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Abstract

In this paper, we apply Holder inequality, use the special functions Gamma and Beta functions as
tools, and use special substitutions to evaluate the integrals that appear in the main results to give
a new form for Hilbert Integral Inequality for three variables. The reverse form and equivalent forms
of the inequality in theorem 1 are also obtained. The constant we obtained is the best constant.
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1. Introduction

For p>1, L + 1 1,and for the +ve functions f and g that satisfy pr (x)dx (0,00), ng (x)dx € (0,),
p q 0 0

the following inequality holds

1 1

[@)g() g ‘
dxdy < P (x)dx 29(x)dx
.“. xX+Yy mn( J[I ] [.{[ ] (1.1)
p

where the constant ——— is the best possible.
sin [ﬂ)
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Also, the discrete form of inequality (1.1) for two +ve sequences of real numbers <am> and <bn> 1s
given as:

= sin| = m=1 n=1
b

From the end of 19" until the beginning of the 21% century, many authors have followed D. Hilbert to
reprove, apply or generalize his great work in inequalities, (see [1-8]).

In recent years, Authors have continued to forge ahead in using Hilbert inequalities to extend,
improve, and generalize the results concerning Hilbert inequalities in discrete, half-discrete and inte-
gral form for three variables, in [9], Tserendorj Batbold and Laith E.Azar gave the following:

TI f(x,5)8(2) T8 g dydz < C[JT(x + y)ZP AP p (x,y)dxdy}p
00

(x+y+z)’1
000 (1.3)

1
- 4
x quwé*H g%(2)dz

0

where 1 >0, £ e (—i &j f(x,y) is a non-negative function defined on (0,00)x (0,00),and g(z)>0 on
P q

(0,0); the constant C = B(i + é,& - éj is the best possible.
p q

In (2022), Al-Oushoush Nizar gave the discrete form of this study, see [10], also, he gave a new
version of Hilbert integral inequality of three variables with a hyperbolic sine function [11].

2. Preliminries and Lemmas

Here, we use the improper integrals that represent the necessary functions that we need in this work:

I(s) = Its’le’tdt, $>0, 2.1)
0

B(,7) !( e >0 2.2)

Also, for the above famous special functions, we will use the other useful representations for them as
follows:

1 — 1 s-1 —xt

x T(s)) Jieva 2-3)
_TmI'@)

B(n,7)= T+ 1) (2.4)

B(n,t) = B(z,n). (2.5)
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Next, the following lemmas are the main tools in proving the main result:
Lemma 2.1: Let p>1, —+l:1, and b, >0, then for ® >0 and 0£9<)L+l, we have
P q D
1

i g-L L 2 q

Iz’le_z“’g(z)dz <o PIr?(Ap-p3+1) Izqge_zwgq (2)dz | . (2.6)

0 0

Proof: Using Holder inequality, we get

jz’le_z“’g(z)dz =_[ z“se_pw](zseqwg(z)]dz
0 0

1
2 (% q
Iz Pe*dz Izqge’zwgq (2)dz

ga-t L 9 q
=0 PT?(Ap-p3+1) Izq‘ge’z“’gq(z)dz .

IA
~
=
Vel
cl

0

Lemma 2.2: Suppose that p>1, 1 + 1 1,w>0,1>0,0< u<A+ 1 and f(x,y) >0 is a non-negative
p 4q q

function defined and integrable on (0,) x (0,x), we have

o0 © A o, P P
] f(x,y)( = j e " dxdy | <@ T(gh-qu)
o0 x+y
-2 (2.7)
0 0 xy Hp e XY
<[ [ ( j o 7 (6, y)dxdy
oo \% ty g
(x+y) ¢
Proof: Using Holder inequality, and using the substitutions y=xu, x = 1+u v (to evaluate the first
u
double integral on the righthand of the inequality), we have
0 o x A o, p
( [[ree» (—yj e ™ dxdy
00 x+y
ey 2o wo ’
Q0 x - e ¥tya x H e ¥typ
= {2 - Hl == 5 (x,9) pdxdy
05 [\x+y xX+y -
(x+y)? (x+y) 9

p

1
q S P
o0 o0 xy Aq—uq e x+y 0 0 Xy up e Xty
< ”( ] 5 dxdy I J( j = P (x,y)dxdy
LI\ xX+y (x+y) co\x+y _zZp
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Aq—pq - ) g up o
Q0 - x(1+u) 00 x+y
| [f[ e ] e st | ][] Py
co\x(l+uw) 2 (1+uw) oo\XtYy
(x+y) “
. P
Lo V)T () q
© 0 w U|U e* (1) 0] u+1
= _” ( vadu
o (1+u) u+1v 1+u)? u
u
o
00 0 xy Hp e Y
< [ ( j £7 (x,y)dxdy
LI\ x+y
(x+y) 9
b %
QR Ag-ug-1_-ve q X% HP x+y
[ dudo || [f[ 2] ety
0o (1+uw) solx+y
(x+y) ¢
o
P 0 0 Xy up o x+yw
=0T (gh-aw [ [| j o7 7 (x,y)dxdly.
VAT gy

Remark: Note that if 0 < p <1 and L + 1 1,then by the reverse form of Holder inequality, we can
p q

prove the reverse form of (2.6) and (2.7), which we need in the theorem 3.2.

3. Main Result

Theorem 3.1: Let p>1, l+l =1, 1>0, _A <é< i, f(x,y) 1s a non-negative function defined
p dq p q

on (0,0)x(0,0), and g(z) is a positive function on (0,). If _H _ = fP(x,y)dxdy <o, and

gr+qe—a+d
Iz Pgl(z) <oo, then
0

00 0

Tﬁ f(x,)8(2) _dxdydz<C ” ()™ Pe 17 (2. y)dxdy
000 4P

1 00
(x " y+z (x+) 3.1)

X[TZM& g (z)}

0

where C = B(i + é,i - éj is the best possible. In particular,
p q
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a) If we take /'L=%, §=i, and p =q =2, then (3.1) will be

Do | =

£723g2(2)]z

TTT [&)E@  gayde < 2(? T(x ), y)dxdy]
000 1 1 5 00
(x + " + zJ

b) If we take A =2, £ =0, pZ%, ¢ = 4, then (3.1) will be

| o

Uzgg“(Z)]4
0

JIECELE dxdyd%n{
000

1 1 1)
X Yy z

T(x + y)3 f s (x, y)dxdy]
0

o—38

Proof: Let

(1 11
Xy z
_ TTT f(x,9)8@)(xy2)" dydz (3.2)
P
000 (y+(x+y)2)
_ 11T | Fom ~[xy+(x+y)z]t
) ! ! ! £(x,y)g(2)(xy2) ut e dt}dxdydz.
Using the substitution ¢ = in the (3.2), and applying Hélder inequality, we obtain:
x+y
1 00 00 00 o A-1 —[xy+(x+y)z:|i da)
I=—— “. flx,y)g(z)(xyz)" I{—] e Y —— \dxdydz
C(A) g0y o\x+ xX+y

xy

00 00 00

_ 1 ” f(x,9)8(2)(xy2)" I(w)“ {xwz}wdw}dxdydz

() go0 (x + )"

0 xy

_ 1 )ITI f (x,szig:Zy))(jcyZ)‘ { ol e[w*z}wda)J dxdydz

1 % E*’i % xy g _xxTyw E—é % P, (33)
=—I w? J.J.f(x,y) —— | e * dxdy || o ¢ J.z e *g(z2)dz |dw
0 00 x+y 0

(=}
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Substitute (2.6) and (2.7) in (3.3), we get

1 1

»
;<T@ -quI”(Zp-pY+1) (-2 Y@y g jw“+pmp+puex+yywda)
- (%) x+ 2
(x+y)° "

1
“ L a-1-&g+q9—qr-L g
[j qugq(z)[jw e dea)sz]
0 0

1 1 1 1

T9(qA — ug)T? (Ap— pd+ I (A —Eq +q9 —qh — %)F;(l +&p—Ap+up)

I'(A)

( Xy ]/117 Ep—2 D 1
X TTW—MfP(x,y)dxdy [Tzq - Mi (Z)J
00

0

0

1
o 1
0 0 (xy)’lp‘ép_/l 4 - whitq _l+7 =
=Cus|[] —5p /7 (%, y)dxdy [E Pgi(2)dz |
q

Where#:M’andS:pq//{/_ﬂ/—}_éq—i_q,thenC’u =C= B( +lg’__é)
pq bq
The next step in this paper is to show that the constant C given in (3.1) is the best possible. Let

¢ be so very small real number; let us define two functions as follows: £, (x,y) =0 on (0,1)x(0,1) and
X A

¢ A—qe
qq (xy) q -£-1-1
f.(x,y) = ——"—— on [1,0)x1,0) and g,(z) =0 on (0,1) and g,(2) =z * on [1,).
o2+l
(x+y) 7 ¢

Suppose that C is not the best possible, then there exists constant G where 0 <G < C, such that:

j j ("y)m o7 [, 9)dxdy [Tzq - 7g <z>dz}

Ap—Ep-A 0
“(x+y)

—
~
S}
kS|
—

0 w0 e - Age q
- (xy)*P st q?(xy) 1 ql+§q—l+% s e
=G j -[ ) dxdy _!.Z z dz

1 lp—ép—/l—z—p 2+ 242
(x+y) “lx+y) P9

= 1

p _ q q

Ap—-Ep-2 Ep-Ap+A 0 gariq-a+d [ A9 e,
<q‘1G “‘ (%) 5 (xyz - 5 dxdy Jz Plz 4 dz
)/lpfép—/lf?p (x + y)Priterertap d
+y
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1 1
< qu IJ — dxdy Iz"’g’ldz
11 x + y) 1
1 1 (3.4)
___ G 1p__ G
e 1 > \ge - -
2p(8)p(1+8)p 2P (1 +¢)?

On the other hand, to estimate the left-hand side of (3.1), let

1
1 =

_ —¢ q
ql(xy) = q —>1,Vx,y 21), we find:
(xy)
1= II I [ (®.9)8, (Zi dxdydz
ooo(1 1 1
X y z
1 A
q q o G
q (xQZ’)g S (g q }(xyz)z
N
= dxdydz
111 (xy + z(x + )
A
i787571
00 00 00 q
_ j I Iq (xy) (xy) z dxdydz
rit (x+y) ; _; (xy)’l(1+2x+y
Xy
1 A A
1 e A .
e
= “.J‘ . —dxdydz
111y +y)2+;*5’q 14Xt
xy
1 * A
1 e A
R I
=“- T3 J. —dz |dxdy
Tty 2@ (1+2x+y
Xy
2
oo L 57 i, Ega
T g (x Xy |a Toul
:J‘I g (y)g - Y j j —du |dxdy
Ry )2+; g \X Y Ay (1)
xX+y o
0 o0 é( )— 2_6_5_1
:IJ. q"\xy — J. u du d.'JCdy
11 A Xty (1 tu

|

X +

xy

Y

j , (note that
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xty
A-e-£-1 xy

% . .
i e e R e

0

0 0 % &787‘571
= At u (3.5)
”(xy)“ ( o 5p+8+5J J(1+u>* i ey
B(l—s—é,l+g+§]
_ \q p o)
e2°(1+¢)

It is clear that when ¢ — 0" from (3.4) and (3.5) leads to a contradiction. Therefore, we completely
prove our theorem.
Next, we introduce the reverse form of the inequality given in Theorem 3.1

Theorem 3.2: Let 0<p<1, L + 1 1, A>0, _A <é< i, f(x,y) 1s a non-negative function defined
Db q D

on (0,0)x(0,0) and g(z) is a positive function on (0,00).If _” o fP(x,y)dxdy <o and

gA+éq—A+—
'[2 Pgl(z) <o, then
0

SRS

TTT f(x,)8(2) _dxdydz>C ” ()PP~ 17 (2. y)dxdy
000 _4&pP

l L 00
(x i y+2 @ +) (3.6)

where C = B(i + 5,& - éj is the best possible.
p q

Proof: By using the reverse Holder inequality, and following the same procedure as in the proof of
Theorem 3.1, we can get the proof of Theorem 3.2.

4. Equivalent Forms

In this part, we give two equivalent forms of each of our main theorems, all with the best constant.
Theorem 4.1: Under the conditions of theorem 3.1, we give the following two inequalities:
p

Ap-p&—A

Tz“’“ Tf(x—’y)ldxdy dzstTT (=) o 17 (x, y)dxdy. (4.1)

p-pe-i--L
0 0(1+1+1J 00(x+y)pp q
Xy z
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and

00 00

()™ g(z)
J. (s ) .[ la’z dxdy

1 1 1
00 0[++j (4.2)
x y =z
2 q/1+q§—/l+g
<C? _[z Pgil(z)dz
0

Inequalities (4.1) and (4.2) are equivalent to (3.1); also, here the constants C? and C? are best possible.
Proof: We start to prove (4.1), set

p-1
g(z):zﬁl*ﬁé*l II f(x7y) Adxdy
oo(1, 1.1
X y Z

From (3.1), we get

p-1
:J.Zf/l*pgfl II f(x7y) ldXdy J‘j f(x7y) ldxdy dz
0 00[1 1 1) 00(1 1 1]
—+—+— —+—+—
X y z X y z
=”J f(x,y)g(Z)l dxdydz
1 1 1
000(++
X y z

SRS

=

SRS

o0

J' J' (xy)/lp—pé—j 17 (2. y)dxdy -([Z—),—pé—l II

<C{TT GO o (a, y)dvdy Izq“q“ﬁgq(z)y

—f (x, ) ldxdy dz
1

[+52
+ =+ =
Xy z
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From that we get

p

1
Q% Ap-pé-1 g
J' —A-pé-1 .”' f(x,y) dxdy dz<C J'J‘ (xy) £ (x, y)dxdy
Ap— pé—l—@
00( L= +j 00(x+y)
X y z
1 (4.3)
p q
xj ’”"51“. &, ) dxdy | dz
) 01,11
X y z
p q

o0

dividing the two sides of (4.3) by J g hpst I J f(x,y) —dxdy | dz | we get (4.1). Moreover, from
00

Foid)

Holder inequality and (4.1), we get

[ ECELCI

0(++
X y z

p
1
< 2% < qr+ E— M-f
< J‘z—/l pé-1 IJLy)xdxdy Uzq ! P g4 (Z)dzl
0 00 {1+1+1 0
x y z
> 1
® a0 Ap—pE-7. T qr+qé- M,
<of [ pr(x,y)dxdy [ [ g (z)}
(x iy lpfp<57/177 0

Now, we want to show the equivalence between (3.1) and (4.2), set

q-1

oy =7 N[ 8D g
(x+y)qé‘ ' 0(1+1+1j

Xy z
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Using the main inequality (3.1), we obtain
q
e 17 2
_” prvYE) I —dz | dxdy
00 (x+y) 0(1 1 1}
X y z
q-1
I €0 S N S {C) G
_”(x+y)q*’t‘“2 J 11 1ld2 J 1 1 1 Pz | by
00 0 0
+= e
x y z x y z
:J'“ f(x,y)g(Z)A dxdydz
200 ( 1,11
Xy z
1
%0 (xy)lp—pé A P qA+q —a+L é
<c|[] o ydedy | [z 7g')
00 (y +y Apmpe=h=" " 0
1
q »
@ a2 o % gr+rgi-a+d q
=C .”' (xy)qg - I 8(2) _dz | dxdy J'Zq a P gi(z2)
00 (*+) (1,1 1 0
X y z
Then
q
e 17 2@
II pTEvYE) I —dz | dxdy
00 (X +) of1,1,1
x y z
. - (4.4)
1
[ CAD e S C) T _airat-i+r ‘
< J. Py j —dz | dxdy Iz Pgi(z)
00 (x+) of1,1.1 0
Xy z
q P
00 00 qé,l o0
Dividing the two sides of (4.4) by (xy) 8() dz | dxdy | we get (4.2). Moreover,
qE—+2 p)
3 () (11
X y z

from Holder inequality and (4.2), we get
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_qé-2
JELEC I f j SR
000(1_'_ +} (x+y) q
X y =z
aé-24

() ¢ 7 82
x q<§—/1+2J‘ —dz |dxdy
= (1 1,1

(cty) ¢ O ko
X y z
1
(xy)lpfpé A P
<[] o 7 (x, y)dxdly
50 rp-pe-2-"L
(x+y I
q q

IA
—38
—38

0
<
N

~

ko]

e

~

- ? +qé— /1+7
o /7, y)dxy [C‘Z [+ (z)dzJ

(x+) ! ’

By this, we proved the equivalence between (4.2) and (3.1). Here the constants are the best possible
as in (3.1). By this, we lead to the end of the proof of our theorem.

Theorem 4.2: Under the same conditions in theorem 3.2, we obtain:

p

o ® % % Ap—p5—A
R AN Y - 7 (x,y)dxdy. (4.5)
o o1 .11 00 ppEAey
S+ (x+y) !
xX y z
and
q
0 a0 —A-pé-1 | % % gr+gi-a+d
(xy) 8() dz | dxdy>C* 2 Pq(z)dz (4.6)
qE-A+2 A
0 (x + y) 0 l + l + l 0
Xy z
where the constants here C* = B? (i + 5,& - éJ and C? = B (i + 5,& - 5} are the best possible as in
p " q pq
Theorem 3.2

Proof: Since the method of proof of the above inequalities is the same as the method in theorem 4.1,
so, we leave it.
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