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Abstract
In the current work, we will focus on coincidence point and common fixed point property for a family of 
single mappings in Menger spaces. In order to realize our objective, we present the concept of ( , )A B - 
ω -probabilistic contraction, and by utilizing these one, we will examine the common fixed point prop-
erty for a family of mappings in Menger spaces. The related common fixed point property in fuzzy 
metric spaces is achieved as a result of our main finding. Finally, we will give some relatives results 
in ordinary metric spaces to illustrate the main theorem.
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1. Introduction

Actually, the fixed point theory in Menger space is a fundamental branch of mathematical analysis, 
and it has been at the core of numerous scientific research because of it’s large fields of applications. 
Some of the important problems in fixed point theory in this type of spaces is to establish a common 
fixed point theorem for a pair of mappings or more under some specific contraction conditions, which 
was studied by many authors [1–3]. This problematic was connected with relations among mappings 
(commutativity, compatibility...). Several contraction mappings theorems for commuting and com-
patibles mappings have been shown in probabilistic metric spaces [4–7]. Mishra [5] has extended the 
concept of mappings compatibility (presented by Jungck [8] in ordinary metric spaces), later Singh 
and Jain [9] have defined the weakly compatible maps concept in Menger spaces.
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From the contraction condition suggested by Jachymski in [10] and the weakly compatible maps 
concept, we will examine the coincidence and common fixed point of three mappings in order to get 
this property for a family of mappings in Menger space. As an extend of these result we also obtain 
some corresponding common fixed point theorems in fuzzy metric spaces. Our results generalizes var-
ious fixed point theorem [8, 11, 12, 13, 14].

2. Preliminaries

Now we state some basic definitions and facts from Menger space.

Definition 2.1: A map � : [0, ] [0,1]�� �  is called a distance distribution function if the following state-
ments are verified:

 1. ξ  is left continuous on [0, ]�� ,
 2. ξ  is non-decreasing,
 3. ξ (0) = 0  and � ( ) =1�� .
We denote by ��  the class of all distance distribution functions. The subset D� �� �  is the set 

D x
x

� �

��
�� �= : ( ) =1� �� lim .

A specific element of D+  is the Heavyside function εa  defined as:

�a x
if x a
if x a

( ) = 0 [0, ],
1 ( , ].

�
� ��

�
�
�

Definition 2.2: [15] Triangular norm, or t-norm for short, is a mapping  : 0,1 0,1 0,1[ ] [ ] [ ]� �  where 
for all x x x1 2 3, , 0,1∈[ ] the following statements are satisfied:

 1.  ( , ) = ( , )1 2 2 1x x x x ;
 2.    ( , ( , )) = ( ( , ), )1 2 3 1 2 3x x x x x x ;
 3.  ( , ) < ( , )1 2 3 4x x x x  for x x1 3≤  and x x2 4≤ ;
 4. ( ,1) =1 1x x .
Among the basic examples of t-norms are:

M x x Min x x( , ) = ( , )1 2 1 2 , P x x x x( , ) = .1 2 1 2 and L x x Max x x( , ) = ( 1,0)1 2 1 2� � .

Let  be a given t-norm and n∈ , then for all x x xn1 2, , , 0,1… ∈[ ] we write


 

n
n n

n n
x x x

if n
x x x x otherwise

( , , , ) =
1 = 0,
( ( , , , ), ) .1 2 1

1 2 1
…

…�
�

�
�
��

And for every x ∈[0,1], the operation n x( ) is defined by


 

n
nx

if n
x x otherwise

( ) = 1 = 0,
( ( ), ) .1�

�
�
�

Definition 2.3: [15] We say that a t-norm  is of H-type if the family ( )n
nx( ) ∈  is equi-continuous at 

the point x =1 , that is

� � � � � � � �� � � �(0,1), (0,1) : >1 ( ) >1 1.t t for all nn

M  is an example H-type t-norm, but L  is not, for more details (see e.g. [15]).
We note that, if  is a t-norm of H-type, then sup

a
a a

<1
( , ) =1 .
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Definition 2.4: [15] The triple ( , , )Z � H  where   is nonempty set,   is a function from  ×  into ��  
and  is a t-norm, is called a Menger space if the following statements are satisfied for all p q r, ,  in   
and v w,  in [0, )∞

 1. p p, 0= ε ;
 2. p q if p q, 0� �� ;
 3.  p q q p, ,= ;
 4. � H � �p q p r r qv w v w, , ,( ) ( ( ), ( ))� � .

We should note that if ( , , )Z � H  is a Menger space where sup
a

a a
<1

( , ) =1 , then ( , , )Z � H  is a Hausdorff 

topological space [15] in the topology induced by the familly of ( , )� � -neighborhoods defined as

N N Z= ( , ) : , > 0 > 0 .p p and� � � ��� �
Where

N Z �p p qq( , ) = : ( ) >1 .,� � � �� �� �
Definition 2.5: Let ( , , )Z � H  be a Menger space. A sequence { }xn  in   is said to be:

 1. Convergent to x ∈  if for any given ε > 0 and λ > 0 there exist a positive integer N N= ( , )� �  such 
that xn x, ( ) >1� ��  whenever n N≥ .

 2. A Cauchy sequence if for any ε > 0 and λ > 0 there exist a positive integer N N= ( , )� �  such that 
xn xm, ( ) >1� ��  whenever n m N, ≥ .

A Menger space ( , , )Z � H  is said to be complete if each Cauchy sequence in   is convergent to some 
point in  .

Definition 2.6: [16] The triple ( , , )Z M H , where   is an arbitrary nonempty set,  is a t-norm and   
is a fuzzy set on  � � ��(0, ), is called a fuzzy metric space if the following statements are verified:

 1. ( , , ) > 0p q v ;
 2. ( , , ) =1p q v  if and only if p q= ;
 3.  ( , , ) = ( , , )p q v q p v ;
 4. M H M M( , , ) ( , , ), ( , , )p q v w p q v q r w� � � � ;
 5. ( , ,.) : (0, ) [0,1]p q �� �  is continuous for all p q r, , ∈  and v w, > 0 .
Definition 2.7: Let ( , , )Z � H  be a Menger space, A  and B  are two self maps of  . The pair ( , )A B  is 
said:

 1. Compatible if AB BAxn xn n, 0�
��

�  whenever the sequence { }xn  satisfy lim limA Bx x rn n= =  for some 
r∈ .

 2. Are weakly compatible if they commute at their coincidence points, this means, if AB BAx x=  
whenever A Bx x= .

Note that if the pair ( , )A B  is compatible, then it’s trivially weakly compatible.

3. Main Results

Let Φ  be the family of all functions � : [0, ) [0, )�� � ��  satisfying

� �( ) < ( ) = 0 > 0.t t and t for each t
n

n

��
lim
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Before stating our main result, we will need the following lemma.

Lemma 3.1: Let ( , , )Z � H  be a Menger space, x y, ∈  and ��� , if

 x y x yt t t, ,( ( )) ( ) > 0,� � � (1)

then x y= .

Proof. From (1), for every t > 0 we obtain that

 





x y
n

x y
n

x y
n

x y

t t

t

t

, ,
1

,
2

,

( ( )) ( ( ))

( ( ))

( ).

� �

�

�

�

�

�

�

�

that is

 x y
n

x yt t, ,( ( )) ( ).� � (2)

Then it’s obvious that x y t, ( ) =1 for each t > 0. Indeed, if there exists some u  such that x y u, ( ) <1, then 
since that 

u
x y u

��
lim , ( ) =1, there exists v u>  such that

 x y x yv u, ,( ) > ( ). (3)

And from that ��� , there exists n∈  satisfy ωn v u( ) < .
By (2), (3) and the monotony of x y, (.) we have

   x y x y
n

x y x yv v u v, , , ,( ) ( ( )) ( ) < ( ),� ��

which is not true.
Therefore, x y t, ( ) =1 for each t > 0.
Which implied that x y= .
Now we present the concept of ( , )A B -ω -probabilistic contraction.

Definition 3.2: Let ( , , )Z � H  be a Menger space, S  a nonempty subset of  , A , B  and h  are three self 
maps of S . If there exists ���  such that the following inequality holds

 h h A Bx y x yt t for all x y S t, ,( ( )) ( ) , , > 0,� � �

then h is called ( , )A B -ω -probabilistic contraction.
When A B= = idZ  then h  is called ω -probabilistic contraction [1].

Theorem 3.3: Let ( , , )Z � H  be a complete Menger space with  is of H-type and Ran D � � . let S  be a 
nonempty subset of  , A B,  and h  are three self maps of S  which the following statements are verified:

 1. h S S S( ) ( ) ( )� �A B ;
 2. h  is ( , )A B -ω -probabilistic contraction.
Then, there exists p q r S, , ∈  such that A h h Bp p r q q= = = = .

Furthermore, if ( , )h A  and ( , )h B  are weakly compatible, then r  is the unique common fixed point 
of A , B  and h .

Proof. Let x S0 ∈ , since h S S S( ) ( ) ( )� �A B , then h A B( ) ( ) ( )0x S S� � .
So there exists x S1 ∈  such that h Ax x0 1= .
And since h A Bx S S1 ( ) ( )� � , there exists also x S2 ∈  such that h Bx x1 2= .
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Then, by induction, we can construct a sequence { }x Sn ⊂  satisfied

h A h Bx x and x x nn n n n2 2 1 2 1 2 2= = .� � � � �

From that h  is ( , )A B -ω -probablistic contraction, then there exists ���  such that

 



h h A B

h h

x n x n x n x n

x n x n

t t t

t
2 , 2 1 2 1, 2

2 , 2 1

( ( )) ( ) > 0

( ).
� �

�

� �

�

�

And

 



h h A B

h h

x n x n x n x n

x n x n

t t t

t
2 1, 2 2 2 1, 2 2

2 , 2 1

( ( )) ( ) > 0

( )
� � � �

�

� �

�

�

..

Then

 h h h hxn xn xn xn
t t t

� �
� �

1, , 1
( ( )) ( ) > 0.�

By induction we get

 h h h hxn xn
n

x xt t t
�

� �
1, 0 , 1

( ( )) ( ) > 0.�

Before we shaw that { }hxn  is a Cauchy sequence, we prove firstly that for all δ > 0  and 0 < <1ε , there 
exists n0 ∈ satisfy

h hxn xn
n n

�
� � �

1, 0( ) >1 .� �

Since 
t

x x t
��
limh h0 , 1

( ) =1, there exist a t1 such that

hx hx t
0 , 1 1( ) >1 .� �

As ���  and δ > 0 , there exists n1 ∈ such that

� �n t n n( ) < .1 1� �

So, for n n≥ 1 we have

 



h h h h

h h

xn xn xn xn
n

x x

t

t
� �

�

�

� �

1, 1, 1

0 , 1 1

( ) ( ( ))

( )

1 .

� �

�

Hence

n
xn xn

t
�� �
limh h, 1

( ) =1.

Now, we prove that { }hxn  is a Cauchy sequence.
Since that for each δ > 0 , we have

 h h h hxn xn xn xn� �
� �

1, 1,
( ) ( ( )).� � � �

Then, we have

� H � �h h h h h hxn xn xn xn xn xn� � �
� � � �

1, 1, 1 ,
( ( )) ( ( )), ( ( ))� � � � � � � � �( ))

� �
�

H �1
1,

( ( ( ))).h hxn xn
� � �
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Next by induction we get

� H �h h h hxn m xn
m

xn xn
m

� �
� � � �, 1 ,

( ) ( ( ( ))) 1� � � � (4)

Let � � (0,1) . Since  is a t-norm of H-type, then there exist � � (0,1) such that

t t pp>1 ( ) >1 1.� � � � �� �

From that 
n

xn xn
t

�� �
limh h, 1

( ) =1, we get for � � �� ( ) > 0  that there exist n2 ∈  such that

h hxn xn
n n

�
� � �

1, 2( ( )) >1 > .� � � �

And by (4) we conclude that

h hxn m xn
m n n

�
� � � �, 2( ) >1 , .� � 

Thus proved that { }hxn  is a Cauchy sequence.
Since h( )S  is complete, there exists r S∈  such that 

n
nx r S

��
�limh h= ( ).

While h A B( ) ( ) ( )S S S� � , then there exists p q S, ∈  such that A Bp r q= = .
Now we shaw that h hp q r= = .
Let t > 0, we have

 



h h B A

h

x n p x n p

x n r

t t

t
2 2 , 2 2 ,

2 1,

( ( )) ( )

( ).
� �

�

�

�

�

Letting n � ��, we obtain r p t, ( ) =1h  for all t > 0, then we get hp r= .
Alike, we prove that hq r= .
Additionally, we suppose that ( , )A h  and ( , )B h  are weakly compatible and we shall prove that r  is 

the unique common fixed point of h, A  and B .
Since h Ap p=  and h Bq q= , we obtain hA Ahp p=  and hB Bhq q= . Then h A Br r r= = .
From h  is ( , )A B -ω -contraction we get

   h h h A B hp r r r p r r rt t t t t, , , ,( ( )) = ( ( )) ( ) = ( ) > 0.� � � �

Then, from Lemma 3.1 we conclude that hr r= .
Therefore r  is a common fixed point of h , A  and B .
Finally, we show the uniqueness of r .
If there exists another common fixed point y  of h , A  and B , then we have

   r y r y r y r yt t t t, , , ,( ( )) = ( ( )) ( ) = > 0.� �h h A B� �

Which implies from Lemma 3.1 that r y= . That completes the proof.

Remark 3.4: Note that the condition of Ran D � �  is a necessary condition to assure the uniqueness 
of the common fixed points if they exists as shown the next example.

Example 3.5: We put  = , , ,p q r w� �, xy t t( ) = ( )��  for each x y, ∈ , x y≠  and t > 0.
Then it’s easy to see that ( , , )Z � HM  is a complete Menger space under a t-norm of H-type.
Let h A B, , : →  be three mappings which are defined by hp p hq q hr w hw r= , = , = , =  and 

A B= = IdZ , we have, h( ) ( ) ( )  � �A B  and ( , )h A  and ( , )h B  are weakly compatible. In addition

 h h A Bx y x yt t( ( )) = ( ),ω
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for each t x y> 0, , ,� � � � . So h  is ( , )A B -ω -contraction.
It’s should that h , A  and B  admits a unique common fixed point which is not the case, cause 

xy D� � .

Remark 3.6: We should also note also that the statement of  is of H-type is an essential hypothesis to 
prove the existence of common fixed point. We confirm this by the following example.

Example 3.7: [17] Let  be a distance distribution function which is defined by

( ) = 1 1 2 < < 2 , >1,

0 4.

1
t a

if t a

if t

a a�

�

�
�
�

��

�

We take  = 1,2,{ }�  and we define � Z Z: � � �D  by

�
H L L La a b
L
b a a a bt

if t
t t t if t, 1 1( ) =

0 = 0,
(2 ), (2 ), , (2 ) > 0.� � � �� �

�
� �
��

��

Then we obtain that ( , , )Z � HL  is a complet Menger space and the mapping ha a= 1+  is ( , )A B -ω - 

contractive with ω( ) = 1
2

t t  and A B= = Id . It clearly that h A B( ) ( ) ( )  � �  and ( , )h A  and ( , )h B  

are weakly compatible. But h , A  and B  have no common fixed point, since that L  is not of H-type.
By taking A B= = idS  we obtain as a direct consequence of Theorem 3.3 the following result.

Corollary 3.8: [10] Let ( , , )Z � H  be a complete Menger space with  is a continuous t-norm  of 
H-type and Ran D � � . If h  is a ω -probabilistic contraction mapping on  , then h  has a unique fixed 
point r . As well, the sequence ( )hnx  converges to r .

The fuzzy version of Theorem 3.3 will be as the following.

Corollary 3.9: Let ( , , )Z M H  be a complete fuzzy metric space with  is of H-type and 
t

x y t
��
lim( , , ) =1 

for all x y, ∈ . let S  be a nonempty subset of  , A B,  and h  are three self maps of S  which the follow-
ing statements are verified:

 1. h A B( ) ( ) ( )S S S� � ;
 2. There’s ���  such that

 ( , , ( )) ( , , ) , 0.h h A Bx y t x y t for all x y S and t� � � �

Then, there exists p q r S, , ∈  such that A h h Bp p r q q= = = = .
Furthermore, if ( , )h A  and ( , )h B  are weakly compatible, then r  is the unique common fixed point 

of A , B  and h .

Remark 3.10: Since that the condition of “p q, (0) = 0 ” has not been used in the proof of Theorem 3.3, 
then the previous corollary remains true.

Theorem 3.11: Let ( , , )Z � H  be a complete Menger space with  is of H-type and Ran D � � . let S  be 
a nonempty subset of  , A B,  be two self maps of S . Suppose ( )hi i I∈  is a family of self maps on S  that 
verified the following statements:

 1. For i I∈ , h A Bi S S S( ) ( ) ( )� � ;
 2. There’s ���  such that:

 h h A Bix j y x yt t t i j I x y S, ,( ( )) ( ) 0 , , ;� � � � � � � �

 3. For i I∈ , ( , )h Ai  and ( , )h Bi  are weakly compatibles.
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Then ( )hi i I∈ , A  and B  admits a unique common fixed point.

Proof. By Theorem 3.3, we obtain that for each i I∈ , hi , A  and B  have a common fixed point ri .
To complete the demonstration, we need to prove that: r r i j Ii j= � � � .
Let t > 0 and i j I� � . So

 





ri rj i ri jrj

ri rj

ri rj

t t

t

t

, ,

,

,

( ( )) = ( ( ))

( )

= ( ).

� �h h

A B�

From Lemma 3.1 we concluded that r ri j= , which is complete the proof.

Corollary 3.12: Let ( , , )Z � H  be a complete Menger space with  is of H-type and Ran D � � . let S  
be a nonempty subset of  , A B,  be two self maps of S . Suppose ( )hi i I∈  is a family of self maps on S  
that verified the following statements:

 1. For i I∈ , h A Bi S S S( ) ( ) ( )� � ;
 2. There’s k∈ (0,1)  such that

 h h A Bix j y x ykt t t i j I x y S, ,( ) ( ) 0 , , ;� � � � � � �

 3. For i I∈ , ( , )h Ai  and ( , )h Bi  are weakly compatibles.
Then ( )hi i I∈ , A  and B  admits a unique common fixed point.

4. Relatives Results in Ordinary Metric Spaces

As direct consequences of the above results, we obtain the corresponding fixed point theorem in usual 
metric spaces.

Theorem 4.1: Let ( , ) ρ  be a complete metric space, S  a nonempty set of   and we suppose that h , 
A  and B  are self-maps of S  such that h S S S( ) ( ) ( )� �A B . If there exist a non-decreasing ���  with 
ω( ) > 0t  for all t > 0 satisfy:

� � �( , ) ( , ) , .h h A Bx y x y x y� � � � � (5)

Then, there exists p q r S, , ∈  such that A h h Bp p r q q= = = = .
Furthermore, if ( , )h A  and ( , )h B  are weakly compatible, then r  is the unique common fixed point 

of A , B  and h .

Proof. We define � Z Z: � � �D  by

x y t
if x y t
if x y t, ( ) =

0 ( , ) ,
1 ( , ) < .

�
�

��
�
�

Then ( , , )Z � HM  is a complete Menger space (see [1] Lemma 3.5).
It suffices to show that the condition (7) assumed that h  is ( , )A B -ω -probabilistic contraction.
For an arbitrary t > 0, if A Bx y t, ( ) = 0, then it is clear that h  is ( , )A B -ω -probabilistic.
If A Bx y t, ( ) =1, then we have �( , )A Bx y t� , and from that ω  is non-decreasing function, it implies 

that

� � � �( , ) ( , ) ( ).h h A Bx y x y t� � � �
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Hence

 h h A Bx y x yt t, ,( ( )) =1 = ( ).ω

So h  is ( , )A B -ω -probabilistic contraction. Hence, the existence and the uniqueness follows from 
Theorem 3.3.

Similarly, we obtain from Corollary 4.1 the next result.

Corollary 4.2: Let ( , ) ρ  be a complete metric space, S  a nonempty set of   and we suppose that A  
and B  are self-maps of S  . Let ( )hi i I∈  be a family of self-maps on S  such that the following statements 
are verified:

 1. For i I∈ , h A Bi S S S( ) ( ) ( )� � ;
 2. There’s a non-decreasing ���  with ω( ) > 0t  for all t > 0 satisfy:

� � �( , ) ( , ) , .h h A Bx y x y x y� � � � � (6)

 3. For i I∈ , ( , )h Ai  and ( , )h Bi  are weakly compatibles.
Then ( )hi i I∈ , A  and B  admits a unique common fixed point.

We point out that the above corollary allows us to extend the Jungck’s common fixed point [8].

Corollary 4.3: Let ( , ) ρ  be a complete metric space, S  a nonempty set of   and we suppose that A  
and B  are self-maps of S  . Let ( )hi i I∈  be a family of self-maps on S  such that the following statements 
are verified:

 1. For i I∈ , h A Bi S S S( ) ( ) ( )� � ;
 2. There’s k∈ (0,1)  such that

� �( , ) ( , ) , .h h A Bx y k x y x y� � � � � (7)

 3. For i I∈ , ( , )h Ai  and ( , )h Bi  are compatibles.
Then ( )hi i I∈ , A  and B  admits a unique common fixed point.

5. Conclusion

This paper demonstrates the existence and uniqueness of common fixed point for tree mappings under 
some contraction hypothesis, we have examined and extended this property of a family of mappings. 
In the objectif to illustrate our results we have given somme relatives results in ordinary metric space.
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