
Results in Nonlinear Analysis 6 (2023) No. 3, 19–29 
https://doi.org/10.31838/rna/2023.06.03.002 
Available online at www.nonlinear-analysis.com

Received June 23, 2023; Accepted July 15, 2023; Online August 9, 2023

Fractional curl with standard fractional vector cross 
product for a vector pair
Manisha M. Kankareja, Jai P. Singhb

aScience and Liberal Arts, Rochester Institute Of Technology, Dubai, UAE; bDepartment of Mathematics, B. S. N. V. P. G. College, Lucknow 
University, Lucknow, India

Abstract
In this research fractional curl of an electromagnetic vector field is presented using the new definition 
of Standard Fractional Vector Cross Product (SFVCP). The properties are further supported with 
particular case at γ =1 which satisfies the standard vector cross product. The new definition is also 
defined for γ γ γ≤ ≤= 0,0 1, =1. These mentioned concepts makes it geometrically real and visually 
more presentable. This new definition can be applied in various fields of electromagnetic theory, elec-
trodynamics, elastodynamics, fluid flow etc. 
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1. Introduction

Crowe [1] laid the foundation of vector analysis in 1967. Das [2] extended the idea of vector cross prod-
uct and defined fractional vector cross product and fractional curl with application in vector field of 
electromagnetic theory. Later in 2022, Tripathi and Kim [6] presented α  - fractional cross product of 
two vectors in Euclidean 3-space which resembled the definition given by Das [2]. In 2022, Kankarej 
and Singh [4] defined standard fractional vector cross product of two vectors in Euclidean 3-space 
which satisfies all the conditions of geometrical reality. In this paper we used definition of [4] i. e. 
Standard Fractional Vector Cross Product in Euclidean 3-space to calculate fractional vector cross 
product for a vector pair.
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To be precise, this research derives a general expression for obtaining cross product of 2 vectors in 
3R  space. We also obtain fractional curl via fractionalized vector cross product in k  space in 3R  where 

k  space is ˆ ˆ ˆ( , , )k k kx y z  which is Fourier Transformed for spatial coordinate ( , , )x y z  space in 3R .

2. Main Results

The main focus of this paper is to use the new definition of Standard Fractional Vector Cross Product 
in Euclidean 3-space [4] to calculate fractional vector cross product for a vector pair. The flow of the 
paper includes:
 1. The explanation of new definition.
 2. Graphical representation of the new definition.
 3. Derivation of SFVCP for first vector pair.
 4. Derivation of SFVCP for second vector pair.
 5. Derivation of SFVCP.

3. Standard Fractional Vector Cross Product

Further to the study of fractional cross product in [6], we defined an alternative definition which sat-
isfies the assumption given below:

To be in 3-dimensional space a vector product must be represented in 3-dimension, which is satis-
fied in new definition.

For γ = 0 , the standard vector cross product is represented in a 2-dimensional plane.
For γ≤ ≤0 1, the standard vector cross product is an arbitrary vector in 3-dimension.
For γ =1, the standard vector cross product behaves like a normal vector cross product.
And hence we define:

Definition 3.1: Let 3R  be the Euclidean 3-space equipped with standard inner product 〈 〉.,. .  
Let 1 2 3( , , )e e e  be standard orthonormal basis of 3R  and γ ∈[0,1] a real number. Then, for vectors 

+ + + +1 1 2 2 3 3 1 1 2 2 3 3= , =a a e a e a e b b e b e b e  in 3R , the Standard Fractional Vector Cross Product is defined 
by

γ γπ γπ γπ

γπ γπ γπ

γπ γπ

      × − + + − +      
      

      + − + + − +      
      

   + − + +  
  

2 3 3 2 2 3 1 2 3 1 1

3 1 1 3 3 1 2 3 1 2 2

1 2 2 1 1 2 3

= ( )sin ( ) cos ( ) cos
2 2 2

( )sin ( ) cos ( ) cos
2 2 2

( )sin ( ) cos
2 2

a b a b a b a a b b b a e

a b a b a a b b b a e

a b a b a a b γπ  − +   
   

1 2 3 3( ) cos
2

b b a e

(1)

From eqn (1) we have,

γ γπ γπ γπ     × + −     
     

= cos sin cos
2 2 2i j j k ie e e e e (2)

γ γπ γπ γπ     × − −     
     

= cos sin cos
2 2 2j i i k je e e e e (3)

γ× = 0 = {1,2,3}l le e for l (4)

where ( , , )i j k  is a cyclic permutation of (1, 2, 3). The equations (2), (3) and (4) are similar to that in [5] 
and [6].
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4. Graphical Representation Of Standard Fractional Vector Cross Product

Figures 1 and 2 shows that the SFVCP represented by (2) and (3) is a curve having values from −x y 
plane at γ = 0  to z-plane at γ =1. The movement of the vectors for different values of γ  for γ×i je e  and 
for γ×j ie e  are represented in Figure 1 and 2 respectively.

Figure 1: Graphical representation for γ×i je e .

Figure 2: Graphical representation for γ×j ie e .
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5. Standard Fractional Vector Cross Product for First Vector Pair

From above section we have understood that fractional cross product is the fractional rotation of angle 
γπ
2

 of the vector on which the cross product operation is carried on and the rotation about the axis of 

the vector which is doing the cross product operation. The operation being linear we can use superpo-
sition to get the expression for the general Standard fractional vector cross product.

Let us take a vector + +ˆ ˆ ˆ= (1) (1) (1)k k kA x y z
Using eqns (2) , (3) and (4) we have,

γ γ

γπ γπ γπ

γπ γπ γπ

× × + +

     + −     
     
     + − − +     
     

ˆ ˆ ˆ ˆ ˆ= (1) (1) (1)

ˆ ˆ ˆ= cos sin cos
2 2 2

ˆ ˆ ˆcos sin cos 0
2 2 2

k k k k k

k k k

k k k

z A z x y z

x y z

y x z

(5)

Hence,

γ γπ γπ γπ γπ γπ            × + + − −                        
ˆ ˆ ˆ ˆ= cos sin cos sin 2cos

2 2 2 2 2k k k kz A x y z (6)

Alternatively, eqn (6) can be written as 

γ

γπ γπ

γπ γπ

γπ γπ

    −          
      ×                  − −        

ˆ ˆ ˆcos sin (0)
2 2 1

ˆ ˆ ˆ ˆ= sin cos (0) 1
2 2 1

ˆ ˆ ˆcos cos (0)
2 2

k k k

k k k k

k k k

x x x

z A y y y

z z z

(7)

Case 1: Putting γ = 0  in eqn (7) we have

   
   × + −   
   − −   

0
ˆ ˆ ˆ1 0 (0) 1

ˆ ˆ ˆ ˆ ˆ ˆ ˆ= 0 1 (0) 1 = 2
ˆ ˆ ˆ1 1 (0) 1

k k k

k k k k k k k

k k k

x x x
z A y y y x y z

z z z
(8)

Case 2: Putting γ =1 in eqn (7) we have

−   
   × − +   
      

ˆ ˆ ˆ0 1 (0) 1
ˆ ˆ ˆ ˆ ˆ ˆ= 1 0 (0) 1 =

ˆ ˆ ˆ0 0 (0) 1

k k k

k k k k k k

k k k

x x x
z A y y y x y

z z z
(9)

Alternatively, eqn (9) can be written as 

× − +

ˆ ˆ ˆ
ˆ ˆ ˆ= 0 0 1 =

1 1 1

k k k

k k k

x y z
z A x y (10)

Thus for γ =1 fractional vector cross product works as a standard vector cross product.
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Eqn (6) can be written as below

γ
γ

γπ γπ γπ γπ γπδ
            × + + − +                        

ˆ ˆ ˆ ˆ= cos sin cos sin cos
2 2 2 2 2k k k kz A x y z (11)

where γδ −= 2  for γ = 0 . 

6. Standard Fractional Vector Cross product for Second Vector Pair

Now replacing = (1,1,1)A  with + +ˆ ˆ ˆ= ( , , ) =k xk yk zk xk k yk k zk kF F F F F x F y F z  we have standard fractional 
vector cross product for γ ≠ 0.

γ

γπ γπ

γπ γπ

γπ γπ

    −          
      ×             

     − −        

ˆ ˆ ˆcos sin (0)
2 2

ˆ ˆ ˆ ˆ= sin cos (0)
2 2

ˆ ˆ ˆcos cos (0)
2 2

k k k

xk

k k k k k yk

zk

k k k

x x x
F

z F y y y F
F

z z z

(12)

Putting γ =1 in above equation, we have

 − 
  × − + +  
     

ˆ ˆ ˆ0 1 (0)
ˆ ˆ ˆ ˆ ˆ ˆ ˆ= 1 0 (0) = 0

ˆ ˆ ˆ0 0 (0)

k k k xk

k k k k k yk yk k xk k k

k k k zk

x x x F
z F y y y F F x F y z

z z z F
(13)

which satisfies standard vector cross product.

× − + +

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ= 0 0 1 = 0

k k k

k k yk k xk k k

xk yk zk

x y z
z F F x F y z

F F F
(14)

Using eqns (12), (13) and (14) we can write

γ

γπ γπ

γπ γπ

γπ γπ

    
          

      × −            
     

        

ˆ ˆ ˆ(0) cos cos
2 2

ˆ ˆ ˆ ˆ= (0) cos sin
2 2

ˆ ˆ ˆ(0) sin cos
2 2

k k k

xk

k k k k k yk

zk

k k k

x x x
F

x F y y y F
F

z z z

(15)

Putting γ =1 in above equation, we have

  
  × − − +  
     

ˆ ˆ ˆ(0) 0 0
ˆ ˆ ˆ ˆ ˆ ˆ ˆ= (0) 0 1 = 0

ˆ ˆ ˆ(0) 1 0

k k k xk

k k k k k yk k zk k yk k

k k k zk

x x x F
x F y y y F x F y F z

z z z F
(16)

which satisfies standard vector cross product.

× − +

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ= 1 0 0 = 0

k k k

k k k zk k yk k

xk yk zk

x y z
x F x F y F z

F F F
(17)
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Now we have 

γ

γπ γπ

γπ γπ

γπ γπ

    
          

      × − −            
     −         

ˆ ˆ ˆcos 0 sin
2 2

ˆ ˆ ˆ ˆ= cos 0 cos
2 2

ˆ ˆ ˆsin 0 cos
2 2

k k k

xk

k k k k k yk

zk

k k k

x x x
F

y F y y y F
F

z z z

(18)

Putting γ =1 in above equation, we have

  
  × + −  
  −   

ˆ ˆ ˆ0 0 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ= 0 0 0 = 0

ˆ ˆ ˆ1 0 0

k k k xk

k k k k k yk zk k k xk k

k k k zk

x x x F
y F y y y F F x y F z

z z z F
(19)

which satisfies standard vector cross product.

× + −

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ= 0 1 0 = 0

k k k

k k zk k k xk k

xk yk zk

x y z
y F F x y F z

F F F
(20)

From the eqns (12), (15) and (18) and superposing them together we get fractional cross product of 
vector ˆ ˆ ˆ( , , )k k kx y z  with the vector = ( , , )k xk yk zkF F F F  for γ ≠ 0 and + +ˆ ˆ ˆ ˆ ˆ ˆ( , , ) = (1) (1) (1)k k k k k kx y z x y z , we 
have

γ γπ γπ

γπ γπ

γπ γπ

γπ γπ

    × +        
    + −        
    + +        
    + +        

+ −

ˆ ˆ ˆ ˆ( , , ) ( , , ) = cos cos
2 2

ˆcos sin
2 2

ˆsin cos
2 2

ˆcos sin
2 2

cos

k k k xk yk zk yk zk k

yk zk k

yk zk k

xk zk k

xk

x y z F F F F F x

F F y

F F z

F F x

F γπ γπ

γπ γπ

γπ γπ

γπ γπ

γπ γπ

    −        
    + − +        
    + −        
    + +        
    + − −        

ˆcos
2 2

ˆsin cos
2 2

ˆcos sin
2 2

ˆsin cos
2 2

ˆcos cos
2 2

zk k

xk zk k

xk yk k

xk yk k

xk yk k

F y

F F z

F F x

F F y

F F z

(21)
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γ γπ γπ γπ

γπ γπ γπ γπ

γπ γπ γπ

       × + −             
          + + + − +                    

   + + − −   
   

ˆ ˆ ˆ( , , ) ( , , ) = 2 cos cos sin
2 2 2

ˆcos sin cos sin
2 2 2 2

2 cos cos sin
2 2

k k k xk yk zk xk yk

zk k xk

yk zk

x y z F F F F F

F x F

F F

γπ γπ

γπ γπ γπ

  
    

    + − −        
      + − + +            

ˆ
2

cos sin
2 2

ˆcos sin 2 cos
2 2 2

k

xk

yk zk k

y

F

F F z

(22)

Putting γ =1 we have 

× − + + − + − +ˆ ˆ ˆ ˆ ˆ ˆ( , , ) ( , , ) = ( ) ( ) ( )k k k xk yk zk yk zk k xk zk k xk yk kx y z F F F F F x F F y F F z (23)

which satisfies standard vector cross product. 

×

− + + − + − +

ˆ ˆ ˆ
ˆ ˆ ˆ( , , ) ( , , ) = 1 1 1

ˆ ˆ ˆ= ( ) ( ) ( )

k k k

k k k xk yk zk

xk yk zk

yk zk k xk zk k xk yk k

x y z
x y z F F F

F F F
F F x F F y F F z

(24)

This is similar to standard vector cross product.

7. Fractional Curl with Standard Fractional Vector Cross Product

Let us have a vector field which has variation in ẑ  direction. This can be transformed as a vector field 
+ +ˆ ˆ ˆ( ) =k x k y k z kF z F x F y F z  in k domain. We have to find gradient in z direction only, since the vector 

field has the variation in that direction only. We simply multiply α( )ik  which is given in eqn (7).

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

    −          
     ×           

     − −        

ˆ ˆ ˆcos ( ) sin ( ) (0) ( )
2 2

ˆ ˆ ˆ ˆ= sin ( ) cos ( ) (0) ( )
2 2

ˆ ˆ ˆcos ( ) cos ( ) (0) ( )
2 2

k k k

xk

k k k k k yk

zk

k k k

x ik x ik x ik
F

ikz F y ik y ik y ik F
F

z ik z ik z ik





(25)

Fourier inversion of eqn (25) gives fractional curl at γ ≠ 0

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

−∞ −∞ −∞

−∞ −∞ −∞

−∞ −∞ −∞

    −         
     ∇ ×          

    − −        

ˆ ˆ ˆcos ( ) sin ( ) (0) ( )
2 2

ˆ ˆ ˆ= sin ( ) cos ( ) (0) ( )
2 2

ˆ ˆ ˆcos ( ) cos ( ) (0) (( )
2 2

z z z

x

z z z z y

z

z z z

x D x D x D
f

F y D y D y D f
f

z D z D z D





 


(26)
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Putting γ =1 in eqn (26) we have

−∞

−∞

−∞ −∞

  −
  

∇ ×   
  

   
− +

1

1

1 1

ˆ0 ( ) 0
ˆ= ( ) 0 0

0 0 0

ˆ ˆ= ( ) ( )

z x

z z y

z

z y z x

x D f
F y D f

f

x D f y D f

(27)

which is alternatively equivalent to 

−∞

−∞ −∞

∇ ×

− +

1

1 1

ˆ ˆ ˆ
= 0 0

ˆ ˆ= ( ) ( )

z z

x y z

z y z x

x y z
F D

f f f

x D f y D f

(28)

Similarly we have

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

    
          

      × −           
     

        

ˆ ˆ ˆ(0) ( ) cos ( ) cos ( )
2 2

ˆ ˆ ˆ ˆ= (0) ( ) cos ( ) sin ( )
2 2

ˆ ˆ ˆ(0) ( ) sin ( ) cos ( )
2 2

k k k

xk

k k k k k yk

zk

k k k

x ik x ik x ik
F

ikx F y ik y ik y ik F
F

z ik z ik z ik


(29)

Fourier inversion of eqn (29) gives fractional curl at γ ≠ 0

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

−∞ −∞ −∞

−∞ −∞ −∞

−∞ −∞ −∞

    
          

     ∇ × −          
     

        

ˆ ˆ ˆ(0) ( ) cos ( ) cos ( )
2 2

ˆ ˆ ˆ= (0) ( ) cos ( ) sin ( )
2 2

ˆ ˆ ˆ(0) ( ) sin ( ) cos ( )
2 2

x x x

x

x x x x y

z

x x x

x D x D x D
f

F y D y D y D f
f

z D z D z D





(30)

Putting γ =1 in eqn (30) we have

γ
−∞

−∞

−∞ −∞

  
  ∇ × −   
     

− +

1

1 1

0 0 0
ˆ= 0 0 ( )

ˆ0 ( ) 0

ˆ ˆ= ( ) ( )

x

x x y

x z

x z x y

f
F D y f

D z f

D f y D f z

(31)

which is alternatively equivalent to 

−∞

−∞ −∞

∇ ×

− +

1

1 1

ˆ ˆ ˆ
= 0 0

ˆ ˆ= ( ) ( )

x x

x y z

x z x y

x y z
F D

f f f

D f y D f z

(32)
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Again we have

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

    
          

      × − −            
     −         

ˆ ˆ ˆcos ( ) 0 ( ) sin ( )
2 2

ˆ ˆ ˆ ˆ= cos ( ) 0 ( ) cos ( )
2 2

ˆ ˆ ˆsin ( ) 0 ( ) cos ( )
2 2

k k k

xk

k k k k k yk

zk

k k k

x ik x ik x ik
F

iky F y ik y ik y ik F
F

z ik z ik z ik

(33)

Fourier inversion of eqn (33) gives fractional curl at γ ≠ 0

γ γ γ

γ γ γ γ

γ γ γ

γπ γπ

γπ γπ

γπ γπ

−∞ −∞ −∞

−∞ −∞ −∞

−∞ −∞ −∞

    
          

      ∇ × − −            
     −         

ˆ ˆ ˆcos ( ) 0 ( ) sin ( )
2 2

ˆ ˆ ˆ= cos ( ) 0 ( ) cos ( )
2 2

ˆ ˆ ˆsin ( ) 0 ( ) cos ( )
2 2

y y y

x

y y y y y

z

y y y

x D x D x D
f

F y D y D y D f
f

z D z D z D

(34)

Putting γ =1 in eqn (34) we have

γ γ

−∞

−∞

−∞ −∞

   
   

∇ ×    
   −    

−

1

1

ˆ0 0 ( )
= 0 0 0

ˆ( ) 0 0

ˆ ˆ= ( ) ( )

y x

y y

y z

y z y x

D x f
F f

D z f

D xf D zf

(35)

which is alternatively equivalent to 

−∞ −∞ −∞∇ × − +1 1 1
ˆ ˆ ˆ

ˆ ˆ= 0 0 = ( ) ( )y y y z y y

x y z

x y z
F D D f y D f z

f f f
(36)

Adding (26), (30) and (34) which are components of γ∇ × F  where 
∇ ∇ + ∇ + ∇ˆ ˆ ˆ= x y zx y z  and + +ˆ ˆ ˆ= x y zF xf yf zf  for γ ≠ 0 we have

γ γ γ γ γ

γ γ γ γ

γπ γπ γπ

γπ γπ γπ γπ

−∞ −∞ −∞ −∞

−∞ −∞ −∞ −∞

       ∇ × + + − −        
       

           − − + − +            
          

ˆ= cos {( ) ( )} cos ( ) sin ( )
2 2 2

ˆ ˆcos ( ) sin ( ) cos ( ) sin ( )
2 2 2 2

y z x x z y

x y z y z x

F x D D f D D f

D D f y D y D f

γ γ γ γ

γ γ γ γ

γπ γπ γπ

γπ γπ γπ γπ

γπ

−∞ −∞ −∞ −∞

−∞ −∞ −∞ −∞




         + + + − −          

          
          + − − + −           

          

+

cos {( ) ( )} sin ( ) cos ( )
2 2 2

ˆ sin ( ) cos ( ) sin ( ) cos ( )
2 2 2 2

cos

x z y x y z

y z x x z y

D D f D D f

z D D f D D f

γ γ
−∞ −∞

   +   
  

{( ) ( )}
2 x y zD D f

(37)
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γ γγ γ γ γ
γ

γ γ γ γ γ γ

γ γ γ γ γ γ

γ γ γ γ γ γ

γπ γπ

γπ γπ

    ∂ ∂∂ ∂ ∂ ∂       ∇ × + − − + −         ∂ ∂ ∂ ∂ ∂ ∂     
    ∂ ∂ ∂ ∂ ∂ ∂     + + − − + −         ∂ ∂ ∂ ∂ ∂ ∂    

+

ˆ= cos sin
2 2

ˆ cos sin
2 2

ˆ

y yx x z z

y y x z x z

f ff f f fF x
y z x x y z

f f f f f fy
z x y y z x

γ γγ γ γ γ

γ γ γ γ γ γ
γπ γπ    ∂ ∂∂ ∂ ∂ ∂       + − − + −         ∂ ∂ ∂ ∂ ∂ ∂     

cos sin
2 2

y yz z x xf ff f f fz
x y z z x y

(38)

Putting γ =1 in eqn (38) we have

   ∂ ∂    ∂ ∂ ∂ ∂ 
∇ × − + − + −        ∂ ∂ ∂ ∂ ∂ ∂           

∂ ∂ ∂
∂ ∂ ∂

1 1 1

1 1 1

ˆ ˆ ˆ=

ˆ ˆ ˆ

=

y yz x z x

x y z

f ff f af fF x y z
y z z x x y

x y z

x y z
f f f

(39)

From eqn (38) and (39) we have fractional curl defined as: 

γ γ γ γ

γ γ γ γ

γ γ γ γ
γ

γ γ γ γ

γ γ γ γ

γ γ γ γ

γ γ γ

γ γ γ

γπ

γπ

 ∂ ∂ ∂ ∂
+ − − 

∂ ∂ ∂ ∂   
   ∂ ∂ ∂ ∂   ∇ × − + −     ∂ ∂ ∂ ∂   
   ∂ ∂ ∂ ∂ − − +
 ∂ ∂ ∂ ∂ 

∂ ∂ ∂ +  
  ∂ ∂ ∂

ˆ
ˆ= cos

2
ˆ

ˆ ˆ ˆ

sin
2

x

y

z

x y z

y z x x
xf

F yf
y x z y

zf

z z x y

x y z

x y z
f f f

(40)

γ γ γ

γ γ γ γ γ γ γ

γ γ γ

γπ γπ
 ∇ −∂ −∂  
      ∇ × −∂ ∇ −∂ + ∂ ∂ ∂           −∂ −∂ ∇    

ˆ ˆ ˆ ˆ
ˆ= cos sin

2 2
ˆ

yz x x x

y zx y y x y z

z z xy z x y z

xf x y z
F yf

zf f f f
(41)

where 
γ γ γ γ γ γ γ γ γ

γ γ γ γ γ γ
γ γ γ γ γ γ γ γ γ

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
∇ + ∇ + ∇ + ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= , = , = , = , = , =yz zx xy x y zy z z x x y x y z

8. Conclusion

This research focuses on establishing certain properties of SFVCP with vector pair. This new defini-
tion satisfies all the properties of geometrical reality and the standard vector cross product result at 
γ =1 which makes it more applicable in real sense. As this definition is new it will open path for many 
researches in various fields of electromagnetic theory, electrodynamics, elastodynamics, fluid flow etc.
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