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Abstract

Fractional order systems play a vital role in the study of the abnormal behavior of dynamic systems
in physics, biology, viscoelasticity, and in the study of population dynamics. The thing that caught
our attention thinking about using the order of the fractional derivatives as a function, where we find
some works (mentioned in the introduction), in which the order of the fractional derivative has been
used as a function that changes with concentration, time, space, or other independent quantities.
Motivated by these works in this manuscript, we studied the existence of solutions of the following
hybrid fractional differential equation of variable order involving the y-Hilfer fractional derivative

H noa(t),ow u(t) _ H npt)ow
D, = ht,”" DYV ue)), te[0,T]
o [f(t,H DY OV u(t)) >

W ®) - O Pult)l_o=uy, uyeR

where 0< B(t) <a(t)<1,0<0o <1, (@) =alt)+od—a(t)), feC(J xR,R"), and h e C(J xR, R).

We used some techniques to show the existence of the solution by the Krasnoselskii fixed point theo-
rem. These techniques are based on the change of the variable 7 Dg ®o¥(t). Further, an example is
provided to illustrate our results.
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1. Introduction

The theory of fractional differential equations has emerged as an interesting area to explore in
recent years. The concepts of fractional derivation and integration are often associated with Riemann
and Liouville, while the questioning of the generalization of the notion of derivative to fractional orders
are examined in earlier studies. Indeed, the history of fractional calculus began with a key question
from Leibniz, to whom we owe the idea of fractional derivation. He introduces the derivation symbol

n

d . P .
of order n, —ny, where n is a positive integer. It was perhaps a naive game of symbols that prompted
X 1
the I’H’6pital. To wonder about the possibility of having n in Q, He asked the questio?: what if n = B

In 1695, in a letter to the L'H’6pital, Leibniz prophetically wrote: “So it follows that D2x will be equal
to x%/dx : x, an apparent paradox from which useful conclusions will one day be drawn?” Fractional
calculus has been considered one of the best mathematical tools to characterize the memory property
of complex systems and certain materials [16, 2, 6]. Indeed, in the classical approach, the memory of
a system can be represented by the following integer order derivative

aof® _ fO-fE-80

<t,
dt At—0 At

when we use this definition to characterize a system, we can say that it represents the short memory
property of the system, since this definition only used values in two points. However, in the fractional
approach, the memory of a system can be represented by the following fractional order derivative [7]

ddi;gt) :]Ti_r)y(}r—a ;(_l)k {Z]f(t—kf), nt=t0<a<1,

where o is the fractional derivative order. the expression of fractional order derivative exhibits the
memory of the considered function’s history because when calculating the value of the fractional
derivative at t, all the previous values of the function f(¢) must be used. For more details see [14].
The fractional calculus allowed the operations of integration and differentiation to all the complex
orders. This fact allows us to consider the order of fractional derivatives as a function of time, space,
or other variables, rather than a constant of arbitrary order [5], [10]. Samko et al. first proposed the
concept of variable order operator and investigated the mathematical properties of variable order
integration and differentiation operators of Riemann Liouville type [4]. there are principally two
types of variable-order fractional derivative definitions, with the details about the two definitions
given in [14]. Lorenzo and Hartley made some theoretical studies via the iterative Laplace transform
and generalized different types of variable order fractional operator definitions [5].

In [15] the author studied the existence and uniqueness of a solution to an initial value problem for
the following differential equation of variable order involving the Riemann Liouville derivative

DiO%x(t) = f(t,x(t)), 0<t<T )
x(0)=0 @
where
i —a(t)
Dﬁ%@:ﬂ-ﬁlﬂ——mgﬁ,t>o

dtd T - a(t)

The authors in [11] studied the existence and Ulam-stability of solution of the following fractional
order hybrid differential equations to the one with variable order involving the Caputo derivative

{D{j‘“)(x(t) —f(t,.x@®) = g(t,x(t), te[0,T]

x(0) = x, @
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where

(t—5) "

—I‘(l ~a®) x'(s)ds.

t
D5Vx(t) = |
0

Perturbation techniques are compelling in the study of nonlinear systems which are difficult to be
studied and solved; however, the perturbation of such a problem allows us to study this problem and
its characteristics. These techniques differ depending of the problem studied, where we find linear
perturbation, quadratic perturbation, and implicit perturbation. For further details on these types
of perturbations, see [17]. In this paper, we are interested in the study of a quadratic-ally perturbed
problem, problems perturbed in this way are called hybrid differential equations. For more details
on these types of these equations see [18], [17], [19]. We investigate the existence of solutions, on a
sub-interval of J =[0,T], (T <) for the following hybrid fractional differential equation involving
y-Hilfer fractional derivative

+

H na(t)ow u(t) _ 104 H nBW.ow

Dy 7 =h(t," D u(t)), te[0,T]
(),CT, 0+

[f(t, DV u(t)) (3)

WO -y O Ou) =1, uyeR

where 0< B(t)<a(t)<1, O0<o <1, {(@)=at)+ocl—all)), HDS‘(”"”"’ ), HDf(t)"”"’ (.) denote y-Hilfer
fractional derivatives of variable order a(t), B(¢) and type o, f € C(J x R,R"), and h e C(J xR, R).

2. Preliminaries

Let J =[0,7T'] be a finite interval of R. C(J,R) be the Banach space of continuous real function h
with the norm || A ||= max{|h(t)|:t €J}. C"(J,R) be the Banach space of n-times continuously differ-
entiable functions on J.

Let [a,b] with (0 <a <b <) be a finite interval and v € C'([a,b]) be increasing function such that
v'(t) =0, Vt €[a,b], we consider the weighted space:

Cy e,y ([@,b]) ={@(1) : (a,b] > R,(y (1) ~y (@) @(t) € C'[a,b]}

endowed with the norm:
|| D(t) ”Cl-c,W([a,bD: max; g p | (w () - W(a))kg D(2) |

Let us recall some definitions and properties of fractional calculus.

Definition 2.1. [I] The left-sided wy-Riemann-Liouville fractional integral of variable order
a :[a,b] > (0,+0), for an integrable function ® :[a,b] - R with respect to another function v :[a,b] > R,
which is an increasing differentiable function such that v'(t) # 0, for all t € [a,b], (-0 <a <b<+©0), is
defined as the following two types:

1"V (1) = I W'(S)(Wg()o:(;/;)(s))a(t)l ®(s)ds 4)
rva) = [¥ '(s)(wg()a—( sv/)gs))"‘“)1 D(s)ds (5)

where I'(.) is the Euler gamma function defined by

I'(z) = Ie‘ttz_ldt,z >0
0
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Definition 2.2. [I] The left-sided wy-Riemann-Liouville fractional derivative of variable order
a:la,b] > (n-1,n] with n=[a]+1, for an integrable function ® :[a,b] >R with respect to another
function y :[a,b] - R, which is an increasing differentiable function such that y'(t) # 0, for all t € [a,b],
(o <a<b<+w0), is defined as the following two types:

a(t)w _ Li " n—a(t)y W(S)(V/(t) W(S))n a(t)-1

D (D(t)_[w'(t) dt) frow= [ (2) dtj'[ T(n-a(t)) Pls)ds ©
wowayy (L L) pravwggy (L ) oV ©@O-yE) "

Da+ q)(t)_(l//'(t) dt] Ia+ Cb(t)_(l//’(t) dt] aq) TS d(s)ds 7

Definition 2.3. [13] The left-sided w-Caputo fractional derivative of variable order a :[a,b] — (n —1,n]
with n=[a]+1, for a function ® € C"([a,b]) with respect to another function v :[a,b] > R, which is an
increasing differentiable function such that y'(t) #0, for all t €[a,b], (—o<a<b<+w), is defined as
the following two types:

C a(t)w n—a(t)y 1 "4 (S)(l[/(t) _W(s))nia(t)il [n]

DOV a(t) = I [ o dJ o(t) = j a0 ol (s)ds )
C a(t)u/ n—a(t)w 1 "4 (8)(‘//(t) l//(s))n )1 [n]

o= dtj 2= I fn-a@) v O @

where CD ) = E @ ;tj D(t).
Definition 2.4. /8] Let o :[a,b] > (n—1,n], with n=[a]+1,y € C"([a,b],R) a function such that y(t) is
increasing and y'(t) # 0 for all t e[a,b].

The left-sided w-Hilfer fractional derivative of function ® € C"([a,b],R) of order a(t) and type
o €]0,1] is determined as

+

HDa(t)Gch(t) Ic(n a(®)y 1 d nI(lfG)(n—a(t));Wq)(t)
(t) dt) e

In other way

H (t),0, _ go(n—a(?)); ¢ (),
DX @(t) = 17O DEOY ()

where

D§ Y b ( ) 1 i I(lfa)(nfa(t));wQ)(t)
v't)ydt) *“
with () =a(t) + o(n —a(t))
In particular, the y-Hilfer fractional derivative of variable order a(t) € (0,1) and type o €[0,1], can
be written in the following two types:

Loy _ )-a(t)-1
HDth);GW (D(t) _ J‘ l// (S)(ll/(t) l//(s)) Djr(S),W (D(S)ds (10)

L @) -a@)

¢ G(s)-a(s)-1
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y'(@)dt) ¢
We notice that, if the order a(¢) is a constant function p, we know there are some important prop-
erties as following. Let J =[0,T], (T < +).

where ¢(¢) =a(t) +o(1-a(t)), and D-OY d(1) =( 1 ij IV Ov(t).

Lemma 2.1. [1]. Let p,q >0. Then we have
I'(9)
I'(g + p)
i) DY (w () -y (0) T =0

1) "Dyt () -y

DIy @) -y )" = (v (@) —w (0)

Lemma 2.2. [12]. Let p >0 and q > 0. Then the relation
IV 15" h(t) = Ig‘fq“"h(t)
holds almost everywhere for t eJ and he L"(J,R), m>1.
Lemma 2.3. [8] Let he C"[0,T], n-1<p<n,0<c<1,and { =p+oc(n—p). Then forall teJ
" Dy ¥ I h(t) = h(t)

and

" _ (k)
I g:wH Dy h(t) = h(t) - z U4 (li)(g _l// ]ia:)l) B I(()i*cr)(nfp);q/ 1(0)
1

1 d

here " Ph(t)=| ———
where n, () {ll/'(t) di

n—k
J h(t) in particular, if 0 < p <1, we have

_ ¢-1
Ié):wHDg;a;wh(t) — h(t) _ (V/(t) FZ/()O)) I(()l—cr)(l—p);wh(o)_
+ + g +

Moreover, if h e C1—g (J) and I(l)’g”"h eC, (J) such that 0<¢ <1. Then for all t € J

1-Cw

Ig:"’HDg:G;"’h(t) — h(t) - (v (@) 1:(1/2()0))41 I(()i—ﬁ);wh(o)

Lemma (2.2) is a semi-group property for the Riemann-Liouville fractional integral, which is very
crucial in obtaining the Lemma (2.3) which allows us to determine the existence of the solutions of
differential equations for the y-Hilfer fractional derivative. For general functions a(t), p(t), we notice
that the semi-group property does not hold, i.e., I¢V" 1PV h(t) = I¢©**¥ p(t). Then we have the fol-
lowing Lemma ’ ’ '

Lemma 2.4. Let h(t), a(t), B(t) be real functions on a finite interval [0,T] and v :[0,T] > R, that is an
increasing differentiable function such that y'(t) # 0, for all t €[0,T], then we have

Igi(t);l// Iéi(t);"’h(t) - I&(t)w(t);wh(t)’ te [O,T]

in particular, for general functions 0 < a(¢) <1, we have

IEOVITE OV h(t) = I§ OOV p(t) = IV h(t), ¢ €[0,T]
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Example

In this example, we will verify that I¢©Y IPOVh(t) |,_y= I7OPOY h(t) |, for

1 0<¢t<1
a(t) =
2 1<t<3

0<t<1

2
ﬂ(t):{S 1<t<3,

h(t) =1, and w(t) =t, then for 1 <t <3 we have
I&(t);w I(l)i(t);wh(t) — Igft)fgft)h(t)

Lo a®)-1s _\21 Lo aa@)-1 8 . \3-1
- j (t=5) =" grds+ [E=9) =" grds

Ta®) , T@) y Te®) 3 TG
B j_ (t S)a(t) -1 J_( S)a(t) -1
R 6r(a(®)

then, for ¢t =3 we have
1 21 3 )21
G| B9 245y | B9 s
- ) 2r(2) ) 6r(2)

_288
120
=24

on the other hande, we have
Igft“ﬁ(t);“’h(t) |t:3: Ig+(t)+ﬁ(t)h(t) |l:3
_ % (3 ) @@L Sds
o T@3)+B(3))
3 —(3 9" s’ds

Ir'2+3)
_ 2187 =0,173
12600

therefore, we get

t); t); t t);
Igf )“’Igf W h(t) l,_s# Igf EOV p(t) l.—s

Lemma 2.5. Let X be a Banach space. A mapping A:X — X is called a nonlinear contraction if
there exists a continuous function ¢ : R* — R" such that || Ax — Ay ||I<¢(|| x — y ||), for all x,y € X, which
o(r)<r for r>0. In particular if ¢(r)=cr, 0<c <1, then A is called a contraction on X with contraction
constant c.

Theorem 2.1. [3] Let S be a closed, convex, and nonempty subset of the Banach algebra X. Suppose
that A,B:S — X are two operators such that:

e Au+BveS forallu,veS.
e A is a contraction on S
e B completely continuous on S.
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Then, the operator equation u = Au + Bu has a solution in S.

The following results are necessary for the analysis of our main result.

Let «:[0,7]1— (0,1), B:[0,T]—(0,1), and P={[O,Tl],[Tl,T2],[T2,TB],...,[TN%,T]}. Thus, we define
the functions a(t) and S(¢) as follows

N

at)= Yoy I, (1), t [0,T] (12)
k=1
N

B(t)=> B L, (0),t [0,T] (13)
k=1

where 0 < 8, <o, <1 and I, is the indicator of the interval [T}, ,,T},] (k€1,2,....N, T, =0 and Ty =T),
thatis I, (t) =1 for t [T}, ;,T,], 1,(¢) =0 for elsewhere.
Then the functions a(t) and S(¢) can be written as follows

a,, te[0,T]]

a,, tel[T},T;]
alt)=1"

ay, tellTy,,T]

ﬁp te[OaT1]

By, tell},T,]
)=+

ﬁNa te [TprT]

3. Existence Results

In this partition, we prove the existence of the solution to the given problem (3). We first present the
following important result through which we can prove our major results.
According to (12) and (13), the problem (3) can be written by

N Loy Cr—ay 1
Lo OQEO-wE T [ o ay refor
kz k()l (¢, ~ay) U TGy a0 G @), LelOT] B

N
D LOW® -y ) u®) | g=uy, u, R

k=1

where ¢, =a, +o(1-a,), and D" d(t) = ,Li I, a(t)
' w(t)ydt)

N Lot _ 6, =B, -1
and z, ,(t) = ;Ik (t)0 ¥ (S)(Wr(fe))k i”;i))) D) us)ds, 6, =B, +o(1-p,), for all t [0,T].
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Hence, the equation

p[LOUO -y o[ w® oy tefor
kl"()j (¢, -ay) O Py e )T A O 10T (19

in the interval [0,7}] can be written by

frOwO -y Dgl,w[ u(s)

ds = h(t, , 0,T,].
F(Cl - al) o f(saxﬂl U (8))] ’ (t %ﬁl N (t)) e [ ] (16)

Again the Equation (15) in the interval [1},T,] can be written by

YOO -y @) Dw[ u(s)

——2_\ds=h(t,x, @), telT,T,].
I, -a,) " f(s,xﬂz,u<s>>] P Ot 4

In the same way in the interval [T, ,,T;], i =3,4,...,N (Ty =T) the equation (15) can be written by

frew Oy Dgi,w( u(s)

————— |ds=h(t,x; @), tel[Tl,T,
I -a) " f<s,xﬁi,u<s>>] "o, Felha (19

Now, we are ready to state the definition of a solution to the problem (3), which is crucial in our work.
Definition 3.1. We say that the problem (3) has a solution, if there exists u; € C,_. ,([0,T;]) satisfying
(16) and (w(t) —w(0) ' wu(t) |,_y=ty, u, €C,_ c,w ([0, T5]) satisfying (17) and (y (¢) - l//(O))1 2u(t) |,_o=Uys

u, €C,_ : l/,([O,Ti]) satisfying (18) and (y(t) —y (0))"  u(t) l_o=u, for (1=3,4,...,N).
Where

C, ., (0, T])={®®):(0,T;] > R,y () -y (0) ™ @) e C'([0,;],R), (i=12,...,N),NeN%
Lemma 3.1. Let f e C(J xR,R"), J =[0,T] and h e C, ., (J,R). Then the problem (3) has a solution
given by

= - 61 oy
u(t) = f(t,xﬂl,u(t)){f(o’ 752 (0) (@) -y (O)> + I h(t,xﬂl,u(t))}, (19)
in [0,7}].
Again
- - Co-1 g3y
w(t) = £t xp, “(t)){f(o, PR} (@) -y ()" + 1 h(t,%ﬁz,u(t))}, (20)
in [0,7,].

Repeatly, in the interval [T, |,T.], (i =3,4,...,N) we have

ult) = f(t, 24, (t )){ (W (@) —w (O + Ig™ h(t, x,, u(t))} @1

(0, . u(O))

where y, ,(t) =" DJ*""u(t), ((=1,2,...,N),
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Proof. The idea of the proof is the same as that used in [9].
In the interval (0,7]] the problem (3) can be written by

HDoc1 O W u’(t)
0 &, 2p,.,(2))
(@) -w(O)' ™ u) | _y=u,, u,eR

applying the y-Riemann-Liouville fractional integral operator I;'* on both sides of the problem (22)
and using Lemma (2.3), we obtain:

+

j = h(t), %ﬁl,u(t))’ te [0’Tl] (22)

u(t) - (v (®) _W(O))glil J4-w L — [%Y Rt t te[0,T,
f(t’%ﬁl’u(t)) r(gl) 0. f(t’%ﬁl,u(t)) o 0, ( ’%ﬁuu( ))’ [ 4 1]

this implies that

-1
ult) = £t 75, o (0) ] LO=YO jo W[L] +I§j;‘”h<t,xﬁl,u<t»}, 0] (@29)

r(,) 0. F@xp.®) )

we pose

C = [0 _ou@®
) )

next, we evaluate the value of C using the initial condition. Multiplying (w (¢) —w(0))'* on both sides
of the equation (23), we get

(@ -y ) “u) = ¢ )f( KO+ W O =y (0) ™ f(t, x5 OV R 2, (@), ¢ €[0,T;]

putting t = 0 in the above equation and using the initial condition, we obtain

U,

) 702, 2

putting the value of C in the equation (23) then, we have

u(t)=f(t,%,31,u(t)){ w® -y )" + Igj“”h(t,xﬂl,u(t))} te[0,11].

(0, %, u(O))

On the other hand, suppose that u(t) is the solution of the fractional integral equation (19). Then, it
can be written as

u(t) U, . o
0))* I vV h 0,T,
[ﬂt,m,u(t»} F0,7, a0 WO VO I b, O, €101 (24)

applying the y — Hilfer fractional derivative operator “ D3?Y on both sides of the equation (24) and
using the Lemmas (2.3) and (2.1)(ii), we get:

Hpomow | _ UWH = h(t, t)), tel0,T;
" {f(t,m,u(t» 25O L0
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It remains to verify the initial condition. taking the limit ¢ — 0 of the following equation:

1-¢; = 70 (O
(W (@®) -y (0) > u@) =W @) —y(0) = [t 2, u(t)){f(o, %, .(0))

(W@ —w(O)* 7 + I h(t, 2, u(t))}

we get:
WO -wO) S u®) | _g=uy Uy <R

In the same way, in the interval [T} ;,T.], (i =2,3,4,...,N) we have

u(t) =1, xp (¢t )){m

(@ -y O + g™ hit, 2, u(t))} (25)
where y, ,(t) =" Di**"u(t), (i=2,3,...,N).

The proof is completed
Next, we introduce the following assumptions:

e The function f € C(J x R,R") is bounded and there exists a constant § >0 such that for all p,q € R,
and t eJ we have: | f(t,p) - f(t,q) <S8 | p—q| and L is the constant such that | f(t,p) I< L
e The function h € C(J xR,R) and there exists a function K € C, ., (J,R) such that:

|h(t,p)I< (W) -w(O)' “K() ted,peR
o I,%u(0)=0, where 0, = B, +5(1- f3;) for all (i =1,2,...,N)
M
70,1, (0))
Let X = (lec,w (J,R),|| . ||CH ,(J,R))' Then X is a Banach algebra. Define,

<1, where z, ,(0) =" DJ"**u(0) for all ({=1,2,3,...,N)

S = {veXllvllcg <[0T]R)3R} (G=12,...N)

where :

U, L W@~ w (0))% "

R = TY— 0 1*§iL
i = ()~ (0)) {f(O,xﬂi,u(OW [, = B +1)

1K ”Clci,mo,Ti],R)} (=12,..,N)

Clearly, S, is a closed, convex and nonempty subset of X for all (i =1,2,...,N).

Theorem 3.1. Assume that the assumptions (4,), (4,), (4;), and (A,) hold. Then, the system of non-
linear y-Hilfer hybrid FDE (3) has a solution u € C,_, ,(J,R) provided:

LM ) -w(O)" " < % for (i =1,2,....N) (26)

Proof. To obtain our main results, we start by performing the essential analysis of the problem (3).
Let v(t) =7 Df P7Yu(t)) for all (i =1,2,...,N), then according to the assumption (4,) and the lemma
(2.3), we obtain

u(t) = I v(t)
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Then from the equation (21) we will consider the solution of the following integral equation

v =50 (0))15"’/‘(15 VO O~y O + IH f o) ISVt v), te[0,T], (=12,...N). 27)

Obviously, if v* e C. v ([0,7}]) is a solution of (27), then, applying fractional integral operator Ifi Y on
both sides of (27), from the lemma (2.2), we get

Biw o F (py = Thwv Biw ¢i-1 Biw 7-Biw oy
I () = Iy" 0.0 (O))I (&0 @) @) = O + I I £(2,0" ) I hit,v” (8))

—f(tv(t)){ (ZOR(0) e Igj”h(t,v*(t))}, te[0,T}]

f(0,u"(0))

Let u'(t) = I/"v" (), then we have

uw ()= f(tv (t)){ (@) —w ()" Ié’j“”h(t,v*(t))}

f(0,v"(0))

that is, «” is a solution of (21), with the condition (v (t) -y (0))" “u" (¢) l_o=1,, for all i=1,2,...,N).
Define the operators A: X - X and B: S, - X, for t €[0,7}] by:

By 41 -1
Av(t) = 70, (0))1 f&, @)y () -y (0))

Bu(t) = I,"™ f(t,0@) I3 h(t,v(t)).

We consider the mapping 7 : S, - X defined by:

Tu(t) = Av(t) + Bu(t), te[0,T;]
To prove that u e leCl »([0,7}],R) 1s a solution to the problem (3) is equivalent to proving that the map-
ping T has a fixed point, we show that the operators A and B satisfy the conditions of the Theorem (2.1).
The proof is given in several steps:

Step 1: Let v,y € S}, then for all ¢t €[0,7]] according to the assumptions A, A, and the condition (26)
we have:

|y () =y (0)) 4 (Au(e) + By(£)) | <|(w (£) —w (0)) W L2 £, 00))(w () -y (0)5
+1 @) -y )™ LAY f(t, yaN I h(t, y(1)) |
_ 1-¢; u ﬁl v 61
<(w(T))-w(0)) 70.000) 0 ———— I, | f(t,u(@®) | (w(t) -y (0))
Hy (1) —y ) LIS [ ht, y(2) |
Ju @)y O L @)y @) L
S C,_ ([0,771,R)
f(0,v(0))6 [(a, — B, +1) a0
Uy +(l//(T1)—l//(0))“l‘ﬁl K|
£(0,v(0))8 (o, — B, +1) (05]

<@ (T)—-w(0) = L[
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this gives:
I (Av®) + ByO) lle, ., qom1m= B

this implies, (Av(t) + By(t)) € S, for all v,y € S,.

Step 2: A is a contraction on S;. Clearly from Assumption A; and (A4,), we have
|y @)~y (0) ™ (Au() — Ay(®)) |

— _ 1-¢, u v 61
—‘(l//(t) v (0)) 70, (0))1 (&) —w () (f(t,v(®) - [, y()))

v, |
£(0, <o>>|r< B3
<SP () —w ()7 sup |(w(t) -y () (u(t) - y(t) |

te[0,17]

S51(;[31“‘/(1//(’:)_‘//(O))g1 Ilv- y“c (0.7, 1,R) *
N -G

<(w () -y (0)

Il//( )y (@) =y ()7 W () —w (0D [(f(s,0() = f(5,¥(s)) | ds

Then, according to the condition (26) and Lemma (2.5) the operator A is a contraction on ;.
Step 3: B: S — X is completely continuous:

e B:§S, - X is continuous
Let (v,),. be any sequence in S, such that v, - v as n—> in S;. We prove that Bv, — Bv as
n—oo in S;. We have

1 Bo, = Bule, . qomye= @@~y (O) 5 (1, Fitv, )T h(t,v, ()
1P (0O IS h(t,u(0) ]
< W(T) -y ()5 LI IO (h(t,v, (1)) - h(t,v(®)|

By Lebesgue dominated convergence theorem, from the above inequality, we obtain:

|| Bv, — Bv IICl,gl,u,([O,Tl],R)_) 0Oasn — oo.

This proves that B: S, - X is continuous.
e B(S,)={Bv:velS,} is uniformly bounded.
Using assumptions (4,) and (4,), for any ve S, and ¢ €[0,7;], we have:
|y @) = (0)'™ Bu() =1 (w () =y (0)) = I,M F(t,u@) I h(t,v(®)) |
<@ (T}) -y (O)' ™ LIg ™™ | h(t, y(t)) |

(1) —w Oy AL
< C(at, — B, +1) | llc C ¢y (0T LR)
1 1

therfore

(@) -y ) AL
(e - By +1)

| Bv ||cl a W([OT]]R) I K ”CI,Q,W(IO,TJ,R) (28)
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this implies that B(S;) ={Bv:v e S,} is uniformly bounded.
e B(S,) is equicontinuous
Let any ve S| and ¢,t, € J with ¢, <t,, then using hypothesis (4,) and (4,), we have
| (w(t) =y (0)) ™ Bu(ty) - (w (1) —w (0)' " Bu(t,) |
= (w(ty) -y (O)' ™ I f Wty vt NIF Pty 0(t)) — (v () —y () I, f @) I Aty u(t) |

tZ
[0 W) -y A s I his,v(s) | ds

<1 (ty) - w(O) —1
| (w(t5) —w(0)) eyl

[v' @ E) =y 1 s 1 15 This,u()| ds|

_ —w )4
-y s

ty
- 1 o —f—
< L1y (t) -y(0) ™ m!w’@)(w(&)—w@)) A s, u(s)) | ds

_ 1 ( o p
) O s lw/(s)(w(to —y ()BT hsu(s)) | ds |
EINK e, qomx
(o — B, +1)

L1 (t) —p ) A6 (1)~ () |

by the continuity of v, from the above inequality it follows that:

If |t, —t, > 0 then [(y(t,) - w(0)) = Bu(t,) - (w(t) - w(0)) = Bu(t,) > 0 From the parts (ii) and (iii),
it follows that B(S,) is uniformly bounded and equicontinuous set in X. Then by Arzela-Ascoli theo-
rem, B(S,) is relatively compact. Since B: S, — X is the continuous and compact operator, it is com-
pletely continuous.

So from steps 1 to 3, it follows that all the conditions of Theorem (2.1) are fulfilled. Hence operator
T has a solution in S, .

This implies that the system of hybrid FDE (3) has a solution in C, ,  ([0,T}],R).

As a result, according to the arguments above, u(t) =1 flv(t) 1s a solutlon to the problem (3). In a
similar way, for all i =2,3,..N,N, (T, =T'), we obtain that the problem (3) has a solution w(t) =1 Oﬁ+ u(t)
in C,_ ¢ » (0, T;L,R).

4. Example

In this section, we give an example that is relevant to demonstrate our results. We consider the par-
ticular case when w(t) =t and o =1.
Consider the y-Hilfer hybrid FDE involving Caputo fractional derivative.
c Dﬁ(t)u(t)

1 1 0
C NB® C B C B }
Where f(t, Déit u(t)) = =+ —cos( Doﬂf u(t)), h(t, fo u(t)) = 1+ D(’f(” ) J =[0,3], and

O‘1:%7 te[0,1]
a(t)= a2=§, te[1,2]
3
a,=—, te[2,3
y=2 tel2d)
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pi=7. telol

pO={p =2, telL2]
3
ﬂ3:g’ te[2,3] (29)
C B
" u(t) Dy, "u®)

¢ pe® — :1+(Cgﬁm (t)>2,te[0,3]

§+Zcos(CD0ﬂ+(t)u(t)) 0, U

u(0)=0

Let v(t) = DFu(t), then f(t,v(t)) = L + Lcos(v(®)), h(t,v(t)) = u(t) ~
it i ! 1+(u(t))
it is clear that

| F(t.0(0) — f(t,y(8) < i lu—y 1, 1 ft,u(0) I<

and5=l.
4

3 1M _0<1,and|h(t,v(0) K1, here k(t) =1, L=,
4 [1(0,v(0) 4
We have I(l):ei;"’u(O) = I&u(O) =0, where 0, = B, +o(1 - ;) for all (1=1,2,3).
Now we check for condition (26). Then for all 1 =1, 2, 3), we have
LI (@) ~w @) = I -0
=1,
T*ﬁi
<—i
[(-B,+1)

<l:4
o

(1, =1,T,=2,T, =3)

we observe that all the conditions of Theorem (3.1) are satisfied. Therefore, the system y-Hilfer hybrid
FDE involving Caputo fractional derivative (29) has a solution u(t) = 1 fft)v(t) in C([0,3]), such that

v (1)

oLty ;
u () =110, (t) (2 + 1 sm(vl(t))j I (1 o ()

], te[0,1]

2
u(t) = {uy () = Tu,(t) - [% 4 ism(% (t))] I [M] {eL2]

1+0,(t)?

1+v, (t)*

3
() = I, (t) = [% " isin(vS (t))j I (MJ te[2,3]

where v, (t) =¢ Dfu,(t), for all (i=1,2,3)

5. Conclusion

This work introduces the concepts of variable order fractional integration and differentiation where
the order is a function of time t. We have established existence theory on solutions of the system of
hybrid fractional differential equation of variable order involving y-Hilfer fractional derivative by
using the Krasnoselskii fixed point theorem. Also, we presented an example to illustrate our main
results.
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