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Abstract

Nearrings are non-linear algebraic systems. Zero-divisor graphs based on algebraic structures like
rings, module over rings are well-known. In this paper, we consider the module over a right nearring,
(say, G). We define the superfluous ideal graph of G, denoted as S;. We obtain that if G has DCCI,
then S, has diameter at most 3. We characterize the set of ideals of G with degree 1 in S; when G
is completely reducible. Furthermore, we prove several properties of superfluous ideal graphs which
involve connectivity, completeness, etc. with explicit examples of these notions.
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1. Introduction

The graph constructed from a ring structure was introduced in [1]. Later, the concept of zero-divisor
graphs (see [2]) were studied. Based on ring structure, various types of graphs like annihilator essen-
tial graph (see [3]), essential graph (see [4]), co-maximal ideal graph (see [5]), and total graph (see [2]),
zero-divisor graphs in nearrings (see [6]) etc. were studied.

In [7-10], the authors explored the properties of graphs with respect to ideals of a nearring, and
ideals of a ring. In a commutative ring, the authors (see [11, 12]) studied the basic properties of the
essential ideal graph (sum-essential graph, in case of modules over rings) and characterized rings
(resp. modules over rings) based on the types of graphs. The authors considered the set of all non-
trivial ideals as the vertex set in a commutative ring (resp. submodules in case of modules) and an
edge is defined if the sum of two ideals (resp. submodules) is essential in a given ring (resp. module).
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Due to non-linearity in nearrings, the structure module over a nearring (also known as, N-group)
has two substructures, namely, N -subgroups and ideals. Based on these substructures, two types of
essential and superfluous ideals were defined and studied in [13, 14]. These concepts were further
generalized in [15, 16]. Eventually, the graphs obtained from these will yield different structural
properties.

In section 2, we provide necessary definitions of nearrings and notions of graphs from [17, 18]. In
section 3, we introduce the superfluous ideal graph of G and consider a subgraph of the superfluous
ideal graph, induced by the set of all non-superfluous ideals. We also prove an equivalent condition
for G to be completely reducible in terms of S;. We show that the superfluous ideal graph is always
connected with a diameter not greater than 3. Also, we prove that if the superfluous ideal graph of G
has a unique universal vertex, then there must exist a non-zero superfluous ideal in G.

2. Preliminaries

A right nearring N is a set having two binary operations under which N is an additive group and
multiplicative semigroup with right distributive law holds. In general, for some x e N, x-0= 0, and so
we call N is zero-symmetric if x -0 =0 for every x € N. We denote the set of all elements of N satis-
fying this property by N,. A normal subgroup L of a nearring N is an ideal of N (denoted by L < N)
if LNc L,and s(k+i)-skelL forall s,ke N, iecL.An additive group G with a mapping N xG — G,
satisfying (n+n,)g =ng +n,g and (n-n,)g =n(n,g) for all n,n, e N and g €@ is called an N-group.
Throughout, we use G for an INV-group. A subgroup P of G is an N-subgroup (denoted as, P <,, G) of
G if NP c P; and a normal subgroup S of G is an ideal (denoted as, S<y G) of G if a(x +s)—ax eI,
forallae N, xeG and se€S. I <, G is superfluous in G if I+ K =G and K 4, G implies K=G
(denoted as I < G) and an N -group G is hollow if every proper ideal of G is superfluous in G [13]. G
is simple if it has no ideals other than (0) and G, and is completely reducible if G is the direct sum of
simple ideals. If there exists B = {x,,x,,-:-,x,} € G such that (B) =G, then G is finitely generated. An
N -group is said to satisfy decreasing chain condition on ideals (abbr. DCCI) if every chain of ideals
has a minimal ideal [18]. Furthermore, we consider simple graphs. A vertex v is universal if the
degree of v=n —1, where n is the vertex number of vertices of the given graph. A null graph is a graph
whose vertex set is empty and an empty graph is a graph having at least one vertex and the edge set
empty. The edge between u and v of a graph is denoted as u ~v.

For basic definitions in nearrings and N -groups, we refer to [13, 14, 18, 19, 20], and for
graph-theoretical notions, we refer to [17, 19].

3. Main Results

In this section, the superfluous ideal graph of G is defined and some of its properties are discussed.

Definition 3.1: The superfluous ideal graph S; of G, is a graph with vertex set
V={I:00)#1CGisanideal of G} and theedgeset E={l ~dJ :I+#J and I nJ < G}.

Example 3.2: S; is a null graph where G is a simple N -group. Moreover, N -groups of type 0, type 1
and type 2 are simple and monogenic see, [18]. Hence the corresponding superfluous ideal graph is a
null graph.

Example 3.3: Consider the Z-group Z ,, where p is prime and the addition and multiplication are
carried out modulo p". Then the propér ideals of G are (p') where 0<1i <n, which are superfluous

in G since (p'yc(p’) for all 0<j<i<n and therefore (p')+(p’y=(p" ")y =G for all 0<i,j<n.
Therefore, the corresponding superfluous ideal graph is a complete graph.

Zy(t)

@ +1t)
are (),{t +1),(t* +t) and (> +1). The ideal {t* +t) is superfluous. The corresponding superfluous ideal
graph is given in the Figure 1.

Example 3.4: Let N =( +)=1{at’ +bt+c:a,b,ceZ,}, and H = N. The non-trivial ideals of H
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Example 3.5: Consider N =(Z , ,+,%) where p is prime and addition modulo p" and * is any near-
p

ring multiplication on Z , and let G = N . Then the possible non-trivial ideals of G are of the form (p",
where 0 <i<n. In this case, if G has any non-zero proper ideal, then S is a complete graph, otherwise,
S; 1s a null graph.

Example 3.6: Let N = Z, x Z, x Z, with the multiplication table given in Table 1 (SONATA [21] GTWS
3,18). Let N =G. For convenience, the elements of Z, x Z,, x Z, are denoted as (0,0,0) = a,, (0,0,1) = qa,,
0,1,0)=a,, (0,1,1) =a,, (1,0,0) =a;, (1,0,1) =a,, (1,1,0) =a,, (1,1,1) = a,.

Idealsare I, ={q,}, I, ={a,,ay,05,0,}, I, =1{a,,a,,a5,0;}, I, ={a,,a;,04,04}, I, ={a,,a,}, I, =1{a,,a,}
and I, =G.Inthiscase, I, + I, =G, I, + I, =G and I, + I, = G. Therefore the ideals I,, I,, I, and I,
are not superfluous. The only non-zero superfluousidealis I, since I, + I, =1,, [, +1,=1,, I, + I, = I,
and I, + I, = I,. Superfluous ideal graph is given in Figure 2.

Example 3.7: Let N =7, xZ, xZ, . Let N = G. Consider the notations given in Example 3.6. The mul-
tiplication table is given in the Table 2 (SONATA [21] GTWS 3,810).

Ideals are S, ={a,}, S,={q,0,,a5,0s}, S;=1a,,05,05,0,}, S,={q,,0,,a5,0,}, S;=1{q,,a;},
Sy =1a,,a5}, S; =1a,,a,} and S; =G. In this case, we have S, +S, =G, S;+S, =G and S, + S, =G.
Therefore, all non-zero ideals are non-superfluous. The corresponding superfluous ideal graph is given
in Figure 3.

Example 3.8: Let N =7 and G =Z,, with addition and scalar multiplication defined modulo 24.
Then the non-trivial ideals of G are 2Z,,, 3Z,,, 4Z,,, 6Z,,, 8Z,, and 12Z,,. The ideals (6) and (12)
are non-zero superfluous ideals. The superfluous ideal graph is given in Figure 4.

Lemma 3.9: If C < G, then CnD < G for any ideal D of G.

Proof. Let C <G and D<y G. To prove CNnD <G, let K<, G such that (CnD)+K=G. Now
G=(CnD)+KcC+K implies C+ K =G. Since C <« G, we get K =G. Therefore, CNnD < G.
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Lemma 3.10: Any non-zero superfluous ideal of G is a universal vertex in S.

Proof. Let (0) # C < G and D e V(S;). We prove C ~ D € E(S;;). Since, C < G, by Lemma 3.9, we have
CnD < G. Therefore C~ D e E(S;). Since D is arbitrary, C ~ D e E(S;;) for all DeV(S;). Hence,
C is a universal vertex in S;.
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Remark 3.11: In Example 3.8, 6Z,, and 12Z,, are superfluous and therefore 6Z,,, 12Z,, are universal
in S;. The vertex 3Z,, is a universal vertex in S;, but 3Z,, is not superfluous since 3Z,, + 274, = Z,,,
which shows that the converse of Lemma 3.10 need not be true.

Proposition 3.12: [(1)] Let G be an N -group having DCCI. If M is the unique minimal ideal of G,
then M is a universal vertex in S

[(@i)] Let A € V(S;) be a universal vertex. If A is not superfluous in G, then A is a maximal ideal of G.

Proof. [(1)] We prove that I is a superfluous ideal of G. Let K 9, G such that M + K =G . Since M is
a proper ideal, K must be non-zero. Since G has DCCI, there must be a minimal ideal of G which is
contained in K . Since M is the unique minimal ideal of G, M must be contained in K and therefore
G=K+M =K. Hence M is a superfluous ideal of G. By Lemma 3.10, we can say that M is a uni-
versal vertex of S;.

[(i7))] Let K be a proper ideal of G such that AC K. Since A is a universal vertex of G,
A~ K € E(S;) which implies that A n K = A is superfluous in G, a contradiction to the hypothesis.
Therefore A is a maximal ideal of G.

Lemma 3.13: The graph S;[Min(G)] induced by Min(G), where Min(G) is the set of all minimal
ideals of G, is a clique.

Proof. Case 1: G has only one minimal ideal.
Then S;[Min(G)] is K,, a complete graph having one vertex.

Case 2: | Min(G) > 2. Let M,, M, € Min(G). Then M, "M, C M, and M; "M, C M,. Since M, and
M, are minimal, we get M, " M, =(0) < G and therefore M, ~ M, € E(S;). From this we conclude
that there exists edge between every two minimal ideals. Hence S;[Min(G)] is a clique.

Definition 3.14: Let I 9, G. The dual annihilator of 1, (denoted as ann,(I)) is the intersection of all
ideals J of G such that I+J =G. That is,

ann,D)= (| J
Iy GI+J=G
Example 3.15: N = D, with the multiplication given in the Table 3 given below. Let G = N .

The ideals of G are I, =G, I, = {e,r?,r’,r}, 1, = {e,sr’,r%, sr}, 1, ={e,sr?,s,r*}, I ={e,r?} and I, ={e}.

We have I, + I, =N and I, + I, = N . Therefore ann,(1,) = ﬂ{I3,I4} =1.
Example 3.16: In the Example 3.7, the dual annihilator of S, is S, and that of S, is S;.

Table 3:
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Proposition 3.17: Let I <y, G. Then I nann,(I) < G.

Proof. Let K <G such that (Inann,(I))+K=G. Since (I nann,(I))c I, we have I+K =G,
which implies ann,(I)c K and so (I nanny(I))c K. Now K =K +(I nann,(I))=G. Therefore,
I nann,(I)<G.

Proposition 3.18: Let G be an N -group having DCCI. Then S; is an empty graph if and only if G has
exactly one non-zero proper ideal.

Proof. If G has exactly one non-zero proper ideal, then S; is K;, an empty graph. Conversely, suppose
S; 1s an empty graph. Then by Lemma 3.13, we get | Min(G)|=1. Let I be the unique minimal ideal
of G. Then by Proposition 3.12, I is a universal vertex. Let J be a non-zero proper ideal of G other
than I. Then I ~J €S, a contradiction since S; is an empty graph. Therefore, G has exactly one
non-zero proper ideal.

Definition 3.19: Let H <, G. An ideal K of G is said to an i-supplement of H in G if H+ K =G and
H+K #G forany K <y G such that K c K.

Lemma 3.20: Let H be a non-superfluous ideal of G and K be its i-supplement. Then H K < G.

Proof. Let L4, G such that (HNK)+L=G. Then (HnK)+L)nK =K. Using Modular law,
we get (HNK)+(LNK)=K.Now G=H+K=H+(HnNK)+(LNnK)=H+(LnK). Since K is a
i-supplement of H, we have K n L = K which implies K ¢ L. Therefore G =(H nK)+ L = L. Hence
HNnK<«G.

Proposition 3.21: Let G be an N -group with DCCI. Every proper non-superfluous ideal of G is adja-
cent to its i-supplement in S.

Proof. Let I be a non-superfluous ideal of G. Then there exists a proper ideal J of G, such that
I+J=G. Consequently, I has a proper i-supplement, say I and so InI < G. Therefore,
I~T cE(Sy).

Proposition 3.22: Let G be an N -group having DCCI. Then S; is a connected graph of diameter less
than 4.

Proof. Suppose G has a non-zero superfluous ideal, say K. Then K is a universal vertex in S; (by
Lemma 3.10). Therefore, S; is connected. Suppose G has no non-zero superfluous ideal. Let P and L
be two non-zero proper ideals of G.

Case1: PNL <« G.Then P~ LeE(S,;).

Case 2: PN L 1s not superfluous in G. Since P and L are not superfluous, we have P+ L is
not superfluous in G. Let C be the i-supplement of PN L. If P+ L =G, then P+ L has a non-zero
i-supplement, say D. Then (P + L) "D < G which implies PN D <« G and L "D <« G. Now we have
apath P~ D~ L from P to L. Suppose P + L =(G. Then we claim that L N C and P n C are non-zero.
Suppose on the contrary, L N C =(0). Since C is a i-supplement of P n L and G has no non-zero super-
fluous ideals, we get (P " L)+ C =G and (P n L) nC =(0), which implies that the sum (PNL)nC =G
1s direct. Now since PNL c L, we get L+C=G. L »nC =(0) implies that the L ® C =G 1s direct. The
direct sums L®C and (PN L)® C yield G and therefore we get P L =L, which implies L c P.
Now P+ L =G implies P =G, a contradiction. Therefore L nC = (0). Similarly, we can prove that
PnC=#(0). Since PNLNC=(0), we haveapath P~LNC~PnNC~L from P to L.
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Proposition 3.23: S; is a complete graph if and only if every proper, non-superfluous ideal is a max-
imal ideal.

Proof. Assume that every proper, non-superfluous ideal of G is a maximal ideal. To prove S is a com-
plete graph, let I and J be two distinct vertices of S;. Then I and J are properin G.

Case 1: Either I or J is superfluous in G. Then by Lemma 3.9, I ~J € E(S;).
Case 2: Neither I nor J is superfluous in G.

Since I and J are proper, by the hypothesis I and J are maximal. Then InJ < I #G, implies I N
1s not maximal. Again from the hypothesis, I nJ is superfluous, and hence I ~J € E(S;).

Conversely, assume that S; is a complete graph. We prove every proper non-superfluous ideal
is maximal. On the contrary, let I be a proper non-superfluous ideal, which is not maximal. Then
there exists an ideal J # G such that I —J. Now, since S; is a complete graph, I ~<J € E(S;), which
implies I =1 nJ < G, a contradiction.

Proposition 3.24: If S; has exactly one universal vertex, then G has a unique non-zero superfluous

ideal.

Proof. Suppose S; has a unique universal vertex, say I. Then I is a non-zero proper ideal of G. We
prove that I is minimal. On the contrary, suppose that I is not minimal. Then I contains some ideal
K of G. Since I is a universal vertex, we get I ~ K € E(S;), which implies In K=K < G, a con-
tradiction since S; has only one universal vertex. Therefore, I is minimal. If I is not maximal, then
there exists an ideal (0) # J of G such that I CJ. Since I is a universal vertex, I ~J € E(S;), which
implies I nJ =1 < G.If I 1s maximal, we prove that I is superfluous. On the contrary, suppose that
I is not superfluous, then there exists a proper ideal J of G, I +J =G. Since I is maximal, we have
I ¢ J. Since, G is finitely generated, there exists a maximal ideal M' such that J < M'. Now, since
I and M are maximal, we get I + M'=G. Also, since I is minimal, we get I n M'=(0). Then we can

easily verify that G is isomorphic to %x% Since I and M' are maximal, g and % are simple.

Hence G has only two proper ideals and hence S; = K,, which has two universal vertices, a contradic-
tion. Therefore, I is superfluous.

Remark 3.25: The converse of Proposition 3.24 need not be true. This can be observed in Example
3.6. I, is the only non-zero superfluous ideal. But in the corresponding graph there are two universal
vertices I, and I.

Proposition 3.26: Let I be a non-zero proper ideal of G and J <y G. If I~dJ e E(S;), then
I ~ K € E(S;) for any proper ideal K of G which is contained in J .

Proof. Let (0) # K be a proper ideal of G such that K cJ. Let P <, G be such that I nK)+P=G.
Then G=(INK)+Pc(InJ)+P. Since I ~J e E(S;), InJ <G, and we get P =G . Therefore,
INK <G, hence I ~K e E(S;).

Definition 3.27: The proper superfluous ideal graph B, of G is a subgraph of S;, induced by the ver-
tices which are non-superfluous ideals of G.

Proposition 3.28

1. F; is a null graph if and only if G is hollow.
2. R, cannot be an empty graph.
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Proof.

1. It is clear by the definition of a hollow N -group.
2. Let I e V(F;). This means I is non-superfluous and I has a proper i-supplement, say C, and so

INnC<G,hence I ~CeE(F;).

Theorem 3.29: (Theorem 2.48 of [18]). Let N = N,,. Then, G is completely reducible if and only if each
ideal of G is a direct summand.

Proposition 3.30: Suppose N = N, and G is not simple. Then (1)-(3) are equivalent.

1. G is completely reducible.
2. §=F;.
3. There exists a vertex X of 7, with deg 5 (X)= degPG (X).

Proof. (1) = (2): Suppose that G is completely reducible. Then if I is any non-trivial ideal of G, by
Theorem 3.29, there exists a non-trivial ideal J of G such that I +J =G. Therefore, I is not superflu-
ous, which implies V(S;) = V(R;). Since F, is an induced subgraph of S, we get S; =F;.

(2) = (3) follows directly.

(3) = (1): Suppose that there exists a vertex X of 7, such that degSG (X)= degPG (X). To prove G
1s completely reducible, we show every ideal of G is a direct summand. Suppose G has a superfluous
ideal I. Then degSG X)) = degPG (X)+1, as I is a universal vertex in S; and X ~ I € E(S;), which is
a contradiction to the assumption. Hence, every proper ideal of G is not superfluous. Now, let J be a
proper ideal of G. Since </ is not superfluous, J has a proper i-supplement, say K. Then J " K < G
and since G has no non-zero superfluous ideal, we get J N K =(0). Therefore J is a direct summand.
Since </ is arbitrary, we conclude that every ideal of G is a direct summand. Hence G is completely
reducible.

Remark 3.31 Let N = N, and G be completely reducible. Using Theorem 3.29, one can easily deduce
that G has no non-zero superfluous ideals.

Proposition 3.32 Let Be S;. If degsG (B) =1, then either B is a maximal ideal or B A for some
maximal ideal A of G and V(S;)={A,B}.

Proof. If B is maximal, then we are done. Suppose B is not maximal. Then there exists a proper
ideal A of G such that Bc A. If B« G, then B is a universal vertex. Since degSG (B)=1, we get
V(S;) ={A,B}. Suppose B is not superfluous in G, then B has a i-supplement, say C. Then, since
BnC<«<G,wehave B~Ce E(S;). Now BN(AnC)< G andso B~(AnC)e E(S;). If AnC#(0),
then since degSG(B) =1, we have AnC =C which implies Cc A. Now G=B+CcA+C=A, a con-
tradiction. Thus A nC =(0) and since Bc A, we get BNnC=(0). Since B+C=G,we get A+C=G.
Therefore B = A, a contradiction. Hence B is maximal.

Remark 3.33: Let B be a direct summand of G. If degSG (B)=1, then B is maximal.

Proposition 3.34: Let N = N, and G be completely reducible and B <y G. Then degSG (B)=1 if and
only if B is maximal and has a unique proper i-supplement.

Proof. Suppose that deg 5 (B) =1. Since G is completely reducible, by the Theorem 3.29, we get that B
is a direct summand. Hence, by Proposition 3.33, we have B is maximal. Since G is completely reduc-
ible, by Remark 3.31, B is not superfluous. Since G has DCCI, we get B has a proper i-supplement.
Suppose C and D are two proper i-supplements of B. Then, by Remark 3.21, B~ C, B~ D e E(S;),
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and since deg 5 (B)=1, we have C = D. Therefore the i-supplement of B in G is unique. To prove the
other part, suppose B is maximal, and has a unique i-supplement, say Sy in G. Then B« S; <G,
which implies B ~ Sy € E(S;). We now show that B is not adjacent to any other ideal of G. Let K be
a non-zero proper ideal of G other than Sy. Since G is completely reducible, by Remark 3.31, K is not
superfluous. Since B is maximal, we get B+ K=B or B+ K=G.If B+ K=B, then K c B. Since K
is not superfluous, we get B is not superfluous. Therefore B~ K ¢ E(S;). If B+ K=G, then S; C K.
We claim that B® K is not superfluous in G. On the contrary, suppose B+ K < G. Then since G
has no non-zero superfluous ideal, we get B&® K =G. Now, B& K=G and B®S,; =G, and B has
a unique i-supplement, implying that K = Sj, a contradiction. Therefore B is adjacent to only Sy.
Hence, degSG (B)=1.

4. Conclusion

We have introduced the superfluous ideal graph of N-group G and proved that if G has DCCI, then
S has diameter at most 3. Further, we have characterized the set of ideals of G with degree 1in S
when G is completely reducible. Several properties are investigated with explicit examples. As future
scope, one can explore the study of the properties of module analogue aspects of lattices, which have
been motivated by the authors in [22, 23].
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