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Abstract

In this paper, we investigate hyperlattices, which arise by replacing one (or both) binary operation(s)
in a lattice with hyperoperation(s). Many authors have studied prime generalizations of ideals in
rings and lattices. In this paper we focus on the prime generalizations of hyperideals in join hyper-
lattices. We introduce the notions of 2-absorbing, primary 2-absorbing primary, etc., in join hyperlat-
tices and explore their interrelations. We establish that the intersection of two prime hyperideals is
2-absorbing, and the intersection of two @-primary hyperideals is 2-absorbing primary. Finally, we
study the of homomorphic images and pre-images of various types of hyperideals in join hyperlattices.
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1. Introduction

The concept of a binary operation pertains to a system wherein two elements combine to produce
another element. However, in many naturally occurring phenomena, the combination of two elements
may yield more than one possible outcome. In such a scenario, the concept of hyperoperations proves
more applicable than binary operations. A hyperoperation on a set H is a mapping o: H? — P"(H),
where P (H) denotes the collection of non-empty subsets of H. The theory of hyperstructures was
initially introduced by Marty [1-2] in 1934. Subsequently, various researchers have contributed to
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its development (see [3]). Preliminary definitions and propositions concerning hyperstructures can be
seen in [4, 5] references, which further advanced and refined some notions. Pallavi et al. [6] studeied a
different class of hyperstructure namely hypervector spaces over a hyperfield and extensively studied
the properties of linear transformation. Also, the results discussed on lattice vector spaces [7] can be
explored in the respective hyperstructures. Hyperlattice is a natural extension of a classical lattice.
Out of the two binary operations v and A of a lattice, at least one of the binary operations is taken
as a hyperoperation. Konstantiniodou [8] et al. introduced the theory of hyperlattices. Later, the dis-
tributivity of P-hyperlattices was discussed in [9]. In [10], the prime ideal theorem for meet and join
hyperlattices was proved. Rasouli et al. [11] considered hyperlattices, superlattices and their quo-
tient structures with a regular relation and established a fundamental relation on a hyperlattice. In
[12], the authors defined a topology on the collection of prime ideals and showed that it is a 7},-space.
Asokkumar [13] obtained conditions under which the set of idempotents of a Krasner Hyperring form
a hyperlattice, and also studied orthogonal idempotent elements. Indeed, the concept of pure ideals
in hyperlattices and their algebraic, topological characterizations were obtained by Blaise et al. [14].
Lashkenari et al. [15] defined the completion on join hyperlattices and explored their properties.
Lashkenari and Davvaz [16] explored the idea of semi prime ideals in ordered hyperlatttices. Davvaz
and Lashkenari [17] established results on principle, regular and compact elements in hyperlattices.
Kehayopulu [18] has explored the distributivity and modularity of different classes of hyperlattices.
In [19-21], the authors have discussed the notions of different prime generalizations of ideals like
2-absorbing, primary, etc. in lattices. Pallavi et al. [22] have considered meet hyperlattices and estab-
lished the properties of various prime generalizations of hyperideals.

In this paper, we introduce various generalizations of prime hyperideals, namely 2-absorbing, pri-
mary, 2-absorbing primary in join hyperlattices. furthermore, we study the properties of annihila-
tors associated with these classes of hyperideals. We prove the results on homomorphic images and
inverse images of 2-absorbing primary hyperideals. However, this situation does not hold in the case
of a weak homomorphism. In particular, we show that the homomorphic image of a hyperideal under
weak homomorphism need not be a hyperideal.

2. Preliminaries

Definition 2.1: [8] Let H be a non-empty set, and P (H)={AcH:A=2}, V:HxH — P (H) be a
hyperoperation, and ~:HxH — H be a binary operation. Then (H,L\/,A) is a join hyperlattice if the
following conditions hold:

1. Lel\/ and ] =1 AL;

2. L\ L) =\ )V and L Al Al) = AL) AL
3. L\, =L\ and [, Al, =1, AL;

4. Iy ely, A\(LVL) L\ A L),

foralll,l,,l, € H.
The relation ‘<’ on H as follows:
[, <l if andonlyif [, nl, =1.
Then (]HI,S) is a Poset [11].
Throughout, (H,\/,A) denotes a join hyperlattice.
Definition 2.2: [15] A non-empty subset J of H is called a hyperideal if

1. L\, cd;foralll,l, ed,
2. Led,l,eH,l,<l,thenl, €J, holds.
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Definition 2.3: [15] A proper hyperideal J of H is said to be prime if I,l, e H and I, Al, € J implies
LLedorl,ed.

Definition 2.4: [15] H is said to be
1. distributive if [ A (l,\/ly) =, A)\/(G A L);
2. s-distributive if L \/(l, Aly) =\ 1) A (L),
foralll,l,,l, € H, hold.

Theorem 2.5: [9] Let (L,A,Vv) be a lattice and P a non-empty subset of L. We define a hyperoperation
\/P on L by

P
L\, =lLvIl,vP={ vl v plpeP}.
Then (L,\/P ,A) 1s a join hyperlattice if and only if for each [, € L there exists p € P such that p<[,.

3. Classes of prime hyperideals in join hyperlattices

We denote the set of all hyperideals of H by Id(H). We give some examples of join hyperlattices.

Example 3.1: Let N be the set of all natural numbers and P (N) the set of all subsets of N. Let X = {¢,{1,2}}
. Define the operations \/ and A as follows:

A\/B=AuBuUX={AuBuC|CeX}andAAB=ANnB

forany A,B e P(N). Then (P(N),\/,A) is a join hyperlattice.

Example 3.2: Let H = D,, ={1,2,3,5,6,10,15,30}, the set of all positive divisors of 30. The hyperoper-
ation \/ and the binary operation A on H are defined in Table 1. Then (H,\/,A) is a join hyperlattice.

Definition 3.3: Let J € Id(H). J is called 2-absorbing if whenever 1,l,,l, e H with || nly, Aly €, then
either L nlyed orly Al;ed orly Al ed.

Remark 3.4: Every prime hyperideal is 2-absorbing.
Lemma 3.5: Let J,,J, € Id(H). Then J, nJ, € Id(H).
Proposition 3.6: If Q and Q' are prime hyperideals of H, then @ N Q' is 2-absorbing.

Proof. Let @ and @' be prime hyperideals of H and J =@ N Q'. From Lemma 3.5, J € Id(H). Suppose
that, Al, Alyed. Thenl Al Al €@ and | Al, Al; € Q. Thismeans, |, Al,eQorl,e@Q and ] Al, €Q’
orl, eQ".

Ifl,e@andl,eQ’, thenl,eJ,andso ], Al;ed.

Ifl Al,e@Qand, Al,eQ',thenl Al ed.

Suppose that [, Al, €@ and [, € @'. Since € is prime hyperideal, we have, [, eQ or [, Q. If [, €@
then [, Al; € @ and it follows that [, Al; € Q. So [, Al ed. If [, eQ then [, Al; €@ and [, Al, €@Q'. So
Iynlyed.

Definition 3.7: For J e Id(H), we define the radical of J as the intersection of all prime hyperideals
containing J and we denote it by rad (J). If J is not contained in any prime hyperideal, then we take
rad,(J) =H.

Example 3.8: Let H=10,1,,1,,1,,l,,1} and the hyperoperation \/ and the binary operation A be defined
as in Table 2:
Then (H,\/,A) is a hyperlattice. Here, I =1{0,/,} is a hyperideal of H, and rad, (1) = 10,1, } (see, Figure 1).
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Table 1.
V 1 2 3 5 6 10 15 30
1 {1 {2} {3} {5} {6} {10} {15} {30}
2 {2} (1,2} {6} {10} (3,6} {5,10} {30} {15,30}
3 {3} {6} {1,3} {15} (2,6} {30} {5,15} {10,30}
5 {5} {10} {15} {1,5} {30} {2,10} {3,15} {6,30}
6 {6} (3,6} (2,6} {30} {1,2,3,6} {15,30} {10,30} {5,10,15,30}
10 {10} {510}  {2,10} {30} {15,30} {1,2,5,10} {6,30} {3,6,15,30}
15 {15} {30} (5,15}  {3,15} {10,30} {6,30} {1,3,5,15}  {2,6,10,30}
30 {30} {15,30} {10,830} {6,30} {5,10,15,30} {3,6,15,30}  {2,6,10,30} H
A 1 2 3 5 6 10 15 30
1 1 1 1 1 1 1 1 1
2 1 2 1 1 2 2 1 2
3 1 1 3 1 3 1 3 3
5 1 1 1 5 1 5 5 5
6 1 2 3 1 6 2 3 6
10 1 2 1 5 2 10 5 10
15 1 1 3 5 3 5 15 15
30 1 2 3 5 6 10 15 30
Table 2.
V 0 L, l, L, l, 1 A0 L L, L1
0 {01} {1y {1y () 4,1 {1 0O 0 0 0 0 0 0
AR )y ) {1} I 0 I 0 0 0 [
L, L, ly Ly Ly Ly 1 I, o0 o I, 1, I, I
L, i} AN L {1y {1} i, o L L L 1 1
I, {1 o g n 1 4,13 I, o0 o0 I, I 1 1
1 {1 1 {1 1 {1 {1} 10 1L 1, I 1 1

Remark 3.9: In a s-distributive hyperlattice, a hyperideal is equal to its radical. This need not be true
in the case of non s-distributive hyperlattices. We show this in the following example.

Example 3.10: Let H=1{0,a,b,c,d,e,f,g,h,i,1}. The hyperoperation \/ and the binary operation A on H
are represented by the following Table 3:

Then (H,\/,A) is a non s-distributive join hyperlattice. Let J ={0,a,b,c,f}. Then we can see that
rad,(J) ={0,a,b,c,d,e,f,g,h,i} (see, Figure 2).

Proposition 3.11: Let J,J' € Id(H). We have the following

1. If Jis prime, then rad (J) =J.
2. rad,(rad,(J)) =rad,(J).
3. IfJ cJ’, then rad (J) c rad,(J").



Panackal et al., Results in Nonlinear Anal. 6 (2023), 128-139. 132
1
P {1} N
I3 ly
{ls} {la, 1}
ya AN ~
I Iy
{i} {l2. 15}
AN 0 s
{001}

Figure 1.

Table 3.
V 0 a b c d e f g h i 1
0 {0, ¢} {a, f} {b, 1} {c} {d, h {h, e k] {g} {h} U] {1}
a {a, fy {a, f i i {i} {i} i {1} {i} {i} {1}
b {b, f} i {b, f} i {1} {i} i {1} U {1} {1}
¢ {l.} i i i} {h} {h} i {g} {h} {1} {1}
d {d, h; {i} {i} th} {d, h {h} {1} {i} {h} {i} {1}
e {e, h} {i} {i} {h} {h} le, h} {i} {i} {h} {i} {1}
f i i ks i {1} {i} {1k {1} {i} {1} {1}
g {g} {1} {1} {g} {1} {i} {1} {g} {i} {1} {1}
h {h} {1} {1} {h} {h} {h} {1} {1} {h} {i} {1}
L {i} {i} {i} {i} {i} {i} {i} {i} {i} {i} {1}
1 {1} {1} {1} {1} {1} {1} {1} {1} {1} {1} {1}
A 0 a b c d e f g h i 1
0 0 0 0 0 0 0 0 0 0 0 0
a 0 a 0 0 0 0 a 0 0 a a
b 0 0 b 0 0 0 b 0 0 b b
c 0 0 0 c 0 0 c c c c c
d 0 0 0 0 d 0 0 0 d d d
e 0 0 0 0 0 e 0 0 e e e
f 0 a b c 0 0 f c c f f
g 0 0 0 c 0 0 c g c g g
h 0 0 0 c d e c c h h h
l 0 a b c d e f g h I I
1 0 a b c d e f g h i 1

4. rad,(J nJ")=rad (J)rad, (J).

Proof. The proofs of (1), (2) and (3) follow from the Definition 3.7.

(4) Clearly, rad, (J nd')crad (J)nrad (J'). Now, let a erad (J)nrad (J'). If a ¢rad, (J NJ')
then there exists @ € Id(H), @ is prime such that J nJ' c @ and a ¢ Q. Also, if J c @, thenrad (J) c Q,
hence, a € @, a contradiction. So J ¢ @ and J' ¢ @ and hence, J\ Q= and J'\Q#J. LetieJ \ Q
and jeJ '\ Q. Theniajed andin jeJ'. Therefore,in jed Nnd' <@, contradicts the fact that @ is

prime.
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Example 3.12: Let H=10,1,,1,,1,,l,,1}. Define the hyperoperation \/ and binary operation A on H by
Table 4:

Then (H,\/,A) is a hyperlattice. Here, I =1{0,1,} is a hyperideal of H, and rad, (1) =1{0,l,} (see, Figure
3).
Definition 3.13: J € Id(H) is called a primary hyperideal if whenever [,l, e H and I, Al, €, then
l,ed orl, erad,(J).

Example 3.14: In Example 3.12, I ={0,1,}, is a primary hyperideal.
Evidently, every prime hyperideal of H is a primary hyperideal. The converse need not be true as
shown in Example 3.15.

Example 3.15: In Example 3.10, J ={0,a,b,c,f} is a primary hyperideal but not a prime hyperideal as
weseednreecd butbgdJ andegd.
Theorem 3.16: For any J € Id(H), rad,(J) is prime if and only if rad,(J) is primary.

Proof. Suppose that rad,, (/) is primary for some J € Id(H) and that [, Al, € for [,l, € H. Then either
[, erad, (J) or I, erad (rad,(J)) =rad, (J), shows that rad (J) is prime. The other part follows from
the definition.

Definition 3.17: J € Id(H) is called a 2-absorbing primary hyperideal if whenever [ ,1,,l, € H,
L ALy Ay ed, then either | Al, ed orly, Al erad (J) or |, Aly erad,(J).
Now we have the following Remark.

Remark 3.18:
1. If J € Id(H), is primary then J is 2-absorbing primary.
2. If J e Id(H) is 2-absorbing, then o/ is 2-absorbing primary.

Example 3.19: Let H=10,1,/,,l,,...,0,4,1}. We define the hyperoperation \/ and the binary operation on
H as shown in the Figure 4. We give the lattice diagram as in Figure 4. In the diagram, the meet of two

Table 2.
V o , l, L, l, 1 A0 L L L 1
0 {00y {1y {4y gy {1y O 0 0 0 0 o0 0
R A U A A R A R VR o Y I, 0 I 0 0 0 [
L, {l} {L} Ly 4y {1y I, o0 o I, I, I 1
L L} {L} L 4y 1 Lo L L Ll
I, () {1} Ly U 4y {y , o0 o I, I 1 1
1 {1} 1 {1 1 {y 1 0o L 1 1 1
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elements is depicted as in a classical lattice. In contrast, the join of two elements is represented as a set
written below the lattice elements. For instance, 0\/O =10, },L,\/l, = s}, 1\ lg = g, 153, 1\ iy = 5,05}

Here, J =1{0,1,} € Id(H) and rad(J)=H\{,,,;,1}. Then J is 2-absorbing primary. But / is not a
2-absorbing hyperideal, since I, AL, Al, =0, and neither [y AL, € nor iy Alj, € nor [, Alj, €d. In
Example 3.20, we show a hyperideal which is J-absorbing primary but not primary.

Example 3.20: Let H =1{0,,l,,l,,---,15,1}. We define both the operations on H as shown in the Figure
3.5. Here, J ={0,1} is a hyperideal and rad(J) =1{0,1,,L;,l,}. We can see that J is J-absorbing primary.
But it is not a primary hyperideal, since l, Al, €J butl, ¢J andl, ¢J.

Theorem 3.21: If J € Id(H) such that rad, (J) is prime, then J is 2-absorbing primary.

Proof. Suppose that [, Al, Aly €, where [,[,,l, e H.

Case (1): Suppose that [, Al, ¢rad (J). Since rad,(J) is a prime, we have [, erad (J). Then
L Alyerad (J) and [, Al erad,(J).

Case (2): Suppose that [, Al, erad (J). Since rad, (J) is prime, either [, e rad  (J) or [, e rad,,(J). So
L Alyerad (J) or I, nly erad,(J). Hence, J is a 2-absorbing primary hyperideal of H.

Corollary 3.22: Let J € H. Then rad (J) is a 2-absorbing hyperideal of H if and only if rad (J) is
2-absorbing primary.

Definition 3.23: A primary hyperideal J of H is called P-primary if P is the only prime hyperideal
such that J < P.

Remark 3.24: If J € Id(H) is Q-primary, then rad,(J) = Q.

1
{1}
VN
l16 li7 lig
{li6} {l7,1}  {ls,1}

N X

i3 14 lis
{hst {hahe}  {ls. 1}

i i I}

lg 7 s 9 lio l11 l12
{ls}  Alnle}y  {ls} _ {loslis} {lo, 1} {lnle}  {li2, 1}

\ /

I Iz I3 ls I5
{l1.l6} {i2} {ls, e} {la1} {l5.1s}

\\{02 }//
Figure 4.
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Proposition 3.25: Let @ and Q' be prime hyperideals in H and J,J' € Id(H) such that J is Q-primary
and J' is Q' -primary. Then J NdJ' is 2-absorbing primary.

Proof. Let I =dJ nd’'. Since J and J' are @,Q'-primary respectively, it follows from Proposition 3.11(4)
andRemark 3.24, wegetrad (I) = @ N Q'".Tosee [is2-absorbing primary,let[ (1<i<3) e H,[, Al, Aly el
with [, Aly erad, (I) and [, ALy ¢rad,(I). If any of [, or [, or [, is in rad (I), then we get either
lynlyerad, (I) or [, nlyerad,(I), a contradiction. Therefore, [.(1<i<3)¢rad, (I). As I crad, (I),
we get [, Al, Al; e @NQ'. Then by Proposition 3.6, we get [, Al, e @ " Q'. This means [, Al, €@ and
[, Al, Q' Since @ and " are prime hyperideals, we get [, € Q,l, e Q" and [, ¢ Q',1, ¢ Q.

Suppose that [, ¢J. As J is a primary hyperideal, and [, Al, Al; €, we get I, Al € Q. Since [, € @',
sol, nly €@, yields [, Al; e @ N Q' a contradiction. Hence, [, € J. Similarly, we can show [, € J'. Thus,
L ALel

4. Annihilator hyperideals

Definition 4.1: [23] An element | e H is called distributive, if
In L) =UALDVAIAL),

foralll,l, € H holds.

Definition 4.2: Let J,J' € Id(H) and x € H. We define,
[J:x]={ eH:[ nxed}

[0:x]={l,eH:x Al, =0}
and
[J:J =4 eH: | Al,edVI], eJ'}.
Proposition 4.3: Let H be a distributive hyperlattice and J,J' € Id(H). Then [J : J'] € Id(H).

Proof. Suppose that [,l, e[/} :J,] and x e J,. Then [, Anx e, and [, Ax €. Now ([, Ax)\/([, Ax) e,

and since H is distributive, we get ([, A x)\/(, Ax)=(,\/l,) Ax = ;. Hence, LV, [, - d,].
Supposethatx e, l, €[], :J,],], e Hwith] <[,.Thenl, Ax eJ,,andsol, Ax =, Ax)A ([ Ax)ed,.
The following Corollary is straightforward.
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Corollary 4.4: If I € Id(H) and x € H, a distributive element, then the set [I : x] e Id(IH).
For any y e I, where I € Id(H), y Ax € I, and hence, y €[] : x]. More formally, we have the following.

Corollary 4.5: Let I € Id(H) and x e H. Then I < [I : x].
Remark 4.6: Let J,,J, € Id(H). Then J, c[J, : J,].

Corollary 4.7: Let H be a distributive hyperlattice and J,,J, € Id(H). If J, is a prime hyperideal and
Jy L, then[d, :J,] =,

Proof. By Remark 4.6, J, c[J, :J,]. Let x €[, : J,]. Then x Ay e, for all y eJ,. In particular, for
zed, \dJ,, weget x Azed,. Since z ¢ J, and J, is prime, we get x € JJ,. Therefore, [J, : J,] = ;.
The following corollary is straightforward.

Corollary 4.8: Let I be a prime hyperideal of H and x e H\I be a distributive element. Then I =[1 : x].

Proposition 4.9: Let x e H be a distributive element and J, a 2-absorbing hyperideal of H. Then
[J, : x] is 2-absorbing.

Proof. By Corollary 4.4,[J, : x] isahyperideal of H. Supposethatl, Al, Al; €[J; : x] wherel (1<i<3) e H.
Then ([, Aly) Ay Ax ed,. Then either ([, AL)Alyed or (L Aly)Axed orl, Axed,.

Case (1): Suppose that (I, Al,) Al; €J;. Since J; is 2-absorbing, we have [, Al, €, or [, Al, €, or
Lnlyed, . Asd, c[l:x],wegetl nl,el[J;:x]orly nl;eld;:x]or ] Alyeld; :x].

Case (2): Suppose that ([, Al,) Ax ed,. Since J, is 2-absorbing, we get |, Al, e, or [, Ax e, or
Laxed,.Sowegetl Al,eld,:x]orl e[d, :x]orl, e[J,:x].

Case 3): If [y Ax e, then [, e[, : x].

Proposition 4.10: Let J, be a primary hyperideal of H and x ¢ rad (J,) be a distributive element in
H. Then [, : x] is primary.

Proof. By Corollary 4.4, [/, : x] is a hyperideal of H. To prove [/, : x] is primary, let [, Al, €[J; : x]
for some [,l, e H. Then ([, Al,) nx €dJ,. As oJ, is primary, and x ¢ rad, (J,), we get [, Al, €J,. Again,
from the fact that J, is primary we get [, € J, or [, e rad,,(J,). Since J, c [/, : x], we get [, €[], : x] or
l, erad [J, : x].

Proposition 4.11: Let J,,J,,J, e Id(H). If J, cJ, U, then J, cJ, or J, = J,.
Proposition 4.12: Let & # J € Id(H.) Then the following statements are equivalent:

1. J is 2-absorbing primary.

Ifl,l,ed with, Al, grad, (J),then [J: [ Al,]c[J:L]or[J: L Al,]c[rad, (J):1,].

If ], eH,J' e Id(H) with , Ad' ¢ rad (J), then [J : [, Ad'c[J:JJ Tor[J: | Ad'lc[rad, (J):1].
If,,dJ, € Id(H),J, N, € J,theneither[J : J, nJ,] c[rad, (J):J,Jor[J :J, nd,] c[rad, (J):J,].
If J,,J,,J;eldH), J, nJd,nd,cdJ, then either J NnJ,cd or J,nJ,crad,(J) or
J, nd, crad,(J).

AR 2

Proof. (1) = (2)

Suppose that [,l, e H with [, nl, ¢rad (J). Let le[J: ], Aly]. Then IAl, Al, ed. Since J is 2-
absorbing primary, either Al e€d or IAl, erad (J). That is, le[J ] or le[rad, (J):l,]. And
so [J:LAl]c[J:[]ulrad, (J):l,]. Then by Proposition 4.11, we get [J:[ Al]c[J:]] or
[J:[ AL]lc[rad, (J):1].

@ = @)

Suppose that [ eH,J, e Id(H) with L Ad, Lrad, (J). Let le[J:[ nd,]. Then IAL Ad, cd.
And so J, c[J:IAL]. Now, if [Al erad(J), then le[rad, (J):]. If IAl ¢rad(J), then by (2),
we get [J:IAL]lc[J 1] or [J:lAl]c[rad, (J):]], and hence, J, c[J:] or J, c[rad, (J):1]. If
J, clrad, (J):1], then [ Ad, crad, (J), a contradiction. So [/ : I Al ]c[J :l]. Then J, AlcJ. That
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is, le[dJ :J|]. Therefore, le[J:J,]U[rad (J):]. So [J:| ~d,]c[J:J,]Ulrad (J):]]. Then by
Proposition 4.11, we get [J : [, Ad ][ :J ] or [J: | Ad ] c[rad (J):1].

3) =

Suppose that J,J, e Id(H) with J, NJ,ZJ. Let le[J:J Ne,]. Then IAnd, rnd,cd
and so J,c[J:Ind]. If IAnd, crad,(J)), then le[rad,(J):J;]. If Ind, Lrad, (J,), then
[J:Ind]cld )] or [J:Ind]c[rad (J):1]. If [J:IAd]c[J:d;], then J, c[J:J;]. Then we
get J, NdJ, cJ, a contradiction. Therefore, [J:lAd,]c[rad, (J):1], which gives J, c[rad (J):1].
So [J:J, nd,]c[rad (J):dJ,]ulrad (J):J,]. That is, [ e[rad,(J):J,]. Thus, by Proposition 4.11,
[J:J, nd,]c[rad,(J):J;]or[J:J, nd,]c[rad, (J):d,].

4) = (5)

Suppose that J,,d,,J, e Id(H) with J, nJ, ZJ. Then either [J:J, nJ,]c[rad, (J):J,] or
[J:J, nd,]c[rad, (J):J,].SinceJ, NnJ, NnJ, cJ,wehaved, c[J :J, nJ,]andsod, c[rad, (J): ]
or J, c[rad,(J):dJ,]. Therefore, J, NnJ, crad, (J) or J, NneJ, crad,(J).

(5) = (1) Obvious.

5. Homomorphisms in join hyperlattices

It is noted that the authors [3] defined homomorphism between two algebraic hyperstructures in more
than one way. Similarly, we define weak homomorphism in a hyperlattice. In Example 5.2, we show that
the homomorphic image of a hyperideal under weak homomorphism need not be a hyperideal again.

Definition 5.1: Let H and H' be two join hyperlattices. A mapping n:H — H' is a weak homomor-
phism if the following conditions satisfy:

1. nw\v) =nw\/n),
2. n(w Av)=n) rn(v),
for all u,v e H. If Condition 1 holds with equality, then we say n is a homomorphism.

Example 5.2: Let H =1{0,1,,1,,1}. The hyperoperations \/,;,\/, and binary operation A on H are defined
in Table 5:

H, =M,\;,A) and H,=H,\/,,A) are join hyperlattices. Let f:H, ->H, be defined as
f0)=0,f1)=1,f,)=1,,f(1)=1.Itcanbeseenthat f isabijectiveweak homomorphism. Notethat I = {0}
is a hyperideal of H,. But f(I) is not a hyperideal of H,, because f(0)\/,f(0)=0\/,0=1{0,l,} Z {0} = f(I).

Proposition 5.3: [24] Let H and H' be two join hyperlattices and let n : H — H' be a homomorphism.

1. IfJ' e Id(H") and n "(J") # &, then n ' (J) € Id(H).
2. Ifn is an isomorphism and J € Id(H), then n(J) € Id(H").

Proposition 5.4: [24] Let H and H' be two join hyperlattices and let n : H — H' be a homomorphism.

1. IfJ' is a prime hyperideal of H' and n " (J") # &, then n *(J) is a prime hyperideal of H.
2. If n:H — H' is an isomorphism and <J is a prime hyperideal of H, then n(J) is a prime hyperideal

of H'.
Table 5.
V. o 1 I, 1 V, 0 L, I, 1 A0 L L1
0 {0y {1y (L} {1 0 {0,y {,1 {} {1 0O 0 0 0 O
Loy 4 1 {y L 4,1 {1 {1} {1} I, 0 I, 0 [
L, iy 1y iy L L, 3 iy Al l, 0 0 I, 1
1 {1 {1 {1 { 1 0 {1} {1y {1 1 0 I I, 1
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Theorem 5.5: Let H and H' be two join hyperlattices and let n : H — H' be an isomorphism. Then

1. n % (rad,(J") =rad,(n " (J')) where J' is a hyperideal of H'.
2. n(rad,(J)) =rad, (n(J)) where J is a hyperideal of H.

Proof. 1. Let @/’s be the prime hyperideals containing J/'. Then
" (rad, () =n"(Q)=n"(@Q)=rad, (")

(because eachn™ (Q,)'s are prime hyperideals containing n(J ’))
2. Let @,’s be the prime hyperideals containing JJ. Then
n(rad, (1) = f((\Q)=[n(®Q) = rad, (n()))
(because each 17(Q,)'s are prime hyperideals containing n(J ))

Proposition 5.6: Let H and H' be two join hyperlattices and let n : H — H' be an isomorphism.

1. IfJ'is a 2-absorbing primary hyperideal of H', then ' (J) is a 2-absorbing primary hyperideal of H.
2. If J is a 2-absorbing primary hyperideal of H, then n(J) is a 2-absorbing primary hyperideal of H'.

Proof. 1. Let J' be a 2-absorbing hyperideal of H'. Let [(1<i<3)eH such that [, Al, Al; en™(J").
Clearly, n(l,) An(l,) An(w) eJ'. Since J' is a 2- absorbing primary hyperideal, n(l,) An(l,)eJ’ or
nly) An(ly) erad,(J') or n(l)) An(ly) erad (J'). This implies that, n(, Aly) eJ’ or n(l, Aly) erad, (J’)
orn(l, aly)erad,(J'). Thatis, L, al, en ' (J") or [, Al; en " (rad (J") or | Al, en ' (rad,(J"). Now by
Theorem 5.5, Al, € n(J'") or Iy Al erad, n*(J") or L AL e radvn’l(J’).

2. Let J be a 2-absorbing hyperideal of H. Let [,,l,,l; e H' such that [, Al, Aw"en(J). Then
there exist [.(1<i<3)eH such that n(,) =14,,n(,) =1, and n(l;) = lg. Then n(l; Aly, Aly) en(J) and so,
(I, Aly Aly) ed. Sinced is 2- absorbing primary, wehave, Al, eJ orl, nly erad,(J)orl Al; erad (J).

Then n(, Aly) en(J) or n(l, nw)en(rad,(J)) or n(l Aly)en(rad,(J)). Then by Theorem 5.5,
n(l) An(ly) en(J) or n(l,) Anw) e rad,(n(J)) or n(l,) An(w) e rad,(n(J)). This shows that [, Al, en(J)
or ly A lg erad,(n(J)) or [, A 1'3 erad,(n(J)).

The downward arrows in Figure 6 represent various possible generalizations obtained for the prime
hyperideals in a join hyperlattice.

6. Conclusion

In this paper, we have considered join hyperlattices as a generalization of classical lattices. We have
defined the classes of prime hyperideals viz., 2-absorbing, primary in a join hyperlattice and studied
several properties. As future scope, we try to study various radical properties arising from the gener-
alized prime hyperideals in join hyperlattices. Furthermore, one can explore the hyperlattice aspects
of essential elements in a lattice as discussed in [25]. In [26], authors studied the combinatorial
aspects of superfluous elements in a lattice. One can discuss the notion of superfluous elements in a
hyperlattice and obtain their possible connections to semiprime ideals in a hyperlattice.

prime hyperideal

2-absorbing hyperideal primary hyperideal

| 2-absorbing primary hyperideal

Figure 6.
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