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Abstract

In this paper, we consider convolution operator

z

ZD%]’L(Z) = h(Z) * m

and define a new differential operator D}’ on the analytic functions in the complex plane, for all s,
|%| <1. Furthermore, we consider this operator D', and then define two new integral operators. We
discuss some interesting applications of these operators by introducing several new subclasses of ana-
Iytic functions. Also geometric properties are investigated for integral operators on new subclasses of
analytic functions and some subordination results are discussed for differential operator D;’, .
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1. Introduction and Definitions

Let H(V) represents the space of holomorphic functions in open unit disc V = {z eC: |z| < 1}. Let

A = {h ceHV):h(z)=z+a,, 2"+ }
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For n=1, then A = A. The class T is a subclass of A, and every A € 7 has a series of the form:
T={he¢4:h(z)=z—‘;’:2 ajzj,zeV}.

Let the class S*(a) of starlike functions of order a, 0 < a <1 is given by

S*(a):{heA:Re[Zh'(Z)J>a}.

h(z)

For a =0, then S*(a) =S".
Let the class C(a) of convex functions of order o, 0 <a <1 is given by

_ . p [ ER(2)
Cla) = {h eA: Re(—h'(z) j > a}.

For a =0, then C(a) =C.
The convolution of the functions A, g € A, is define by

(h*g)(z)=z +j-°=2 ajbjzj, zeV,
where
g()=z+, bz
and
h(z)=z+7, a;z (1.1)

Let the subordination [1] of two analytic functions & and g in V, (written as h < g), if there exist an
analytic function w in V, along the following conditions

w(0) = O,and|w(z)| <1
for all z eV, such that
h(z) = g(w(z)).

If for any univalent function g, then

h<g
if and only if
h(0) = g(0)
and
h(V) c g(V).

Let v : C*xV — C, and ¢ be a univalent and p is analytic in V and satisfies the second-order differ-
ential subordination

v (p(2),2p'(2),2°p"(2);2) < @(2), forz € V, (1.2)

then, p is called a solution of the differential subordination (see [1]). If p <r for all r fulfilling (1.2),
then the univalent function r is said to be a dominant of the solutions of the differential subordination,
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or just a dominant. The best dominant of (1.2) is a dominant that fulfils r for all dominants r. The best
dominant is unique up to a rotation of V.

The area of study of differential and integral operators has got the thoughtful attention of research-
ers due to many applications in various branches of mathematics. The field of study connecting with
differential and integral operators is the hot topic for the researchers in the field of study on analytic
and univalent functions. In 1951, Alexander [2] was the first who introduced integral operator. After
that, Libra introduced Libra integral operator [3] while in [4] Livingston invented differential oper-
ator and still different type of differential and integral operators are introducing by the researchers
see [6—10]. The invention of Salagean and Ruscheweyh operators play significant role in the field of
mathematics as well as in Geometric Function Theory (GFT). Many researchers [11-14] discussed
their applications and used it to defined many new subclasses of analytic, meromorphic and harmonic
functions. Recently, researchers are started to involve the quantum calculus to discuss many new
applications of differential and integral operators and they are producing remarkable outcomes which
can apply to other areas of mathematics and physics. In article [15], author points out interesting
applications of operators. Jackson [16] was first who brought the g-extension of ordinary derivative
and introduced the g-derivative and g-integral operator and numerous mathematicians have dis-
cussed their applications from different point of view. Recently, number of researchers have investi-
gated extensions of previously known operators, like Govindaraj and Sivasubramanian [17] gave the
g-extension of Salagean differential operator and Kanas and Raducanu [18] used the basic concepts
of g-calculus and gave the g-extension of Ruschewey operator and g-extension of other operators are
investigated in [19-24]. Since operators are use to the study of differential equations by means of
operator theory and functional analysis. In [25], number of integral operators have been introduced
connected with the Lommel functions of the first kind and also derived various interesting mapping
and geometric properties for the integral operators. Particularly, these integral operators play a very
useful role in the study of pure and applied mathematical sciences. On this line of investigation, we
introduced two new integral operators in this paper by using the newly defined differential operator
Dr,.

Let q €(0,1) and n € C, the g-number defined as:

X

1-q
1-q ’

[x], = [0], =0, <C,
[n], =1+q9+q°+..+q¢" L, x=neN.

Jackson [16] defined the g-derivative operator (D,) for analytic functions A as follows:

D h(z):M’ Z¢O’O<q<1,
! (1-g)z
- (1.3)
=1+Z[j]qajzj’1.
=2

Also Jackson [26] defined the g-integral for the function A as follows:
Mz)d,z=(1-q)z) hq’2)q’.
=0

Argawal and Sahoo considered g-derivative in [27] and defined a new class S; (a). Let an analytic
function h e S, (a),0<a <1, if

Zth(Z)_l—aq|S1—a_
h(z) 1-q| 1-gq
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Remark 1.1: If ¢ > 1~, then S, (a) = S™(a).
Remark 1.2: If a =0, the class S, (o) = S,, studied by Ismail et al. in [28].

Here, for complex number s, %| <1, we consider convolution operator

z
zD h(z)=h(z) s —— )
@) =@ (1.4)
_w e L=sd
—j=1 asz *j:l 1— 52 ZJ
e 15 (1.5)
_Z+j:2Eajzl

=2+7, 7], a2,

where

J
V1

[]1{ _ 11—_%

Take s =¢q in (1.5), then we have g-derivative D h and is a special case of the convolution operator
(1.4).

Now considering the operator zD, h(z), we define a new differential operator D}, on the analytic
functions in the open unit disk V.

Definition 1.3: For A >20,meN, s C,

%| <1 and h e A, the operator D", : A — A, is defined by

D} h(z) = h(2),
D} h(z) =(1-A)z)+AzD h(z) = D, h(z),
: (1.6)
D;'f%h(z) =(1- /I)folh(z) +AzD, (D}'j“h(z))
=D, (D]''Mz),zeV.

After some simple calculation of (1.4), (1.1) and (1.6), then we have
D' hz)=z+%, (A[j], -D+D"a,2’.
If h(z) =z -7, ajzj e T, then we have
D} hz) =z -7, (M[J], ~D+1)"a;z’.
The following identity can also be verified:

D/’{ffh(z) = [1 - [Mf jD,’{f%h(z) + ([Mf JZ(D/’{;h(z))’. (1.7)

Remark 1.4: If h(z) =z +7, ajzj € A, then we can also write
D7 Mz)=z+_, (M[j], -D+D" afzj
and if h(z) =z -7, ajzj e T, then

D} Mz) =2 =7, (AU, -D+D)"aj2.
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Remark 1.5: If »x =1, then we obtain Al-Oboudi-differential operator [29].
Remark 1.6: If A =1, and s = q, then we get Salagean q-differential operator [17].

Remark 1.7: If A =1, s =1, then we have Salagean differential operator [30].

In this paper, the new differential operator D}’  is defined, and then using the operator D)’ given
in the Definition 1.3 two new integral operators are introduced. Considering these newly defined
operators, some new classes of analytic functions are formulated. Related to the new integral opera-
tors two new lemmas are proved which will be used to prove our main results. Next, we provide some
theorems including the conditions for functions in class 7 and show the connection between new
operators and newly defined classes. In the last, we used the best dominants of certain differential
subordinations, we proved subordination results, which are the extended forms of Theorem 2.3 and
Theorem 2.4.

Using the operator D}, h(z), we now define two new integral operators.

Definition 1.8 Let integral operators FZK@ " and G;'Z'h " for functions h, e T, y, eR, i ¢ {1,2,3...,l},
are define as follows:

........

)"71,72,.‘.}7 0 t t

" m 7t
o _Z[Dz,xhl(t)] [M] dt, (1.8)

and

n 7l

: (w] dt, (1.9)

e

Gm* z {D/rlrf/:h‘l(t)J

where, 1 >0, |%|£1, meN, zeV.

Remark 1.9 For A=0, m=0, » =1, in (1.8) then we have integral operator investigated in [31] and
for A=1, m=0, s —1, in (1.9) then we have integral operator investigated in [32].

Considering the differential operator D}’ and the integral operators Fﬁ’f}’z " and G;’f}’,’l‘ vy 12 W
define some new classes of analytic functions he 7.

Definition 1.10: The class R(5,), 6 >1, of the functions h € T which satisfy the inequality

D' h(z))
Re w <5,Z€V.
D} h(z)

Definition 1.11: The class C(8,sc), 6 >1, of the functions h € T which satisfy the inequality

Re 1+w <§,zeV.
(D}, h(2))

Definition 1.12: The class RA(B, u,»), 0< B <1, 0<u <1, of the functions he 7T which satisfy the
inequality

2(Df, h(2))
D! h(2)

1

B[M]l ey

D7 h(z)
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Definition 1.13: The class C.A(ﬁ,u,%),OS B<1,0<u<1, of the functions heT which satisfy the

inequality
Dm h n Dm h ”
u‘ﬁ[HMH N EC ARG .

(D;..(2))'

(D}, Wz))

Definition 1.14: The class LAF (L, B, 7,75 71:%), 220, B >0, and ~1< u <1 contains the functions
h. 1e€{1,2,..l} which satisfy

ﬂz( e (Z)) +u|<Re 1+2( A (z))

( ”17172 71( )) ( “’17’2 Vl( ))
where, F*” (2) is defined in (1.8).

/177

,2€V,

Definition 1.15. The class LAG(A, B, 1,7, Yo Y1,%), 220, B>0, and -1< u<1 contains of the func-
tions h;, 1 €1{1,2,...I} which satisfy the inequality

14 "
m,s m,x
< (Fl,yl’yzmyl (Z)) < (Gl,ylyzwn )
+u|<Re|l+ ——1 2

( Ml Y9, 71 (Z)) (G%’i?’z,..ﬁ)
where, G}~ (z) is defined in (1.9).

/Wy

,Z€V,

2. Lemmas

Here, we state some known lemmas and also prove two new lemmas that will help to prove our main
results of this article.

Lemma 2.1: [1]. Let p is univalent in V and let ¢ be an analytic in domain containing p(V). If

P (@) 2.1)
¢(p(2))
is starlike, then
2y (2)d(y (2)) < zp'(2)¢(p(2)),z € V, (2.2)
then,
v (2) < p(2),

and p(z) is the best dominant.

Lemma 2.2: [33]. Let s and p are analytic in V and p is convex univalent, for complex number o, f3

and y and y #0. Further let
Re{ng%p(z) +(1 +Mﬂ > 0.
vy p(2)



Ahmad N, Results in Nonlinear Anal. 6 (2023), 97-115. 103

If an analytic function s(z) =1+ ¢,z +.... in V and satisfies
as(z) + Bs*(2) + yzs'(2) < ap(2) + fp*(2) + y2p'(2),
then,
s(2) < p(2).
Also p(z) is the best dominant.
Theorem 2.3: [34]. For 0< 3 <1, let p be convex univalent and

R{l ﬂﬁ +2p(z)+(1+ il(’S)H > 0.

If h e A satisfies

zh'(2) 5 h'(2) 2 ,
he) +pz W) <(1-B)p(z) + Bp”(2) +yzp'(2),
then
zh' (z)
) < p(2).

Also p(z) is the best dominant.

zp'(2)

Theorem 2.4: [34]. Let ¢p(z) = @ is starlike univalent in V and p is analytic in V and p(0)=1. If
p(z

h e A satisfies the following subordination

(zh(z)" 4 2h'(2)

hz) e J°@

then,

1)
h*(2)

< p(2).

Also p(z) is the best dominant.
Lemma 2.5: For h(z) =z —;‘;2 ai’jzj, 1€{1,2,...]), then we have

(#5@) Ny {—;’quﬂﬂ -], -1 +1}maﬁ,.z“}
" 1L, AL, -+ )
( wz @ )) = AL, -D+1"a; 2

i=1
where, F*” (z) is defined in (1.8).

/177

Proof. For h, (2) z2-, 0 2’ 1e{1,2,..10), then

(D7 hi(2)" =17, GLAMUL, -1 + 1" (g, )"
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We obtain
m n m "
(Fm,z (Z))' — DA,%h’I(Z) D/l,xhl(z)

AR z z ’

SO
e "z - "z
(@) =B (7, 0) T E R GO by vt

where

(D’” h(z)) — D™ h(2)

E =y, b 22 e )
where, i €{1,2,3,...I}. We calculate the expression
) N Y XC
., =l /i ?_
(#, 0@) Diohi(2)
We find
(Fin@) | [l 0L ) e
;=1 d m ] -
(Ff}’fh,..h (z)) z2—7 {l ([]L —1) + 1} aijzf
y jz(m - ){ (L7, _1)+1} a2’
=l
B N Y (PR P
| ([ il -)a([i], -1) 1 a2
S ROl ) e
Lemma 2.6: For h(z) =z -, g Jz 1€{1,2,...1), then we have
267, @ )) Ll ()AL ) ) e
T =L m ] )
( B 71 72 R4 (Z)) 1 _;):2 |:J:|’/ {l (I:J]” _1) * 1} a‘?d’jzjil

where, G,'{‘y”y y (2) is defined in (1.9).
Proof. For h, (z) z2—7 al]z 1e{1,2,..1), we obtain

(6, @) =(@nmey ) (@ men )"
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SO

(67, @) = m(er ¢ )—(D;n“h‘(z))".

i vy 1 \F irre 17 '
172,71 1,72,..71 (D;n/hl (2))
We calculate the expression ( i 2. 71
( Mlyz 71( ))
(6, @) | (o)
PR S I £
( /17172 71(2)) (D’rln/hl(z))
We find
lenn, @) L[Sl Y e
“i=1 Vi — : .
(e, ) 1 U (0] ) e
Hence

(00, @), [RLL G- ) e

=174

( inta.n@ )) 1-15, [, (A([7], -1)+1) a2

3. Main Results
Sufficient conditions for h; € LAF (A, B, 1,7, 7, v;,%) and h; € LAG(A, B, 1,7, 75, ¥;, %), where

A>0,>0,-1<p<I.

Theorem 3.1: Let h, €7, i e {1,2,3...1}. Then h, € EAf(l,ﬁ,u,yL;@

(T, -], -1)+1) e

y,,%) if and only if

oo

5:17i(ﬁ+1) ' m <1-up, 3.1)
1-7, {,1([]]% —1)+1} a?,
where, f >0, -1 < u<1.
Proof. When (3.1) holds, we have to show that
(F’l M2, (Z)) ‘ _Re (FM 79,.. 71(2)) <1l-up,

( Mlyz }’l( )) ‘ ( Ay1y2 yl( ))
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where, >0, -1<u<1.
We have

Z(F’l’ﬁ,yz,...yl (2)) ‘_Re Z(FW’LVz,...Vl (2)) e Z(FA N9 (2)) ‘
(wmwgﬁ\

m,x

(e, @) || (7 )

Using the Lemma 2.5, we have
e o A

=(m
(/3+1) —(/3+1) i=1Vi _
(M@n@ﬁ AT TR

|

-1
i z/ ‘

(
<(B+1)_7, 12([1 1){1([@ —1)+1} a?
<(B+1) (2], 1)+ e

)

(

z"

<(B+1)_ 7, ]Z(DJ - {/l([]] _1)+1} i <1-
(7], 1)+ e

So, we deduce

Z(F/I,V,LVZ___VZ (2)) ‘—R Z(F’lvﬁ,yz,i..yl (2)) <1-u

e
(Flmyfyz yl( )) ‘ (F),myl/y2 yl( ))
or equivalently
(Flmy%yz 7 (2)) (Flmyfy e (Z))
Re| 1+ > —| + u
(P, @) )| (i, )

Hence hi € £Af(l7ﬁ’,u’ }/1,?/2,.._7/1,%)-
Conversely, suppose h; € EAF(/I,ﬁ,u,yl,y%yl,%). From Lemma 2.5 and (3.1), we obtain

|l )0, )+ e
=1 yi m
1-7, {l([j]%—1)+1} a?,
T e i R
= Pli=1?i m .
1-7, (A([7], -1)+1) etz

> BLy, (7], —1){/1([1']% —1);1}'” aijzj—l .
1-7, (A ([7], -1)+1) etz

z"l‘

I
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which is equivalent to

' B j= 2([]] —1){/1 ([jl{ _1)+1}m azjzj—l -
i=1 PY; _ |
il ) e
! = 2([J -1 {l([]] _1)+1}m aijzj—1
Ti=17i |
] .{EQA%—Q+1}a;y4 |
<l-u,

which reduces to

?:2([j]% —1){/1 ([j]% —1) +1}m a2zl
to {A(DL _1) * l}m al .z

when z — 1 - along the real axis, we deduce the inequality (3.1).
If we take y =q (0<g<1), then we obtain a new result, which is given below in the form of a
corollary.

Corollary 3.2 Let h; e T, i {1,2,3..1}. Then h; e EAF(/’L,ﬁ,u,;/Lyzwyl,q) if and only if

(0], ) (A0, 1)+ e
1= (2[4, 1)+ e,

§:1 B+ 1)71‘

<1-u,

5:1 Vi (ﬁ + 1)

<1-wu,

where, § >0, - 1< u<1.
Using the technique of the proof of Theorem 3.1, and Lemma 2.6, we obtain the Theorem 3.3.

Theorem 3.3: Let h, € T, i €{1,2,3...1}. Then h; € LAG(A, B, 1.y, 7, 7,,>) if and only if

g LI

-5, [7], (0], -1)+1) o

where, f >0, -1 < u<1.
Now we prove some properties of the integral operators F,"” (2) and G~ (z) on the classes

AryYe Y A e,
R(5,%), C(S,%), R.A(ﬁ,,u,%), and C.A(ﬂ,u,%).

i(2))
Theorem 3.4 Let y, R, v, >0,i€{1,2,3..1}, h, € T and % <M, If h, eRA(ﬂi,/,ti,%), then

Ay’

(2) e D(5 ), where

Mly K

8'=1+_ y,u(BM,; +1),z€V.

Proof. It is clear from (1.8) that F,"”* e 7. On differentiating F,"” (2) given by (1.8), we get

Anre,.n Ay,
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m,x , szhi(z) &
(Fl’y’l:yzmyl(z)) =t [AT] . (3.2)

Taking the logarithm derivative of (3.2) and multiplying by z, we obtain

(B, @) (D)

_ ,
—i=1 Vi

- ' D} h,(2)
(F’1>V1,72,...Vl (z))
equivalently
(B, ) 2(Dp ki (2))
14 "2, — 1+§:1 y, M_l ) (3.3)

m,sx ' D;f/hl (Z)
(FW1,72,...71 (Z))

Now we take a real part of both sides of (3.3), we have

A"

z (F/{z”;{}? " (2)) i
Re|1+ — =1+,_,7;| Re
D! h,(z)

1
m,x Ayt
(27, @)

(D ()
“*%%‘%%7551‘1

At L

(D h.(z))' i

Since h; e RA(B;, 1, ), we deduce that

Z(Fl”,l’% (Z)) z Dmn h(Z) ’
Rol 14 72,71 <1 +§:1 Vil ﬁi (.D:;A—hl())
m,s o

(F}«,}’Lyz,“_yl (2))

2(Dr @) | | ;
— |+ v.uB.
Dm h(Z) =1 yllLtl 2

Ayt L

<1 +§=1 Yl B;

<1 +§:1 Vit (B;M; +1).

=17t (B M +1) > 0, F;" Y (2)eD(S ),

Ay,

where
8'=1+_ y,u(B.M,; +1),z € V.

Let =1, y, =y, 6, =0 and h, =h in Theorem 3.4, we obtain the following corollary.
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h'(z)

Corollary 3.5: Let heT and
h(z)

<M, IfheRA(ﬁ,,u,%), then

[h“)] d(t) « D),

where

5'=1+y,u(ﬁM+1),y eR,y>0,zeV.

Theorem 3.6: Let y, >0, 6, >1, vy, >0,i€{1,2,3..1}, h, € T. Then Flmy”y (z) € D(5 ), where

,...

5'=1+_ 7,5 ~-1),zeV.

Proof. From (3.3), we have

oz, @) D} h(2)
Pel14 nr2,." =1 -I—ﬁzl J/iR M _5:1 Vi
m,x , D/rln%hl (Z)
(FA’71,72,..471 (Z))

<1 +§=1 7i9; _§=1 v, =1 +§=1 ¥:(6; = 1).

Since 8, >1, evidently ._,7,(5, —~1) >0 and hence Flmy”y (2) e D(38"), with

§'=1+_ 7,5 -1),zeV.

Letting I =1, y, =y, 6, =6 and h; = h in Theorem 3.6, we obtain the following corollary.
Corollary 3.7: Let y >0, h e R(6) with 6 >1. Then [h(t)) d(t) e D(6"), where
6'=1+y(6-1),zeV.

Theorem 3.8: Let y; >0, and h, € D(3;), for i €{1,2,3,...,1} with 6, >1. Then G}

/177

(z) e D(6"), where
8'=1+_ 7,5 -1),zeV.

Proof. From (3.3), we have

:(arr, @) @
Re|1+ 220 ) |14 5 Re M i 7
( A, 7/1 Yo, Vl( )) (D’1 /hl(z))
<14, 7,8, =i 7,
=1+, 7,(5; - 1).

Since 8, >1, evidently ._,7,(5, —~1) > 0 and hence G}"” (z) e D(58"), with

A rg,.
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o' =1+§:1 7;(6, —=1),z€ V.
Letting /=1, y, =y, 6, =6 and h; = h in Theorem 3.8, we obtain the corollary.

Corollary 3.9 Let y >0, h e D(5) with 6 >1. Then (h'(t))" d(t) € D(5"), where

6'=1+y(6-1),zeV.

' (D} 12’
Theorem 3.10: Let y,eR, y,>0,ie{l,2,3..l}, h e DA(ﬁi’.ui,%) and [ L] pp e
(D/r{f%hi (Z))
Gs g, (B) €D(S), where
6'=1 +§:1 v (BM, +1),z€V.
Proof. From the definition of G’T{Z vy 1) given by (1.9), we have
Re|1+ Z(Gl’;lhh,...n (z)? . w
(GZZ’I{,YQ,MVZ (Z)) (D/l,%hi(z))
! Z(sz}th’i (Z))
<iz1 Vil |B; I+ ————|+1+1
(D;f%hﬁ(z))
! Z(D/,{f%hi (Z)) !
<L vidiBy | Lt || [Fim Vit + 1

!

(Dy. 1 (2)

<1 +§:1 Vil [ﬂi(l +M,) "'1]-

an [ﬂi(l +M;) +1:| >0,
we conclude that

G;,rj’)’/}lfy2 .yl (2) S D(al)’

oo

where
§'=1+_ yu[B;(1+ M) +1],zeV.

If we take y =q (0 <q <1), then we obtain a new result, which is given below in the form of a corollary.

' (D} (2))"
Corollary 3.11: Let y;eR, y;>0,ie{1,2,3..l}, h e DA(B;,1;,q) and ~ha D27 < M, then
(Dﬂrfqhi(z))
Grr,, 1, (2) € D), where

§'=1+_ y,u,(B.M; +1),z€V.

Letting I =1, y, =y, M, =1 and h, = h in Theorem 3.10, we have following corollary.
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Corollary 3.12: Let yeR, y>0, heDA(ﬂ,,u,%) and ‘M <M, where M 1is fixed, then

h'(z)

G(R'()) d(t) € D(6"), where
' =1+ywp(1+M)+1],zeV.

3.1 Subordination Results

Theorem 3.13: Let ¢ be convex and univalent, y #0 and

A 2 ”
Re{(l_y)% + [2;3 ¢(2)+(1+Mj}>0.

(2] 7y 9'(2)

If h e T satisfies the differential subordination

DMh(z)( ( DIM2h(z) . v[2]
% > +1—v|<@1- + + ~ z0'(2), .
D ne) || Drng T e@ e @ e (3.4
then
Dm+1h
A”%—(Z){(p(z)’zev’
D} h(2)
and ¢ is best dominant.
Proof. Consider
DI 'h(z)
zZ)= > .
p(2) DI h(z) (3.5)
we obtain
p'(z) _ D;i . W2) (D}, W(2))(D;";'M2)) — D} (z) (D}, h(2)) :(fofh(Z))' _(fozh(Z))'
p(2) D/’{f_:lh(z) (D;’f%h(z))2 D/’l”;h(z) D} h(z)
Therefore
' D"'h(2)) D" h(z))
p'() _ 2DIhE@) (D) 56

p)  DITRG)  DPhG)
Using (1.7) in (3.6), we have

@) _ (Dxfh(a]_ (1) [szfh<z>]+ (1)

P [A, | Dh) ) (A, 2 )T D) ) A, ’

r r

We obtain

[, (zp'2) | _( Dih) |
%l [p(z)] [D:{filh(z)J p(Z).
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So

m+2 ’
D/;; i’lh(Z) _ [/1];, (Zp @, p(z)].
DW= "\ plz) (2],

We deduce

m+1 m+2 4
Dy 1@ {y O y} = p(z){y[}';]% (Zp @, [:]A p(Z)J +1- 7}

D' hz) |" D}'h(z) p(2)
= A-p)p@) +7p*(2) + Ej] 2D'(2).
Hence, the differential subordination (3.4) becomes
- 1)p() + 72 (2) + [j] D)< (L-1)p(2) + 79 <z>+”] 2p'(2).

Using Lemma 2.3, we get

DR!''h(z)
— 22 L 2 0(2).
DA’%h(z)

Also ¢ is the best dominant.
If we take y =q (0<g<1), then we obtain a new result, which is given below in the form of a
corollary.

Corollary 3.14: Let ¢ be convex and univalent, y #0 and

relnd 24 [ zqf’(z)] o
2,7 m ?'(2)

If h e T satisfies the differential subordination

D’””h(z) D’"+2h(z) y[A]
o +1-y | < A=7)p(2) + 79*(2) + —~ 20'(2),
Dy h(2) { {D ) :
then
m+1h(2)
<@(2),zeV
Dy h(z)
where ¢ is the best dominant.
2¢'(z)

Theorem 3.15: Let ¢ be univalent in V, and be univalent and starlike in V, p(0) =0, y #0 If

»(z)
h e T satisfies the differential subordination
D "h(z) , D h(z) L[4, z0')
DI'h(z) T DI (z) <t 9(2)

+1_;/7Z€va (37)

then
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27 DM R(2)

m#y <0(2),zeV. (3.8)

(D} W(2))
and ¢ is best dominant.
Proof. Let
2" D" h(z)
plza)=—— 22—~ (3.9)

Taking the derivative, we get

p'(2)=

27 (y -1) (D)) + 27 (D)

(D" h2)

@) | 72 (D1h@) (D))

!

(D h))

Therefore,

'z _ (Dhhe)

(D,’{f,{h(z))(D;’f%h(z))y

272 (y —1)(Dyh(2)) + 27 (D) h())
(D h@)

p(z)

ZV’ID,’{f;lh(z) ’

e (Drh(2))(Dy ()
(Dr.h@) (D7 A=)

() 2(Dph)  2(DpLhG)
= - + J— .
! D7z | DILh()
Using the Identity (1.7), we have
2p'(z) _ D/'{ffh(z) P D,'{f;lh(z) P (r-1)

|

p()  [1],

which 1s equivalent to

D" h(z)

J_ "1, ( D h(z) J '

2]

D) (Dirh@)) [Pl @y
D;’fjh(z) fo%h(z) 7+ p(2) ’
By hypothesis (3.7), we have
@) 20'()
p(z)  9(2)
From Lemma 2.1 we obtain
27 D™ h(2)
=R L 2 p(2)

and ¢ is the best dominant.

(D, (=)
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If we take y =q (0<g<1), then we obtain a new result, which is given below in the form of a
corollary.

2<p’ (2)

Corollary 3.16: Let ¢ be univalent in V, and @
o(z

be univalent and starlike in V, ¢(0) =0, y #0 If
h e T satisfies the differential subordination

D 2h(z) yD’"”h(Z) (2], 2¢'2)
DI'hz) " D hz) 4t 92)

+1-y,z€V,

then

27 1Dm+1h( )

DI )y <¢(z),zeV.

and ¢ is best dominant.

4. Conclusion

The integral and differential operator theory is a broad discipline that has applications in many
branches of mathematics and physics, as well as in other fields, such as quantum group theory, ana-
lytic number theory, numerical analysis, special polynomials, fractional calculus, and other related
theories. The special functions and orthogonal polynomials have played a important role in mathe-
matics, engineering, physics, and other research disciplines in recent decades.

In this study by introducing the new operator D’ , two new integral operators F ,{”y”y (z) and

G;"Y”y (z) are defined. Considering these operators, some new classes of functions are 1ntroduced

and studled. The integral operators are also considered on newly defined classes R(8,), C(5,),
RA(B, u, ), CA(B,u, ). Using the operator D]’ some subordination results have investigated for
class 7 and these subordination results are the extended form of Theorem 2.3 and Theorem 2.4. If we
take » =q in (1.4), (1.6), (1.8) and (1.9), then we can obtain g-analogous of differential and integral

operators and then all the results that are investigated in this article can be easily translated into
g-calculus theory.

With the help of differential and integrals operators, we can study differential equations from
the perspectives of operator theory and functional analysis. The operator method is a technique for
solving differential equations that makes use of the properties of differential operators. In the future,
research might be done to see whether these operators can be employed to provide solutions to PDEs.
These newly developed operators might be explored for potential applications in the physical sciences
or other applied disciplines. Further, we can define these classes with the help of fractional deriva-
tives and other mathematical operators.

For future work, interested readers can organized several interesting subclasses of analytic, uni-
valent, bi-univalent, g-valent and meromorphic functions by using the newly introduced integral and
differential operators of this paper. Also, the symmetry properties of this newly introduced operator
can be studied in future research directions.
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