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Abstract

The goal of this study is to build Lupas type Bernstein operators (rational) on tetrahedrons with
all straight edges and three curved edges determined by specific functions. Interpolation attributes,
approximation accuracy (degree of exactness, precision set), and the remainders of the approximation
formula of Lupas type Bernstein operators are assessed using Peano’s theorem and modulus of con-
tinuity.
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1. Introduction

Approximation is basically replacement of some thing complicated with the easier one. Approximation
of functions for its use in computer calculations, a member of a given set, or some data has always
attracted Mathematicians as it links both theoretical and applied Mathematics. Any development can
be used in many industrial and commercial fields and thus requires further development in the sub-
ject to overcome challenges. Construction of Bernstein polynomials in 1912 is one of the elegent proof
of the Weierstrass approximation theorem [3, 17] by S.N. Bernstein. In Computer-aided geometric
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design (CAGD), shape of the curves and surfaces are mimiced using the basis of Bernstein type poly-
nomials [20].

Lupas in 1987 [25] and Phillips [28] in 1997 respectively constructed the g-analogue of Bernstein
polynomials [3] which are rational and polynomial respectively. A survey of the obtained results
and references on the subject can be found in [27]. For results related to Lupas, one can refer cf. [21,
Chapter~10].

Approximating operators of Bernstein type on the tetrahedrons have uses in Computer-aided geo-
metric design [23] and finite element analysis. For some recent literatures related to Bernstein type
operators (see): A-Bernstein operators and its approximation properties by Q. B. Cai et al. in [5, 6],
N. Braha et al. studied convergence properties of A-Bernstein operators via power series summability
methods [14], Two dimentional Bernstein type operators and Kantorovich modifications by T. Acar
in [12, 13]. Mursaleen et al studied error estimation for g-Bernstein shifted operators and general-
ized g-Bernstein Schurer operators in [8, 9]. One can refer [1, 14] for details related to Bernstein and
its bivariate form with applications in CAGD. The blending interpolation operators were studied by
Barnhill et al. in [22, 23, 24]. For interpolation on triangles and error bound, one can refer [7, 26].
Schumaker studied fitting surfaces to scattered data in [29]. For results related to Phillips and Lupas
type Bernstein operators on triangles, one can see recent work [10, 11]. Approximation properties
for Bernstein type polynomials and its remainder terms are evaluated by D. D Stancu in [30, 31],
R. Paltanea studied Durrmeyer type operators on a simplex in [16], A. Kajla and T. Acar studied blend-
ing type approximation by Bernstein durrmeyer type operators and a-Bernstein operators in [18, 19].

In [4], authors studied Bernstein-type Operators on Tetrahedrons. Motivated by their work, in this
paper, our purpose is to construct Lupas type g-Bernstein operators on tetrahedrons with all straight
edges, on tetrahedrons with three curved edges defined by some functions and to study approximation
properties. Classical Bernstein polynomials are used in [4], whereas we have used generalisation of
Lupas type q-Bernstein operators (rational). In case ¢ = 1, it reduces to [4], thus due to presence of
extra parameter g it has more flexibility in comparison to classical Bernstein polynomaials.

2. Lupas Type Operators on Straight Edges Tetrahedrons

Consider the tetrahedron H, with vertices V;, =(0,0,0),V, =(4,0,0),V, =(0,h,0) and V, =(0,0,h), with
three edges 7,,7,,7, along the coordinate axes and with the edges 7, 7,, T, (opposite to the vertex V,).
Also, one denotes by 6,5, 0,5, 093 and o,,, the tetrahedron faces from the planes V,V,V,, V, V|V, , V V,V,
and VV,V, respectively (see the left side of Figure 1). Let 7;,i =1,2,3, be the triangles in which the
planes P.,i=1,2,3, intersect the tetrahedron faces respectively in three points on the edges of tetrahe-
dron as depicted in Figure 1.
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Figure 1: Tetrahedron with straight edges [4]
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We will consider the triangle T' (as shown in Figure 2) to construct and study Lupas Bernstein-type
operators. Similar results can be obtained for the triangles 7, and T,

2.1. Univariate Operators

For uniform partitions

[ml

NP PRt Y [T
1,

the two Lupas type Bernstein operators defined on each triangle are as

[L]il (h_U _C)7UaC]

q

Azq:{ﬁ[ﬂi(h-*)—C)A%CJIi=6;%}and

(R&Fva£)=§kwxmmCﬂ{
=0 [m
and (BZZF)(K,U,C) = iqn’j(K,U,C)F(K,%(h—K —C),C]
: JG-1)

B R

J i

[Th-x-¢+q'v)
s=0

where g, ;(x,0,0) =

For details related to the approximation accuracy (degree of exactness, precision set), one can refer [4].
The precision set (pres(P)) and the degree of exactness (dex(P)) will yield the order of an approxima-
tion operator P.

Theorem 2.1. If F: T, - R, then
1. B’ F=F on oy, Vo,
B F =F on cy; U0,
i. dex(B,’)=deX(B)=1.
iii. pres(B),)={x'v/¢"1i=0,1;j,keN}
pres (B,’;’fq) ={k'v/¢*j=0,1;i,ke N}
2
s K= r) khok—v-O-a)(; 1 )|
[m], (h—v-¢ +qx) [m],

. (B, ,e;)(K,0,8)= |:K

o | vh—k-v=¢) h-x-—v-0[ 1] ..,
(Bn,qeiZk)(K’Uag) - |:U + [n]q (h e é, N CIU) Ll [n]q ]:IK C

i,j,keN.

Proof. The relations

1, fori=0

(0,0, =1 :
Pni0:0:) {O, fori>0
1, fori=m
0, fori<m

pm’i(h_u _Z:’U’C) =
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respectively
1, forj=0
j 707 =
q,;(x,0,8) {0, for >0
1, forj=n
i 7h_ X =
q,;(c,h-x=¢,0) {0 for j<n
imply that
(B F)(0,0,8) = F(0,0,8)
(B;::qu)(h_U_é’,U,z;):F(h_U_g,U,g)
and

(B, F)(x,0,8) = F(x,0,8)
(B, F)c,h—x =C,0) = F(k,h -k =C,C)

Regarding the property (ii), we have

(B 000)50,8) =Y 1 s(06,0,0)
i=0

i=0 LV

m i(i-1)
Z{m} q 2 k'(h-k-v-{)""
q

[[-v-¢+a

m—1

[Jh-v-¢+a
- -1

[[h-v-¢+a'x)

r=0

m iGi-1) .
Zm g% kih-r—v-cy B gy g
q

- [m]
(B o) (K.0,0) = e

[T-v-¢+awo

m [ i(i-1)
z e, {m} q % k' (h-v-¢—k)""

m—1
[Th-v-¢+q')
r=1

m1lm q -y )
|: . :| q 2 K_H—l(h_U_C_K_)m—L—l
l
2

=0

m—1

[Th-v-¢+a'%

r=1

mil, 1] D B
K [ ; } q 2 (ge)(h-v-¢-r)"""
q

=0

[[-v-¢ +a" @)
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m iGi-1) _
Zm g 2 K (h-v—¢ R, (v ¢
(B e300 )(i,0,6) = =t
H(h -v-¢-Kk+ qu)[In]qz

i(i-1)
(h-v-¢)’ Z e {m 1} g 7 Kh-v- g -y

m—1

H(h—u—C—K+q’K)

r=0

1=0 q

m— 1(i-1) ) )
(h—v-¢)? Z +q{L {ml 1} q % (g)'(h-v—-¢ —k)"

H(h—u—g—lc+qrr<)
r=0

me1l ) G-y _
(h—u—C)[r:] Z{ml 1} q ? (ge)'(h-v-¢—x)"

ﬁ(h—u—;—mqf(qrc))

alm-11, [i], {m - 1} v
|4
[m], [m-1], .

(h-v-¢)? Kz (q)' (h—v—¢ — )™t

" -2
[Th-v-¢—x+q'(@x)
r= m—-2 i(i-1) ‘ |
2 i+1 h— e m-9-i
=| (hmv—g) o (Amo=E)c alm 1], 0[ Lq ()" (h—v=C ~x)
[m]q h L— C+qK [m]

H(h—v -{ -k +q"(g°x))
r=0

—(h-v-0) K _’_(h—u—g)qlc2 1_ 1
[m], (h-—v-C+qr){ [m],

or equivalently

KU — 2 _ 1 o K _ 2_(h—U—§)qK2 _ 1

[m],
:Kz+’((h_”_g_K)—K2(h_U_C_K)(1—q)- P
[m], (h—v—¢ +qr) [m],

Remark 1. Additionally, it is demonstrable that

(B“" €500)(K,0,5) =1
(B”"eoo)(lc v,{) =v

(By'€;2)(K,0,6) =0% +

v(h-v-¢-x) vi(h-v—-C —k) 11z 1
[n], (h-v-C{-x+qv) [n],
(B ei)k,0,8) =k gk (B}, 0jo)K,0,6);  j=0,1,2;i,keN.
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Theorem 2.2. If F(-,0,{)e C[0,h—v -], thenforv+{ <h

K(h—u—C—K)_Kg(h—u—g—lc)(l—q)
[m], (h—v-{ -k +qx)

(B, F)(,0,0)| <14 = \/ [1 - }W(F(-,u,:);ax
q 5 [m]q
If 0 <qg<1, then

h
26,/[m],

\(R;‘quxK,u,@\{u }-W(F(-,u,@;a)

Further, if 6 = , then

1
Jiml,

kﬁﬁkFxKﬂhéﬂS(I+g]JV[F%¢Lgx 1 J

Jiml,
[il,

(h-v —C),U,CJ, Since

[m]

Proof. ‘(R,’;‘qu)(K,U,C)‘ < Zzopm,i(K,U,C)F(Kyvyg) - F(
< [l K
1)

[i],

[m],

(],

[m],

(],
[m],

(h-v-0)

F(K,U,{)—F[ (h—v—g),u,gJ

+1JW(F(-,U,§);5)

one obtains

(h-v-0)

K —

\(R:::;Fx:c,u,g)\sipm,mc,u,c)[%

+ 1] W(F(,v,$);0)

[L]q , 1/2 .
| (h-v-0)"| W(F(,0,0);6)

q

S1+lzm:'pmi(’<5u’g) K-
= [

m

1- L W(F0,0):8)
[ml,

:1+l. K(h—U—C—K)_ K2(h—u—¢’—rc)
1) [m], (h-v-{ —Kk+gx)

If 0<g<1, then we have

K(h—u—é’—tc)>K2(h—u—§—1<)(1—q){1_ 1 J
> =)

[m], h-v-¢{ -k +gK m]

Finally, we have

(R;‘qu)(K,u,;)\{n% \/

k(th-v-¢ —k)

W(F(,0,8);6)
[ml,

h2
Since maxr, lk(h—v-¢ -x)|= R It follows that

KU h .
Rm,qF(K’U’g)‘g[l"' 26\/@(]}‘4/(}7(’074])’5)
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For 6 = ;, we obtain

Jlml,

\(R;?qF><r<,u,c)\<[1+ngLFc,u,o;[LJ

m]q

We also have

(R F)(c,0,¢ )‘S[HSJWLF(K"’O;ﬁJ
Theorem 2.3. If F(-,v,¢) € C?[0,h], then for 0<E<h—-v-¢ v, €[0,h], we have

(R F)(,0,8) = _("(h —v-¢-x) K*(h-v-C-K)(1-q) .[1 _LDF@’O’“’(&U,C)

2[m], 2(h-v-§ —Kk+gk) [m],
andif 0<g <1
h2
R® F)x,0,0) <M, F
Ry, F),0,) S, M
where My, F == [F“® (,0,¢)|.

T,
Proof. Since dex(B,’ ) =1, by Peano’s Kernel theorem, one obtain

KU h-v=¢
Ry, F)0,0,0) = [ Kogoic,0,6 HF 0 0,0t

where the kernel

l
mq

K,y (k,0,8,t) = R,’;“’q[(rc -t),]=(k-t), - ipm(ic,u,t)([[ ]i’ (h-v-¢)- tJ
=0

+

retains the same sign K,,(x,0,{,t)<0,t €[0,h —v-{].
It follows from the Mean Value Theorem that

Ry F)(x,0,6)= F**Y(&,0,¢) joh’”’ngoo(K,u,g;ﬁdt;: e[0,h—v -]

We obtain by doing a simple computation for & €[0,h —v — (]

KU _ |xth-v-¢-Kx) K (h-v-¢-K)1-q)f, 1 2.0.0) ,
(B F)0,6) 2[m], 2(h-v-¢ -k +qx) (1 [m]qJJF (S0:6)

If 0<g<1, then

k(h—-v-¢ —k) S Kz(h—u—g—zc)(l—q)
2[m], - 2(h-v-¢ -k +qK)

1-— | forall (x,0,0) e T,
[m],
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Now,

KL h2
‘(Rm,qF)(K7U?C)‘ gm Mo F

Remark 2. Accordingly, the assessments of the remainder in the following formula are demonstrated.

F=B"F+R"F
i.e. for F(x,,()eCl[0,h—k -]

(R F)(c,0,0)| < [1+ hj F(i, ¢ );———
[n]q

respectively, for F(x,-¢) e C*[0,h].

2

(B F)Ge0,0)] < =

—— M, FonT.

Product Operators

1 — KU LK
P Bm 4 Bn,q

mn,q

1 — UK KU
Qnm,q =B B mq

n.q

Theorem 2.4. For real valued F,

P F=F and @

mn,q nm,q

F=F on 1, U0,

Proof. Equations (1) and (2) gives
(P, F)0,0,8)=F(0,0,0)
(B, F)h-v-¢,0,0)=F(h-v-{,0,8)
respectively
(Q,,,F)0,0,5)=F(0,0,5)
(ertm,qF)(h -V _§7U7C) = F(h -V _§707C)7VU?§ € [0,}’2,]

Theorem 2.5. If F(-,-,{) e C([0,h]x[0,h]),q >0 then

(R, ,F)(k,0,)

mn,q

[m]; (h—-x-v-¢§ +gx)

<1+5\/K(h K-v-¢) k*(h—k-v-=0) '(1_[

+i K(h—K—U—C)_Kz(h—K—U—g)(l—q)' 1- 1
O, [n],

[n], (h—x-v-{ +qv)
W(F(’?'ag)’al’BZ)
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If 0<qg <1, then

(RS, F),0 ¢>|<<1+h>W£F<, £,
q FrE)

Proof.
[i], 1, (I, ~[n], )h+[1i],0]|
+Z§§P’ ("”C’q'”{[ L ‘““”’”‘J“‘ L, |
+ZZPm,i(K,v,C)qn,j£[[Lnji’ (h—u—g“),u,gJ W(F(0,-¢),8,,5,)

After some transformation one obtains

ZmexKvé“)qn,([[ ]]q (n—v —c>,u,c”x—[5j]qq (n—u—;)‘

1=0 j=0

< k(h-v-C-x) k*(h—v-C —k) 1- 1
h [m], (h—v-C —x +gx) [m],
[i],

izn:pm,i(’(’l)’é:)qn,j {[m] (h—v —C),u,gj v

i=0 j=0
< l)(h—l)—f_;—l()_UZ(h—U—C—K)(l—q)‘ 1_L
[n], (h-v-¢ -K+qu) [n],
while iipm’i(,(’u’g)qn,j[[[i]il (n_u—C),u,gJ:
i=0 j=0 mj,

It follows

(RP F)(x,0,8)|< 1 [k(h-v-C-K) kK’ (h-v-¢ —«x) 1 1
mn,q o [m] (h-v-¢ —Kk +qK) [m]q

[y

q

‘ v(h-v-¢-x) vi(h-v-C¢ —kK) 1 1 1
[n], (h-v-8-K+qV) [n],

W(F(,¢),8,,5,)

+

1
52
Taking into account that if 0 <g<1, then

'<Rﬁan><mc>|<L \/’“h v, ] Ju(h—u—c—mﬂ

: W(F(""C)’51’52)

[m], [n],

k(h-v-¢ —x) > vh-v-¢ - K) o e
™= <4[m] , [, 4[n] n [0,A-v—-¢] and [0,h-x - (].

q

Since
q
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We have

[(RP. F)k,0,0)] < {25}‘ i +1].W<F<.,.,g>,51,52>

e y[mly 26,[n]

mn,q

|(RF )F(xuc>|<<1+h>W[ LI j

and §, = ——

for 6, = \/7 F

Boolean Operators

1 — KU [0 — KU LK KU LK
Spina =B, ®B' =B’ +B' -B’ B"
1 — LK KU _ UK KU LK KL

andT!  =B" ®B~ =B" + Bm ~-B™B®,

JF=Fand T F=F on

Theorem 2.6. If F' is a real valued function defined on 7}, then Sl
0013 Y Opg3 Y O1a3-

Theorem 2.7. If F' € C(T},), then

S 1 |k(h-k-v-¢) k*(h-k-v-C) 1 .
(RS, F)(,0,) | <[1+51\/ L (h_K_U_ngqK)(l m]qJ W(E(0.¢,5,))
| 1 Ju(h-k-v-=¢) vi(h—-k-v-C) 1 .
: 1+52\/ [n], <h—u—c—x+qu>(1 [n]q] W C0)
+_1+l k(h-k-v-¢) k2(h—k—v—-C) 1- 1
5, [m], (h-k-v-C+gr)|  [m],
1 Ju(h-x-v-¢) vi(h-x-v-C) 1 B
+52\/ [n], (h—u—C—KJrQU)[l [n]q] W 20.0000)
0,h=4,0)
(,h—x—=4,9)
Ovde ----------- (h—v-34v0)
(0,0,9) ®.0,0) (h=3,0,0)

Figure 2: Triangle T
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Moreover, if 5, = 1 and &, = ,

JIml, [n],

h 1 h 1
RS F X _W F U, T 1+— W F ) T T—
|( ‘mn,q )(K7U’C)|<1+ 9 { ( v C) m}"_( + 2) { (K C) [n]q J

1 1

+(1+h)W F(’7'7C);—7— .
[ Jiml, Jinl,
3. Lupas Type Operators on Three Curved Edged Tetrahedrons
Tetrahedron with three curved edges and its triangle are shown in Figure 3 and Figure 4.

n i

(B, F)k,0.0) = ZPm,i(K,u,C)FL%\/hZ o ,U,gJ
=0 m q

and

(B:ZF)(K,U,C) = Zn:qn,j(K,U,C)F{K,% h2 _K2 —Cz,gJ
j=0 n q

i
H::)l( h? —v*-¢? —K‘+qu<)
i(j-1) n-j
)
i
q
H::_(l)(w/hz -k =2 —U+qu)

Theorem 3.1. If F': T, - R, then

ii-1) i
[m} q 2 K_i( /hz_vz_gz _K)
q

with P . (k,0,0) =

respectively g, ;(x,0,{) =

1L B F=F on sy, s,
B F =F on sy,3 U sy,
ii. dex(B)’,)=dex(B) )=1;
1i. pres (B,’)= {x'v/¢*1i=0,1;j,k e N}
pres (B,) = {c'v/¢*1j=0,1;i,k e N}

K‘( h2—02—§2—1<) KZ( h2—02—§2—1<)(1—q) 1 .
T AT

iv. (BY e, )(k,0,8)=|k*+ -
g 2jk [m]q hz —1)2 _4/2 —K+qK

(Bzzeizk)(KJ)’C) = 02 +

oJh? — k2 =2 U_UZ(,/hZ_KZ_CZ_U)(l—q)Ll_[l ]Kigk

[n], h? —k*-¢%—v+20
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Theorem 3.2. If F(-,v,{) e C[O,\/h2 —v? ¢ }, then

h

26,/[m],

I(R,’,i'qu)(K,v,é)ISE1+ JW(F(-,U,Q’);E),U+4’ <h

respectively for 6 =
[m],

[(R, o F)(,0,8) | S(l +ng[F(.,U’C); 1 }

[ml,

Theorem 3.3. If F(,,v,¢) e C*[0,h], then

g _ K(\/hZ —v? -2 —K) KZ (\/hZ —v? =2 —K) 1 200
Hnad e T o, 2Nh202;2,<+q,<)(1[mquF e

for 0<& <h>—0v?=¢2%,0,¢ €[0,h] and if 0 < g <1, we have
h2
8[m]

|(R;LL,)QF)(K,U,§)|S Moo F

q

Remark 4. Analogous results take place for the remainder in the approximation formula

F=B'F+R"F

Product Operators: Let P, =B’ B and @,, = B B’ be the products of the operators B’ and

m,g—n,q n,g-—m,q
BY* 1.e.

n,i

(P FY.0.0) = 3D P (0.0, ([LWL it J

i=0 =0 ml,
e L [ (e R Rt
], [l ], VU q

Similarly,

@una )0, =3P, (K,

[[l]]q [hZ —K2 _412 ’éjqn,j(’(’v’g)
i=0 j=0 an
F[ [‘][qn] O =0 =)+ [ e i = ¢ ,4]

[m], [n],

Theorem 3.4. If F: T, - R, then P,

mn,2

F=F and @

nm,2

F=F ontyUS,,.



Sikandera F. et al., Results in Nonlinear Anal. 6 (2023), 116-130.

128

(2 - 0,042°

(0, (h2 — k) /2

G, (h? — k1) 2,0 (A% —v?)/2,0,0)

Figure 3: Tetrahedron with three curved edges [4]

Theorem 3.5. If F(-,-,{) e C([0,h]x[0,h]), then

\(R,ﬁn,qFxK,u,g)\s<1+h>W[F<o,o,¢>; S J

[m], Inl

and

1 1
(R, F)(sc,0,8)| < (1+ h)W{F(-,O,C);—, J
Jiml, " \finl,

©,(h2=¢)'"2,9) :
P K’(hZ_K2_€2) ,/2‘()

Ouvd¢ —————— -+ - ———— - - - — - ((h? —v2 = {®)2,0,0)

O — — — = = - - - - - =

=

©00,0) 0.0) ((h? = %) "2,0,0)

Figure 4: Triangle ¢, [4]
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Bookan Sum Operators: If S, =B° ©B)" and T, ~=B' ®B" are the Boolean sums of the
operators B’ and B, , then we have

Theorem 3.6.If F': T, > R,then S, , F=F and T, ,F=F on S,,;USy,,US,,;.
Theorem 3.7. If F € C(T})), then

n,q nm.,q m,q

|(F—Sman)(K,U,C)IS(lJrﬁjW F0.8 )i
/ 2 m],
h 1
+(1 + EJW F(K,,C),—n]q
1 1

+(1+h)W| F(,$);

Similar procedure will yield the inequality in computing the error for (F -1, _F).

nm,q
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