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Abstract

The importance of understanding the role of additional food as a tool in biological control pro-
grams is growing day by day. A rigorous mathematical research in this area demonstrated the
important role of quantity and quality of additional food in predator-prey system controllabil-
ity. In this article, we examined the spatial dynamics of a pest-predator system with the fear of
growth of pest and for the predator’s additional food. Before establishing the Turing instability
condition, which is responsible for Turing patterns, we first investigated the model stability near
the coexistence point of equilibrium. Then, we established the amplitude equation by using anal-
ysis of multiple scale at threshold value. Numerical simulations are presented at the end for vali-
dating analytical results. Some intriguing patterns reveal the spatial dynamical complexity of the
pest-predator system.
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1. Introduction

A pest is any organism that has an impact on the availability, quality, or value of a human resource,
particularly crop plants. Pest control methods include chemical pesticides. However, this approach
frequently leads to other issues, such as insect resistance or environmental/health hazards caused by
pesticides. Another method of pest control is to release the pest’s natural predator as a predator or
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to deliver illnesses that infect or kill pests. This strategy creates an environment-wide pest-predator
interaction because predators are pests’ natural enemies [6, 3, 5, 4].

A pest-predator system includes both predation and the pest’s natural predator defences. Some
scientists wish to develop a comparable model based on different assumptions [6, 8, 1, 2, 15]. We
investigated the spatial effect of the pest-predator system proposed by Pal A., in this paper [7]. They
developed a pest-predator system with predator’s additional food and considered the fear effect
only on the birth rate of pest population, as well as additional food to support predator growth.
During their research, they focused on the system’s temporal examination using time series evolu-
tion and Hopf-bifurcation theory. We extend temporal analysis to spatiotemporal analysis in our
research. Because species do not stay in one place for long, they move from one location to another
to satisfy their basic needs. As a result, studying spatial models produces far more realistic results
[5, 9-14].

To study the diffusion effect on system, we proposed a spatial model that included diffusion as a
component:
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where @ and @ represent pests’ and predators’density at time ¢. The maximum pest growth rate
is r, the pest’s fear effect on the predator is f, the predator’s maximum rate is a, and the predator’s
half saturation value is m, n represents the predator’s relative ability to identify additional food,
where A represents additional food amount available to predators. The carrying capacity, maximum
growth rate, and proportionality constant of the predator are denoted by the symbols ¢, b, and p,
respectively.

Pest and predator density dispersion coefficients are represented by d, and d,,, respectively,
and in two-dimensional space, the Laplacian operator is represented by v2. We choose the following
starting and Neumann’s boundary restrictions:
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Here, L represents the domain’s size. Neumann’s boundary restrictions indicate that the model is
reserved, and n is normal vector on the boundary (towards outside).

In Section 2, we studied the stability analysis of the coexistence point of equilibrium and derived
the necessary and sufficient stipulation for diffusive instability in Section 3. In Section 4, we used
analysis of multiple scale to develop the amplitude equations close to the Turing bifurcation param-
eter. Section 5 discusses how numerical simulations help analytical results. Finally, in Section 6, we
summarized the findings of our study.

2. Stability Analysis

We addressed equilibrium points’ existence and their stability. When the R.H.S. of
system (2) is substituted as zero, and d, =0=d,, we have the following equilibrium points:
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We use E* =(@*,¥*) in our analysis because we are interested in examining a model in which
both a pest and a predator coexist. Because the values ¢* and y* are too complex to show analyti-
cally, we show them graphically in Figure 1.

Now we will look at the system’s temporal stability at the coexistence equilibrium point E*. As a
result, the variational matrix at E* is:
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We examined the equation of characteristics of V, to investigate the system’s stability of (1) at
non-zero stationary point:

A* =Tr(V,.)A+ Det(V,.)=0, (4)

where Tr(V,.)=a, + fBy,and Det(V,.) =a 4By —ayBy. According to the Routh Hurwitz
criterion, the restriction for model (4) will have mnegative-characteristic values if
Tr(V,.)<0and Det(V,.)>0.

Theorem 1. The system (1) without diffusion is asymptotically locally stable at E* = (D*, W¥) if the
following conditions hold:
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Figure 1: Nullcline Plot.
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3. Diffusive Instability

We investigated the model’s spatial stability (1) and obtained the Turing instability criterion after
investigating its temporal stability. We use Taylor’s method to approximate the model (1) at E*

Z=DAZ+V,.Z, ©

where V, denotes the Jacobian explained in Equ. (3), and
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Following that, we will presume that Equ. (5) have the interpretation of the nature
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here A denotes the growth rate.
Putting, Equ. (6) into Equ. (1) then
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Elucidating (7), we get
22 = A (R4 + Ay (B*) =0 (8)
where

n(E?) = Tr(V,) ~k*(d, +d,,),
Ao (R?) = dydy k' —(dyary +dy By ) + Det(V,.) 9)

According to Theorem 1, the model is stable non-spatially at E,. The spatial system 1, the

disperse parameter may propel Turing instability. Like, Tr(V,.) <0,d, >0 and d,, >0, consequently
A, (E?) < 0. As a result, at most restriction that could make model unstable i.e., ry( 2)<0-

Therefore, Turing instability can be characterised by

dydyk* — (dycy +dy By )k + Det(V,.) <0 (10)
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For some k= kp, A, (k*) =0,and k2, = M. Then
2d,d,
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4d,d,
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and
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is the wave number’s critical value. On substituting (12) in Aq (K?), we obtain
(dyatg +dyfy)’ > 4y By — Boy)dydy, (13)
Theorem 2. At E*, the system (1) shows Turing instability if
1 a, + B, <0,
2. oy By — Py >0,
3. dyag, +dgfy >0,
4 (dyay +dy ) > Hag By — oty )dydy

Using d, as bifurcate parameter, we developed the equations for amplitude. Figure 2 depicts

bifurcate parameter d, = d\{,T as well as the region of interest for Turing patterns.

4. Amplitude Equation

Here, we derive amplitude equations for diffusive system (1). Expand the above system
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Figure 2: (A) Turing function vs d . (B) Re[}] vs k for varying d,,.
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where linear and nonlinear terms are defined in L and N.

Using perturbation method in (1), expand U and d,,
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The RHS of (21) should be orthogonal to the adjoint operator L’. From (21), we have
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[}? J (exp(—ik;.r)) +c.c,j=1,2,3,

(24)
T
here ¥ = %‘DT, Then, we get
Ay ly — Pydy,
[ % |(exp(=ik; )N, =0,j=1,2,3, (25)
From (25), we have
A U aEl 2 1) m A2 A %7 A2 N ' nl nl
(D + ‘P)? =—k;dy OE, + (0P + gy @ + tgy) + Y (Bpo P + Loy @ + Loy ) ELE,,
1
= 3 9F, 2 ()7 =2 = N7 =2 = =
(D + ‘P)? =—kpdy OE) + (Ao @ + Agy @ + ayy) + V(B @ + By @ + Byy NV EL Ey.
1
= a9, 2 3 =2 = N7, =2 = = 5
(D + ‘P)F =—kpdy OE, + ((0pe D" + Ay @ + dyy ) + VY (Bpo P + Loy ® + Lo N ELE, (26)
1
On substituting (23) into (21) and write [®, W ] as sum of Fourier series, then
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Using the solvability condition again in (22), we have
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where C]. and C'j are the amplitude of K] and —Kj respectively. Hence

_ 2 3y 7 _
Cj =eE;+e Vj+o(e ),j=1,2,3, (32)

this leads to ) .
t0 5 = G, +hC,Cy - | b | +b,(G,[ +[G,[ |,

r % =uC, +hGCy - b |G +a,(Cf +lCf |,

70 % = uCy + hC,C, — | b, G, +b,(C[ +|Cy[" |G, (33)
Where
dy —dy, = (®+¥) , 2(p+7¥Q)
df 70 —R2dIo k2O
h G __ G,
R2dIeT? —R2dIo (34)

ﬂ:

b




Swarup C., Results in Nonlinear Anal. 9 (2026), 47-58. 55

[((Dﬂqxp + Uy N Py gy + Pyryy) + (Qgy + Py ) (o) + Vo) + R} +

G=-|___ _
¥ [((Dlﬂcqu + ﬂm\y)(q)z(O) + (Dz(u)) +(Byy + (D1:B<p\y)(lP2(0) + \P2(11)) + S]

[(CT)lacbcb + acw)(q)z(o) + ®2(22)) +(ayy + CT)10‘c1>\11)(ly2(0) + \Pz(22)) + AJ +

Gy=—|__ _ .
b4 [(CDthpcb + :Bcblp)(q)z(o) + CDz(zz)) + (ﬂ\w + (D1ﬁq>\1/)(q12(o) + \Pz(zz)) + B]

_1 N T 2 3 N 1
R =5 0400P" +5%ppy P +5 Aoy @) +5 Ty,

_ = 3 = 9 —
A= Uy +3pep Py + 3gpyy @) + Qypy,

B = Buao®’ +3Baay®y” + 3By @y + By

Equ. (32) decomposes like
C; =y, exp(ig;) (35)
where g;correspond toy; = |Cj|,j =1,2,3. Using (35) into (33), we have
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7o 20 = py, + hyy, cos g — by —by (v +wiw,,
7o 2 = pyy + hyy, cos g~ by —by (i +y iy,

0
Ty 5= 1Y + hyyy cos = b = by (i + vy, (36)

where ¢, + ¢, + ¢y = ¢.

Model (36) has four types of solutions discussed below:

1. The 1% solution, the steady state is shown by ¥; =y, =3 =0 for p < p, = 0 (stable) and for

u <, =0 (unstable). h2b
2. The II™ solution: y, = \/Z #0 (stripe), y, =y, =0 is stable for g >y, =———— and u<p,
(unstable). b (b, —b,)

3. The III"" solution: When p > p, the two solution exist: Hexagon patterns given by

||+ B + 4(b, +2b,)u h?

with @ = 0 or m, and exist when >y =————
2(b, +2b,) 4(b, +2b,)

v, , the solution
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oAl R 4B 2800 5 e for < b= 2l e o B~ JR* + 4(b, +2b,)u
2(b, +2b,) , —b) 2(b, + 2b,)

7

1s unstable. | h| 2

4. The mixed states: When y, = Wy =y = |“ZO with b, > b This exist when p >y,
b, ~ b, b, +b,

and are always unstable.

5. Numerical Results

For validating the analytical results, we used the numerical results in this section. To achieve this,
we set the following parameters: r = 3.22, f = 0.31, ¢ = 0.658321, m = 0.0577, n = 0.83, A = 1.39,
b=0.68,c=2.1, p=0.322, d, = 10, and d, was used as the bifurcation parameter. For these param-
eter values, system (Equ.1) has the following equilibrium points: (0,0),(0,3.05), and (7.56,10.26) (see
Figure 1). We examine the variational matrix at E* = (7.56,10.26) because we are uniquely focused
on the system in which both species coexist. The eigenvalues at E* are (—0.0292774 + 0.486593i,
—0.0292774 —0.4865931) with a negative real part, indicating that coexistence point of equilibrium is
stable.

For solving the system (1) in a domain size of 200 X 200 with time-step (At = 0.1) and space-
step (Ax = 1 = Ay), we used finite difference method. We calculated bifurcation parameter di, = 2.47
from the Turing instability study in Section 3 and represented the region for Turing patterns (see
Figure2(A)). We plotted real part of eigenvalue and wave-number in Figure 2(B), which is a sufficient
condition for diffusive patterns.

80
60
40

20

35
30
25
20
15
10

Figure 3: Turing patterns for varying d,. (A) d, =2, (B) d, = 1.5, (C) d, = 1.
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Then, using the bifurcation parameter value d, and the amplitude equation analysis, we
obtained the values h = 0.3382, b1 = 0.3065, b2 = 0.5640, u, = 0.02, u, = 0, u, = 0.5286, and
u, = 2.03. We can see in Figure 2(A) that changing the value of d and the corresponding value
of u results in different Turing patterns. We chose d, as 2,1.5, 1 and the values of x as 0.1919,
0.3939, and 0.5959, respectively. It is clear from Section 4 that we have spot patterns for
d, = 2 and 1.5, but mixed patterns for d,= 1. Figure 3 shows spot patterns for d, = 2,1.5 and
mixed patterns for d, = 1. In Figure 3, red represents density of high population and blue
represents density of low population. As a result, we can conclude that our numerical analysis
produces analytic outcomes.

6. Conclusion

We investigated the spatial dynamics of the insect-predator system in the presence of pest growth
and predator food addition in this article. We first looked at the stability of a system in which both
species coexist, and then we discovered Turing instability condition, which is responsible for the
emergence of Turing patterns. In our research, we used d, as the bifurcation parameter and derived
the equations of amplitude. When self-diffusion d, decreases, the spots patterns become mixed
patterns, and we only have spots and mixed patterns when d is in (0, 2.47).

When the diffusion coefficient d falls below 2 — 1, the population density of both species
increases because predators can easily access food as pests and pest populations have a better
chance of increasing when diffusion is low. This study’s findings and analysis may improve the
study of formation of spatial pattern in pest-predator relationships and may describe a variety of
realms.
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