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Abstract

This article aims to establish some relationships have been established of the concepts 1 -approxima-
tion, 1 -co-approximation and 7 -orthogonal with the images under isometry mappings, whereas these
results are generalization and expansion of 1 -approximation, 7 -co-approximation and & -orthogonal.
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1. Introduction

The study of best approximation for bounded functions in metric space, normed space and weighed
spaces has been the center of sober research activity. In actuality, the approximation theory field has
practical importance in mathematics.

In 1988 Roshed [1], studied M-metric space in terms of proximinality properties of certain sets,
Cybenk in 1989 [2] explain that limited number of linear combinations of mix two concepts of stable
unvaried and set affine mappings can estimated every connected function of n real mutable with back-
ing in the unite hypercabe, Rezapour in 2007 [3] given some results about characterization of best

Email addresses: alaa.adnan.auad@uoanbar.edu.iq (Alaa Adnan Auad)*; mohammed_azeez_hilal@mtu.edu.ig (Mohammed A.
Hilal); edw.abdulsattar@uoanbar.edu.iq (Abdulsattar Ali Hussein)

Received September 18, 2023; Accepted October 22, 2023; Online November 16, 2023



Auad A.A. et al., Results in Nonlinear Anal. 6 (2023), 149-156. 150

approximation in cone-metric space, Konovolov in 2008 [4] obtain on the degree of best approxima-
tion of monotone radial functions in measurable space by polynomials, Gumus in 2012 [5] presented
the set of all t-better approximation on uncertain n-areas of normed, Naser in 2015 [6] proposed the
problem of t-better approximation compact sets and t-aproximal sets in fuzzy metric space, in 2015
Narange [7] discussed some results about the existence and uniqueness of best approximation and
best co-approximation in metric linear space, also Auad and Al. Jumaili in 2017 [8] established the
set of polynomials to approximate unbounded functions in measured space via modulus of smooth-
ness, Auad and Abduljabbar in 2018 [9] they investigated that degree of best algebraic approximation
equivalent degree of best trigonometric approximation in the same space.

Auad and Abdulsttar in 2019 [10] they provide some ideas of best simultaneous approximation of
unbounded functions with multi variables in weighted space by using two different definitions and
found the relationship between best simultaneous approximation with best approximation, Auad and
Fayyadh in 2021 [11] they introduce the outline of direct and invers theorems of unbounded functions
in weighted spaces through the modulus of smoothens functions.

In this work, we introduced some concepts that related approximation of functions as n -approxima-
tion, n-co-approximation and ¢ -orthogonal through which the bounded by using isometry operators
within bounded functions space. Also.

Let S, be the space of all bounded functions and Y, subset of it. For any n >0, the function

Ho € Yy, 1s said to be an n-approximation (7 -co- approx1mat10n ) respectively to function ¢, € S, o if
I Ho = Py ”b,x: inf{H H= Hb +0,V ueY, } ey
g = welly = inf {l =, Il +6, ¥ pex,,}. )

The set of all n-approximation (n -co-approximation ) from subset Y, to functiong, in S,, are called
1j-proximal (17-co-proximal) respectively and denoted of them via F,, (¢,) & G,, (¢,) respectively.

If F,, (¢,) & G,,(¢,) are both non-empty sets and for ¢, belong to finite dimensional space S,
then its easy to see that be function of best &-approximation of ¢, always exists but the function of n
-co-approximation may or may not found.

For ¢y,,¢,5 €S, 5, 1f @, orthogonal to ¢, , and denoted byg,, 1, ¢, ,, then

@, Hb,,7 <, - ap,, Hbﬂ, for all scalar «. (3)

In general, if U, &V, are orthogonal non-empty subset of S,; and denoted byU,, 1, V, ., then
u, Ls v, foru, €U, and v, €V, .
We defined the following sets

1
Y, ={p,€8,,.0, 1,7, |
b,
Yl: = {(Pb € Sb,;;, Yb,;; J—;; @y }
We can define the isometry mapping by the following:
Let (Sb,,],H . ||b,,7) be a normed space. Then the mapping ¥ : (Sb’” I ||b’,]) —>(Sb7,7,|| . ||b7,]) is named isom-
etry mapping ( preserving mapping ) if, for Dyp1>Pys € Sb’n, I Dy1— Dy Hbﬂ | lP(pr)_ ‘P(pbz) Hb’” and
¥ (” pb,1 Hbﬂ) ZH pb,l Hb,r; .

2. Auxiliary Lemmas

In this section, some lemmas that we need it in our main results have been proven.
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Lemma 2.1: Let Yb”’l be a subset of S, and 9, € Y, . Then m, is n-approximation to p, € S, if and
only if (%, —p,) e Y}, " -

Proof: Let 9, be an, n-approximation to p,, from (1), we obtain

<l 8, -p, ||b’,]£|| 9-p, ||bﬂ tnforall$eY,,

ol 9 -, l,, <l (% +ad - p, |, +17 forall $e,
<ll9y - py) +adll,, +nforall $ex,,

< (G -pp)l, 3 for all $e Y,

(G -p)eY,, .

Lemma 2.2: Let F,, (p,) be a n-proximal set in space S,,- Then 9, ek, (p,) if and only if
0eF,, (P, —9%)-

Proof: Let 0 €F, (pb -9)
< (p, —9,)—0e Yb,nL”
S (P, —9)eY,, "
Y9 ¢eF,, (py)-

Lemma 2.3: Let G, , (p, ) be n-c-proximal set in space S,, and §; € Yb)nL" . Then §,€ Y, 1s an n-co-ap-
proximation to p,.

Proof: Let (p, —9,)e Yb,n%
= (pb - ,QO)J_” Yb,ﬂ
= (p, - l90)J-17 J

=l 8l <l 9-a(p, - 9)l, +nfor 3eY, anda scalar

= 9+ad, —ad, |, <l 9-a(p, - 9)ll, +nfor$eY, anda scalar
=09 a9 ll, <19 —ap,ll, +7for g eY, anda scalar
=118~ 8 l,,<18 —p, I, +5for 8 e,

= 9, 1s an n-co-approximation to p,.

Lemma 2.4: Let Y, be subspace of bounded space S, ; and p, €S, . Thenfor §, €Y, , p, -9, L, Y},
if and only if a9, is an n-c-approximation to o p,.

Proof: Let a9, is an n-c-approximation to ap,,

=| 9-ad, ||b,,7S|| g-ap, ||b,,7 +nfor $e Y, and a scalar

= 9-ad, ||b,,7S|| -aly, +ald,-ap, ||b,5 +n for $e Y, , and a scalar
= 9-ad, ||b,,7S|| g-—ad +a(I,—p,) ||b’,7 +nfor $eY,, and a scalar
= 9-ad, IIMSII 8 —al(p, —9) ||b,7 +nfor3e Y, and a scalar
=>p,-%L, Y,

Conversely; assume p, -9, L; 1},



Auad A.A. et al., Results in Nonlinear Anal. 6 (2023), 149-156. 152

=p,—% L, dfor ex,

=9 ||b’,7S|| g—-a(p, —9) ||b,,7 +,nfor $eY,, and a scalar

=18l <l 9+ ad, —ap, I, ; +5 for e Y,, and « scalar

=| 9 ||b’,7S|| 4 —ap, ||b”,7 +6 for $e Y, and a scalar

=[ 9 - ad, IIb”nsll 9 —ap, Hbﬁ +nfor 3e Y, andascalar

=ad, is an, 57 -c-approximation to ap,.
Lemma 2.5: Let p, belong to the space Sbﬂ and Y, subspace obeJ]. Then 9, is an n -c-approximation
to p, if and only if 0 is an 1 -c-approximation to p, —9,.

Proof: Let 9, be an n-c-approximation to p,,

ollg-gll,, <l 9-p, l,, +n7 fordex,,
ollg-9 ll,, <l 9-9) -, =9) I, +n for e,
<l gy, <l 8 (o, =), +n for e,

<> 01s an n-c-approximation to p, — 4.

3. Main Results

In this section, we introduced some theorems in which the estimation of the best §-approximation,
n-c-approximation and 6 -orthogonal in bounded space Sb,n .

Theorem 3.1: Let ¥ be an isometry mapping on normed space S, ; and GbJ7 ((pb) subspace 6 -c-proxi-
mal of S, . Then the followings are true

LY ( Gy, (q’b )) cGy, (\P(‘Pb )) :
i, If g, is V-fixed, then ¥ (G, (¢,)) < G,, (¢, )-
1i. If g, 1s ¥-fixed and G, (@, :{(pb}, then ¥ (¢, ) = ,.
iv. If ¢, is ¥ -fixed and {qb e H;¥(q,) =qb} NG,, (@,) =, then either Gy, (@, ) is empty set or Gy, (o)
has more than one element.
Proof: (i) Let 7, € Gb’n ((pb) :>‘P(rb) e‘}’(Gb’n ((pb )) .
We can choose ¢, any function contained in G,, (¢,) and ‘I’(G,“7 (@ )) =G, (¢, )implies there is
function o, €G,, (@, ) such that ¥ (w, ) =i,
¥ () =, I, =1 ¥ (7,) =¥ (03) I, =l 7 — @y [y,
<l g, - ¢, Hb,q +n
=¥ (z,) - ¥ () ll,,, +7
= ¥ (rb )) - @, Hbﬂ +nforall ¢, €G,, (gob)
=>Y¥(r,) eV (Gb’” (gob ))
=1, 1s 17-co-approximation to ¢,.

ii. Let 7, € Gy, (¢, ) , form (i) we have

¥(1,) ¥ (G, (9)) Gy (¥ (05))
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iii. From (ii), we have ‘P(Gbﬂ (¢, )) cG,, (‘P((pb ))

Since, @, 5 (9,)={0,}-
Let 9, €G,, (0,) =¥ (0,) € ¥ (G, (¢,)) <G, (¥(9)) = (03]

= Gy, ()= {0}

iv. From ii, we have ¥ (¢, ) e ¥ (Gb,n (@, )), @, 1s ¥ -fixed
Gy, (gob)ﬂ {Tb € H;‘P(Tb) =Tb} +J :>‘I’(Tb) #T,.
Thus, if ‘I’(Tb) =t,, then 7, 1s an ,n-co-approximation to ¢, and there is no, n-co-approximation
to @,.
:>Gb,n ((pb) =.
If ¥ (t,) #t}, then{, has at least two -co-approximation.
Note: Its simple to note that similar results are true foer’,7 ((pb).

Theorem 3.2: Let S, be the space of all bounded functions and ¥:S,, —S,, is linear isometry
operator. Then, for ¢,,7, €S,

L ¢, L, 7, if and only if ‘I’((pb)J_,7 ¥ (t,).

ii. For a subspace Y, of the space S, ,

¥ (Yb,nin ) _ (‘I’ (Y, )):n |
1i. For a subspace Y, of the space S, , then
¥(r)=(¥(v,))]"

n

Proof: (1) We have for ¢,,7, €S, .9, L, 7,

| ?, ”b,nSH @, —ar, Hbﬁ +n, for any scalar, a
=1 (p,)l, <l ¥, -az)l,, +7
¥ (p,) - a¥(,)
oV¥(p,)L, ¥(7,)-
(i) Letr,eY,, "3 7, = ¥(,) 0, <¥,, " .
So, @, EYb,nL" =¢, L, Y, :T((pb) L, \P(Yb,n)

=1, L, Y(Y,,) =1, € (¥(Y,, )bsz :

Therefore, (Yb’nl” ) c (‘{’ (Yb’n ))l" .

bn

Conversely, 7, e(‘I’ (Yb,n )):5 =7, 1, ¥ (Ylm7 )
Ul

B

Since, ¥ is onto operator 7, =¥ (¢, ) for ¢, €Sy,

‘I’(gob)J_T7 ‘P(Yb7n):> ‘P(gob)J_n ‘P(rb), fort, e, .
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Thus, ¥ (@, ) l,,<I'¥ (@,) - a¥(z,)l,, +7, for any scalar o
il
=@, L, 1, fort,eX, oL Y, =@, Y, .

Now, 7, = Y(¢,) € ‘P(YML” ) .

So, (\P()rbn));7 = (1, .

(iii) Let 7, € T(Y’jj):qb =Y(p,)e ‘P(Yli’,’])-

So, cpbeYli’: =>Y,, L, o :T(Yb,n)Ln ‘P(%),

=¥ (X,,) L, 7 =1, E(T (¥s ))i"
= w(xtr)e (v}

bn

Conversely, 1, e (‘{’ (Yb’n )) = ‘P(Yb,n)Lg 7,, we have ¥ is onto, 7,=Y(p);;¢,€S,,

Ly

and ¥(T,, )L, ¥(p,)
:‘P(rb) 15 ¥Y(p,), 1, S
= ‘I’(Tb) ”b,ESH ‘P(rb)—a‘l’(qob) Hb,n +n, for any « and 7, eYbJ7

= 7 HbﬁSH T, — o, HM +0,for any o and 7, €Yy,

=Y, Ls 9, = 0,€ Y’i’j, we have 7, = \P((pb)e\p(yli,:)
b,y b
= (w(r,,)) " <¥(r)
We obtain, (¥(Y,,))}" =¥ (Yli’n )

Theorem 3.3: Let Y, be a subspace of the space S,, and n>0. Then
1. Y,, is n-aproximal if and only if S, ; =Y, + YML" .
ii. Y,, is n-Chebyshve if and only if S,; =Y,, @ Y,, """

1i. Y, 1sn-semi Chebyshveif and only if for p,€ S, has at most one sum decomposition Y, + Yb’nl" .

Proof: (1) Let Y, , be an n-aproximal set and ¢, €S,, . We have F, | (@,) =@ implies, there is function
T, € Fb’n (gob) such that ¢, —7,¢ Yb,nl‘S & @, =1, +(gob —rb) e me + Ybynl" , implies,SbJ7 c Yb,n + Ylml‘S ,
we have always Y, + mel” cS,, -

J_]
So, Sy, =Y, + 1, "
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Conversely, let S, =Y, + YbynL” Py €Sy,

1
=, EYb,n +Yb,n n
=@, =1,+(p, —7,)
i

=@, —1,€ Y, " &1, €F,, (gob)

= Y,, Isn-aproximal.
(1) Let Y,, be an L -Chebyshev in S, . Then Y, is n-aproximal of S, , from (i) we have

n P8 : : :
Sy, =Yy, + Y, "
Let ¢, eSmegob =¢, +u, =0, +U, ;
4
u, v, €Y, &¢, 0, €Y, "

=@, —@, =U, —U, €Y} .
Since,r, €Y,, " =1, —0eY, " =0eF, (¢,)
) by b b b \Tb

=>u, er’n(dbb +uy)
= u, er,n (qob).

Similarly, we prove that v, € F, (@, ), since Y,, is an n7-Chebyshev,

=@, — o,
= @, €85,,,has a unique representation

i
=8, =Y,, ®Y, .

Conversely, let S, =Y, @ mel", we need to prove that Y, is an -Chebyshev.
From (i), Sb,n =Y, + YbJIL" < Y, 1s an n-proximal.

Let ¢, €S,, has two different n-approximation in Y, asu, ,u,
— Y J'Tl
=@, U, =@, —Uy E Xy,
= p, =uW, +p, —U,,thisis contradiction to our assumption.

= ¢, has a unique representation

=8, =Y,, ®Y,,".
(i11) The proof of this case, immediately from (i) & (i1).

4. Conclusion

These concepts n-approximation, n-co-approximation and 7 -orthogonal of bounded functions in the
space Sb’n have been estimated and isometry operator preserving of this concepts it is also easy to
extend our main results to weighed space containing unbounded functions.
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