{),..., so, the approximate series
solution of k™ order about p using the following form:

k
V(s,t,Kij(£):8)=Vo(s,:5)+ D Vi(s,t, Ki($); ). (21)
i=1
Now, by calculating parameters Ki(¢),Kz2(¢),...,Kr(&) to get the best approximation solution of
Eq.(1) and which should be identified for each { —level. Various techniques, including the least square
method, the Galerkin method, the collocation method, the Ritz method, the Kantorovich method,
and others, can be used to best identify these parameters. In this work, we employ the least-squares
method to minimize the square residual error. Consider

Tt K@) =] I;E2(s,t,l~{i(g))dxdt. 22)

Here, E is the residual error, where 0 and / are values that depend on the boundaries of the problem.
The auxiliary convergence-control parameters K;({) can be calculated as follows:
0f 0 - =9 -y 23)
0K1 0K 0K

5. Convergence Analysis of OHAM for Fuzzy Fractional Heat Equation based on ML
Operator with Three Parameters

The general form of OHAM for general fuzzy fractional differential equations and fuzzy set theory
properties are merged with fractional calculus. This version has been improved to produce an approx-
imation of the solution that was introduced in [48]. In this part, we introduce the convergence of
OHAM, based on Sec. (3) and Sec. (4). Now, by rewriting Eq. (16) in the following lower and upper
bound, respectively:

LV (s, A, (5,6, V(5,5:0)) ~ (5,6:5) =0,

(K(s,t;a,ﬂ] —0, (24)
0s
LV(5,6:0) — Ay (5,V(5,50) - f(s,5:6) =0,
(Ws,t;oﬂj -0, (25)
0s

According to the defuzzification of Eq. (1). The formulation for the lower and upper bound of Eq. (17)
fuzzy fractional OHAM



Alshbeel A et al., Results in Nonlinear Anal. 7 (2024), 44-63. 54

(1-p)L(D(s; p;8)) — [(s,8:8)] = H(p; O)L(D(s,t; p; §))
—A, (5, V(s,:0) ~ f(s,:0)],

(26)
[@(s,t;p;é),—a@(s’t;p;6)) =0,
0s
(1- DPILD(s,t; p; &)~ F(s,t;0)] = H(p; O LD, ;&)
~A, (5,1, V(5,:0)) — f(8,;0)], o

(5 5.6, aq>(s,;s; pi¢ )J “o,

where the lower and upper fuzzy fractional linear operators are the lower and upper auxiliary fuzzy
function and [®(s,t; p;{),D(s,t; p;¢)] the lower and upper unknown fuzzy function respectively.
Obviously, when p =0 and p =1 respectively we have:

D(s,t;0;8) =V (s,8:0),  D(s,51;8) =V(s,t50). (28)

O(s,1;0;0) = Vols,5:C),  O(s,51;:8) = V(s,t;8). (29)

Therefore, when p increase from 0 to 1, the solution CT)(C ,t; p;¢) vary from Vo (s,t;&) to the exact solu-
tion. Now when p =0, the lower and upper bounds of zeroth-order:

L(D(s,t0;8)) = [ (s,t;), (K(s,t;@),%} =0,

AV (s,t; C)J _o (30)

L(D(5,8,0;0)) = f(s,;0), (Ws,t;@, =

Now, the auxiliary function 7A:(( p;r) for Eq. (26) and (27) is:

M) = YK )0 = K, Q)P + Ky (Op* +...
L 3
H(p;$) =Y Ki($)p' = Ki($)p' + K2($)p” +...

j=1

where, Ki(&)= [I_{I(C),EKC)LKB €)=K, (©),K2(&)],..., is the auxiliary convergence constants.
Expanding the solution 5(s,t; p;¢) about p by Taylor’s series get the series approximate solution via
fuzzy fractional OHAM

@, K (56 = V(5,60 + DV, (0. K (6P

Bacst: K5 (0:0) = Vols,50) + SV s Ko

j=1

(32)

Substituting Eq. (31) and (32) in Eq. (26) and (27) and then collecting the coefficient of like powers
of p to find the lower and upper bound. This procedure give us a system of linear equations, For the
zeroth-order given in (9) and for the first order
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55

LV, (3,:8)) = LIV (8,6:0)) + fx,8) = K (E(LV o (5,5:))
~A, (Vi (s,0)) = f(s,80)),
L(V1(,88)) = L(Vo(s,:0)) + fx,8) = K1 ()L (Vo (s,£5¢))
~A, (Vo(s,5:0) — f(s,5:0)),

Vitsiie) D g

The problem of second-order

LV, (5,£:0)) = LIV, (8,5:0)) = K, (0 A, (Vo (5,£:4))
+K (OLLV, (5,5:0) = A, (Vo (5,5:6), V, (5,55))
~f(s,::0)],

L(Va(s,8:0)) - LV1(5,658)) = K2(O) A, (Vo (s,5:0))
+E (OILVi(s,58)) — Ay (Vo(s, 58, Vi(s,48))
~f(s.0)],

{‘72(8,15;4),

aVa(s,t;¢) ~0o
0s ’

the general form of the governing problem via OHAM of & order
LV, (5,5:0) = LV, (s,88)) = K (O)A, (Vo (s,80))

—f(s:,£;0)],
LVi(5,60) - LVia(s,5:0) = Kr(©) Ay (Vo(s,6:4))

—f(,5:)],

(Vk(s,t;é’), o

ams,t;o]: 0.

Depending on parameter K,(¢),K,(¢),....K, (&), and at p=1 we have:
z<s,t,gl<c>,...;¢>:zo<s,t;c>ézi(s,t,fgxo,...;g»
V(x,t, Ki(),...;6) =Vo(s,t;g)+i17i(s,t,E(g),...;g).

=1

Approximating the series solution for k£ term as:

(33)

(34)

(35)

(36)
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Vi(s,t, Ky (©),.... K} (£):6) = Vo (s,8,0)

k
+ZKL(S’t’Kl(C)7yKl(C),C)

_ _ — — (37)
Vi(s,t,Ki($),...,Kr(£);8)=Vo(s,t;¢)
E_ _ _
+Zvi(s,t,K1(g),...,Ki(g);g).
We can obtain of the residual error E = [E ,E], by substituting Eq. (37) in Eq. (24) and (25)
‘E(s’t’gl(g)’,I_{L(C)’C) = é(z*(&t’l_{l(g)’7Kk(g),§))
A, (Vo (8, K (©)en K (:0)) 39)
—f(s,84).
E(s,, K1($),... Ki(¢):6) = LV (5,8, K1($),.... Kk(£); )
Ay (Ve(s,t, K1(E),..., Kr(£);$)) (39)

—f(5,5;5).

In the case of E =0 where E =[E ,E], then V= yields the exact solution. To determine the auxiliary
constants I?1(§),IA{'2 (C),...,./[?k (§), we apply the least squares method

I(5,, K, (), K, (O)se K (0)i0)
= [ B 6.t K (€). K(©)rnon K (€ sl
T(5,6, K1 (0), Ka(O)eoe s K(€):0)

- HOT (5,6, K1(&),K2(C),...,Ki(&);&)dsds.

(40)

Here, J = [c_],j] and the optimal values for I?1(§),I~{z (C),...,KK (£), can be determined as follows:

o 0 _ -0 _y (41)
0K1 0K> oK

6. Numerical Experiment

In this part, the OHAM is used to get the analytical solution of the fuzzy fractional heat equation with
a fuzzy initial condition. Consider the fuzzy fractional heat equation

Example 6.1: Consider the fuzzy fractional heat equation

o~ 2~
D V(s =22 TVED 6 g1 50,
2% s (42)

V(s,0)=¢,5*,V(0,t) = V(1,t) =0,
where, (il(é) =[0.01¢ - 0.01,0.01-0.01£], ¢ €[0,1]. By [29], the exact solution of Eq.(42) when o, p —1:

Vi(s,t;0) = ,(0)s%", (43)
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we can get the third order of the homotopy series by
o,p X7 a, 1 62V S, t
(1 D Vst pid)] = RO Vst pid) - 552 S P (44)
where
V(s,t;p;6) = Vo(s,5:8) + Y Vils,t Ki(£): O)p', (45)
i=1
_~ k —~ .
H(g:) =Y Ki(C)p'. (46)
i=1

Now, substituting (45) and (46) into (44), and equating the coefficient of the same powers of p and

using the initial condition in (44), we have the following equations:
Zeroth order, p°:

DPVo(s,t:4) =0,
hence, by applying the left fractional integrals (I**) for Eq. (47) we have:
Vo(s.t;0) = ,s°
First order, p':
D7 Vi (5,0, Ki(0):¢ ) = (1+T€1<c>)Da’PVo<s :0)
Ky <¢>—62V0(3 5e),
hence, by applying the left fractional integrals (I**) for Eq. (49) we have:

Vi(s,t;4) = (1 +I~f1(§))‘70(s,t;4) —3321""/3 (;}NOM},

0s>
Vi(s,0,£) =0.

The general equations for order & > 2 of (42) constructed as follows:

o~ o~ k —_~ o~

Vi (8,6:¢)=Via(s,6:8) + Y Kn(Q)Vim(s,84)
m=1

ko __ _
1 2 TP [sz(g)Vkm(s,t;g)],

Vi(s,0,8)=0.

(47)

(48)

(49)

(50)

(51)

Now, for k™ -order fuzzy fractional OHAM, we can construct the approximation solution as follows:

~ —~ —~ ~ k ~ —~
Ve (8.8, K1) KR ()6 ) = Vols,:0) + Y Vst Ki(€): ).

By substituting Eq.(52) into Eq.(42) we can obtain the residual error as follows:

(52)
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1 2 0*Ve(s.650)

E Jt =DV« ) —=
(s,;6) = Dy (5,8;4) 5 ¥

Tables (1) and (2) provide the comparison for the upper and lower solution and accuracy for fuzzy
fraction heat equation (42) between the tenth-order OHAM method and eighteenth-order term of the

Variational iteration method with different values { and o =0.5, p =1, x =0.8 and s =0.05.

Figure (1) shows the upper and lower three-dimensional fuzzy fractional solution for the heat equa-
tion (42), and Figures (2) and (3) are the residual error for lower and upper fuzzy fractional OHAM,

respectively, at « =0.5,p0 =1,t = 0.05,5 €[0,0.8] and { €[0,1].

Table 1: Comparison between OHAM and Variational Iteration method (VIM) [29]
for lower solution and accuracy for, at « =0.5,0 =1 and ¢ =0.05, s=0.8.

4 Vi(s,t; C)OHAM E(S’t;g)OHAM Z(S,t;C)VIM E(s,t; C)VIM

0 —0.00839894 ~92.91032 x10°° —0.00839973 0.00000187

2 —0.00671915 _9.39826 x10°° —0.006719784 0.000001496

4 —0.00503936 —1.74619 x10°° —0.005039838 0.000001122

.6 —0.00335958 ~1.16413 x10°° —0.003359892 0.000000748

8 —0.00167979 _5.82065 x10°° —0.001679946 0.000000374
0 0 0 0

Table 2: Comparison between OHAM and Variational Iteration method (VIM) [29]
for upper solution and accuracy for, at « =0.5,0 =1 and £ =0.05, s =0.8.

¢ V(5,69 oman E(5,:0) opan V(.0 )y E(s,t:0 )y

0 0.00839823 6.9994 x10~7 0.00839973 0.00000187

2 0.00671859 5 599592 x 10~ 0.006719784 0.000001496

4 0.00503894 419964 x10~" 0.005039838 0.000001122

6 0.00335929 9.79976 x10~ 0.003359892 0.000000748

8 0.00167965 1.39988 x10" 0.001679946 0.000000374
0 0 0 0

Figure 1: Upper and lower fuzzy fractional OHAM solution for (42), at
a=0.5,p0=1,t=0.05,5s[0,0.8] and ¢ €[0,1]
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0.8 0.0

Figure 2: Residual error for lower fuzzy fractional OHAM for (42), at « =0.5,p =1,t =0.05,s €[0,0.8]
and ¢ €[0,1]

Figure 3: Residual error for upper fuzzy fractional OHAM for (42), at &« =0.5,0 =1,t =0.05,s €[0,0.8]
and ¢ €[0,1]

Table 3: Five-order OHAM lower and upper solution and accuracy for Eq. (42)
ata=0.8,p=0.8 and t=5=0.5.

¢ V(s,5:¢) E(s,1;¢) V(s,t:¢) E(s,1;¢)

0 —0.00611042 578087 10~ 0.00611042  _3 78085 x10~"

2 —0.00488833 509469 x10°" 0.00488833  _3 09468 x10~"

4 ~0.00366625 9 96859 x10°” 0.00366625  _9 96351 x10”"

6 -0.00244417 1.51935 x10~7 0.00244417 1 51234 x1077

8 -0.00122208 7 56174 x10°° 0.00122208 —7.5617 x10°
0 0 0 0

For Eq. (42), at « =0.8,p =0.8,t =0.5,s €[0,0.5] and ¢ =0. Figure (4) provides the triangular form
fuzzy fractional five-order OHAM solution. Figure (5) shows the upper and lower solution. Figures (6)
and (7) show the lower and upper residual error respectively.
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Figure 4: Triangular form fuzzy fractional five-order OHAM solution for Eq. (42), at
a=0.8,=0.8t=0.5,s€[0,0.5] and { =0

0.006}
0.004¢
0.002f
& 0.000¢
> —(.002}

—0.004

—0.006¢,

A4l

Figure 5: Upper and lower fuzzy fractional five-order OHAM solution for Eq. (42), at
a=0.8,0=0.8,t=0.5,s€[0,0.5] and { =0

.x 1077

.x 1077}
.x1077}

E(s,t;Cl
= N W AN

.x1077}

O'. [ | | | X
0.0 0.1 0.2 0.3 0.4 0.5
S

Figure 6: The residual error for lower fuzzy fractional five-order OHAM solution for Eq. (42), at
a=0.8,=0.8t=0.5,s€[0,0.5] and { =0
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Figure 7: The residual error for upper fuzzy fractional five-order OHAM solution for Eq. (42), at

a=0.8,=0.8t=0.5,s€[0,0.5] and £ =0

Conclusion

The fundamental goal of this research is to find an approximate analytical solution to the fuzzy heat
equation. The fuzzy fractional heat equation, which is based on generalized Caputo-Katugampola
with two parameters, was solved using the OHAM. This study demonstrates that the recommended
technique for regulating solution convergence is simple, adaptable, and practical. It also performs
well in terms of accuracy as the order of approximations increases. Numerical examples, such as a
linear fuzzy heat equation with a fuzzy initial condition, demonstrate the method’s potential through
the numerical and graphical results with different orders of fractional derivatives that fulfill the cri-
teria of the fuzzy number in the shape of a triangular fuzzy number.
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